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Eventually, all things merge into one, and a river runs through it. The river was
cut by the world's great flood and runs over rocks from the basement of time. On
some of the rocks are timeless raindrops. Under the rocks are the words, and
some of the words are theirs.

I am haunted by waters.

—Norman Maclean, A River Runs Through It
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PREFACE

The study of open channel hydraulics is a challenging and exciting endeavor
because of the influence of gravity on free surface flows. The position of the free
surface is not known a prieri, and counterintuitive phenomena can occur from the
viewpoint of the first-time student of open channel flow. This book offers a study
of gravity flows starting from a firm foundation in modern fluid mechanics that
includes both experimental results and numerical computation techniques. The
development of the subject matter proceeds from basic fundamentals to selected
applications with numerous worked-out examples. Experimental results and their
comparison with theory are used throughout the book to develop an understanding
of free-surface flow phenomena. Computational tools range from spreadsheets to
computer programs to solve more difficult problems. Some computer programs are
provided in Visual BASIC, both as learning tools and as examples to encourage the
use of computational methods regardless of the platform available in a very
dynamic environment. In addition, several well-known computer packages avail-
able in the public domain are demonstrated and discussed to inform users with
respect to the methodologies employed and their limitations.

The basic equations of continuity, energy, and momentum are derived for open
channel flow in the first chapter, from the viewpoint of both a finite control volume
and an infinitesimal control volume, although the complete derivation of the gen-
eral unsteady form of the differential momentum equation is saved for Chapter 7.
Dimensional analysis is introduced in some detail in the first chapter because of its
use throughout the book. This is followed by Chapters 2 and 3 on the specific
energy concept and the momentum function. respectively, and their applications to
open channel flow problems. Design of open channels for uniform flow is exam-
ined in Chapter 4 with a detailed consideration of the estimation of flow resistance.
Applications include the design of channels with vegetative and rock riprap linings,
and the design of storm and sanitary sewers. Chapter 5, on gradually varied flow,
emphasizes modern numerical solution techniques. The methodology for water-
surface profile computation used in current computer programs promulgated by
federal agencies is discussed, and example problems are given. The design of
hydraulic structures, including spillways, culverts, and bridges, is the subject of
Chapter 6. Accepted computer programs used in such design are introduced and
their methodologies thoroughly explored. Chapters 7, 8, and 9 develop current
techniques for the solution of the one-dimensional Saint-Venant equations of
unsteady flow and their simplifications. In Chapter 7, the Saint-Venant equations
are derived, and the method of characteristics is introduced for the simple wave
problem as a means of understanding the mathematical transformation of the gov-
erning equations into characteristic form. The numerical techniques of explicit and
implicit finite differences and the numerical method of characteristics are given in
Chapter 8, with applications to hydroelectric transients in headraces and tailraces,
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the dam-break problem, and flood routing in rivers. Chapter 9 covers simplified
methods of flow routing including the kinematic wave method, diffusion method.
and the Muskingum-Cunge method. Finally, the complex subject of alluvial chan-
nel flows that have a movable bed as well as an adjustable free surface is explored
in Chapter 10. This chapter emphasizes the important links among sediment dis-
charge, bed forms, and flow resistance that are essential to an understanding of
open channel flow in rivers. Also covered in Chapter 10 are alluvial channel adjust-
ments in slope, form, and shape; and bed scour in response to the flow blockage
caused by bridge foundations.

The book includes two appendices to supplement the text material. The first is
a general discussion of some selected numerical techniques that can be used
throughout the book. The second appendix contains some example computer pro-
grams for the computation of normal and critical depth in prismatic channels,
including compound channels, and computation of water surface profiles. These
programs are written in Visual BASIC as learning aids for more extensive pro-
gramming exercises at the end of several chapters. On a website for the book, addi-
tional programs for solution of the more advanced exercises on unsteady flow com-
putations can be found, where they can be updated if necessary in a dynamic
computational environment.

Open Channel Hydraulics is intended for advanced undergraduates and first-
year graduate students in the general fields of water resources and environmental
engineering. Chapters 1 through 5 and Chapters 7 through 9 provide sufficient
material for a semester course in open channel hydraulics covering both steady and
unsteady flow. The book also can be used for a first-year graduate course or a sen-
ior elective course on hydraulic structures and river hydraulics, utilizing Chapters
4.5, 6,9, and 10. This material, which includes several applications and example
problems, should be useful to the practitioner charged with the responsibility for
such tasks as floodplain management, spillway design for small reservoirs, culvert
and sewer design for drainage, investigation of stability and flow resistance of allu-
vial streams, and estimation of bridge backwater and scour. Because of this applied
focus of the book, it should be a useful addition to a consulting engineer’s library
as well as a practical textbook on the fundamentals of open channel flow.

Each chapter contains worked-out example problems to aid in the understand-
ing of the text material. Where possible, solutions are given in dimensionless form
in graphs to provide an intuitive understanding of the physics of the problem and
the behavior of its solution over a wide range of variables. At the end of each chap-
ter, exercises are presented that involve application of the material in the chapter as
well as student exploration of further ramifications of the text material. In some
chapters, actual laboratory results are given for data reduction and presentation by
students to experimentally verify text material.

This book has grown out of instructional and research materials developed over
several years and used in a graduate course sequence in open channel flow and sed-
iment transport as well as in a continuing education course that I have taught at the
Geoigia Institute of Technology. Because of its unique focus on fundamentals as
well as applications, and experimental results as well as numerical analysis, this
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book should fill a niche between exhaustive handbooks and purely academic trea-
tises on the subject of open channel hydraulics.

I'am indebted to more people than I can enumerate here for the completion of
this project. My initial motivation for preparing for an academic career in hydraul-
ics dates back to a keynote address that I heard delivered by Hunter Rouse, who was
an accomplished orator as well as writer, at a conference held at the University of
Iowa. The subject was the careers of famous hydraulicians including their foibles
as well as achievements. I later graduated from the University of Iowa under the
late Jack Kennedy, who was a continuing inspiration to a struggling Ph.D. student.
I'am much indebted to the continuing encouragement given by Ben C. Yen at the
University of Illinois, where I received my B.S. and M.S. degrees in Civil Engi-
neering, and Edward R. Holley at the University of Texas at Austin over the course
of my career. C. Samuel Martin has served as mentor and colleague for many years
at Georgia Tech. The encouragement and research collaboration of my colleague
Amit Amirtharajah has been invaluable. I owe much to the previous treatises on
open channel hydraulics by Ven Te Chow and F. M. Henderson, as do many other
authors as well as practitioners. Review comments by Johnny Morris, Larry Mays,
and Ben C. Yen, and suggestions by Edward R. Holley have led to an improved
manuscript, although I bear the responsibility for any errors or shortcomings that
remain. I express my gratitude to Mark Landers of the USGS for locating and pro-
viding copies of the river slides by Barnes.

My students have been a continuing source of motivation for me to try to
explain complex aspects of open channel hydraulics with clarity. I have learned
much from their curiosity and probing questions about the details of open channel
flow phenomena.

Finally, I am forever indebted to my wife, Candy, whose patience, love, and
support brought me through this project, and to my grown children, Geoffrey,
Sarah, and Christy, through whose eyes I continually see the world anew.



To the memory of my brother Tim (1949-1998),

Reisegenosse entlang dem sich ewig windenden Strom des Lebens.
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Basic Principles

1.1
INTRODUCTION

Open channel hydraulics is the study of the physics of fluid flow in conveyances in
which the flowing fluid forms a free surface and is driven by gravity. The primary
case of interest in this book is water as the flowing fluid having an interface or free
surface formed with the ambient atmosphere, but the basic principles also apply to
other cases such as density-stratified flows. Natural open channels include brooks,
streams, rivers, and estuaries. Artificial open channels are exemplified by storm
sewers, sanilary sewers, and culverts flowing panly full, as well as drainage
ditches, irrigation cunals, aqueducts, and flood diversion channels. Applications of
open channel hydraulics range from the design of artificial channels for beneficial
purposes such as irrigation, drainage, water supply, and wastewaler conveyance to
the analysis of flooding in natural waterways to delineate floodplains and assess
flood damages for a flood of specified frequency. Principles of open channel
hydraulics also are utilized to describe the transport and fate of envirenmental con-
taminants, including those carried by sediments in motion, as well as to predict
flood surges caused by dam breaks or hurricanes.

1.2
CHARACTERISTICS OF OPEN CHANNEL FLOW

Although the basic principles of fluid mechanics are applicable to open channel
flow, such flow is considerably more complex than closed conduit flow due to the
free surface. The relevant forces causing and resisting motion and the inertia must
form a balance such that the free surface is a stcamline along which the pressure
is constant and equal to atmospheric pressure. This extra degree of freedom in open
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channel flow means that the flow boundaries no longer are fixed by the conduit
geometry, as in closed conduit flow, but rather the free surface adjusts itself to
accommodate the given flow conditions.

Another important characteristic of open channel flow is the extreme variabil-
ity encountered in cross-sectional shape and roughness. Conditions range from a
circular gravity sewer flowing partly full to a natural niver channel with a floodplain
subject to overbank flow. Roughness heights in the gravity sewer correspond to
those encountered in closed conduit flow, while roughness elements such as brush,
vegetation, and deadfalls in natural open channels make the roughness extremely
difficult to quantify, Even in the case of the circular gravity sewer, resistance to
flow is complicated by the change in cross-sectional shape as the depth changes. In
alluvial channels, the boundary itself is movable, giving rise to bed forms that pro-
vide a further contribution to flow resistance.

Because of the free surface, gravity is the driving force i open channel flow.
The ratio of inertial to gravity forces in open channel flow is the most important
governing dimensionless parameter. It is called the Froude number, defined by

Vv
P b

in which V is the mean velocity, D is a length scale related to depth, and g is grav-
itational acceleration. In some instances the Reynolds number aiso is important, as
in closed conduit flow, but one of the few simplifications in natural open channels
is the existence of a large Reynolds number so that viscous effects assume less
importance. Flow resistance in this case can be dominated by form resistance,
which is associated with asymmetric pressure distributions resulting from flow sep-
aration. The success of Manning's equation in characterizing open channel flow
resistance in fact depends on the existence of a Reynolds number large enough that
the Manning’s resistance factor is invanant with Reynotds number.

1.3
SOLUTION OF OPEN CHANNEL FLOW PROBLEMS

The complexities offered by open channet flow often can be dealt with through a
combination of theory and experiment, as in other branches of fluid mechanics. The
basic principles of continuity, energy conservation, and force-momentum flux bal-
ance must be satisfied, but we often must resort to experiments to complete the
solution of the problem. The resulting relationships can be quite complicated, espe-
cially when the variability of the cross-sectional geometry is considered.

In the not-too-distant past, the design of open channels was achieved with the
aid of numerous nomographs and graphical relationships because of the nonlinear-
ity of the governing equations combined with complex geometry. More extensive
analysis of unsteady flow problems or gradually vaned flow problems associated
with river floodplains required mainframe computers. Presently, the proliferation of
personal computers and engineering workstations has provided much greater acces-
sibility and flexibility for simple as well as complex problems in open channel

-
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hydraulics. Programs that are truly interactive with immediate feedback of results
in the form of screen graphics can be writlen with ease. The hydraulic enginecr can
investigate a wide array of design olutions and their implications in a completely
interactive mode in the modern engineering workstation. On the other hand, such
ease of use sometimes leads to misinformed applications of accepted programs that
have been transposted from the mainframe 1o personal computers.

1.4
PURPOSE

The theme of this book is to present modern numerical technigues for the solution
of open channel flow problems in the current personal computing environment as
well as to emphasize experimental results and their application in free surface
flows. The problem of a variable bed surface caused by sediment transport in altu-
vial channels is treated as well. In addition, focus is placed on the application of
basic principles of fluid mechanics to the formulation of open channel flow prob-
lems, so that the assumptions and limitations of the numerical models now widely
available are made clear. The combination of theoretical, experimental, and numer-
ical techniques applied to open channel flow provides a synthesis that has become
the hallmark of modern fluid mechanics.

1.5
HISTORICAL BACKGROUND

The following discussion relies on the excellent historical treatment of hydraulics
by Rouse and Ince (1957), to which the reader is referred for further details.

From the advent of civilization, the conveyance of water in opcn channels has
been used to meet basic needs, such as irrigation for the Fgyptians and Mesopotami-
ans, water supply for the Romans, and waste disposal for Europeans in the Middle
Ages, with the disastrous results of waterbomne disease transpussion. In some cases,
artificial open channels were constructed, while in others natural river channels
were utilized to convey water and wastes.

The Egyptians used a dam for water diversion and gravity flow through canals
to distribute water from the Nile River, and the Mesopotamians developed canals to
transfer water from the Euphrates to the Tigris rivers, but there is no recorded evi-
dence of any understanding of the theoretical flow principles involved. The Chinese
are known to have devised a system of dikes for protection from flooding several
thousand years ago. Evidence of water supply pipes and brick conduits for drainage
dated to 3000 years B.C. has been found in the Indus River valley. The success of
these early, extensive hydraulic works was likely the result of experience only.

Roman aqueducts were used 1o transport water from springs to distribution
reservoirs. The agueducts were rectan gular, masonry canals supported by masonry
arches, and they conformed to the natural topography in longitudinal slope. The
water discharge in the aqueducts was measured as the cross-sectional area of flow
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with no regard for the velocity or slope producing the velocity. Although the exis-
tence of a conservation principle was recognized, the conserved quantity of volume
flux was misunderstood. Yet, these aqueducts served their engineering purpose,
albeit inefficiently and uneconomically in modern terms,

The philosophical approach of the Greeks toward physical phenomena was
revived by the Scholasticism of the Middle Ages, and it remained for Leonardo da
Vinei to introduce the experimental method in open channel flow during the Renais-
sance. Leonardo’s prolific writings included observations of the velocity distribution
in rivers and a correct understanding of the continuity principle in streams with nar-
rowing width. Some early experimental results on pipe and channel flow were reported
by Du Buat in 1816, but the experimental work on canals begun by Darcy and com-
pleted by Bazin in the late 19th century, and Bazin’s experiments on weirs. were unsur-
passed at the time and remain an enduring legacy to the experimental approach.

The problem of open channel flow resistance was recognized as important by
many engineers in the 18th and 19th centuries. The work of Chezy on flow resistance
began in 1768, originating from an engineering problem of sizing a canal to deliver
water from the Yvette River to Paris. The resistance coefficient attributed to him,
however, was introduced much later because his work dealt only with ratios of the
independent variables of slope and hydraulic radius to the 1/2 power in a relationship
for velocity ratios in different streams. His work was not published until the 19th cen-
tury. The Manning equation for open channel flow resistance, about which much will
be said in this book, has a complex historical development but was based on field
observations. The Irish engineer Robert Manning actvally discarded the formula
because of its nonhomogeneity in favor of a more complex one in 1889, and Gauck-
ler in 1868 preceded Manning in introducing a formula of the type that now bears the
name of Manning.

The theoretical approach to open channe! flow rests on the firm foundation
built by Newton, Leibniz, Bernoulli, and Euler, as in other branches of fluid
mechanics; but one of its early fruits was the analytical solution of the equation of
gradually varied flow by Bresse in 1860 and the correct formulation of the momen-
tum equation for the hydraulic jump, which he attributed to the 1838 lecture notes
of Belanger. In addition, Julius Weisbach extended the sharp-crested weir equation
i 1841 to a form similar to that used today. By the end of the 19th century, many
of the elements of the modern approach to open channel flow, which includes both
theory and experiment, had been established.

The work of Bakhmeleff, a Russian emigre to the United States. had perhaps
the most important influence on the development of open channel hydraulics in
the early 20th century. Of course, the foundations of modern fluid mechanics
(boundary layer theory, turbulent velocity and resistance laws) were being laid by
Prandtl and his students, including Blasius and von Kédrmin, but Bakhmeteff's
contributions dealt specifically with open channel flow. In 1932, his book on the
subject was published, based on his earlier 1912 notes developed in Russia
(Bakhmeteff 1932). His book concentrated on “varied flow” and introduced the
notion of specific energy, still an important too! for the analysis of open channel
flow problems. In Germany at this time, the contributions of Rehbock to weir
flow also were proceeding, providing the basis for many further weir experiments
and weir formulas.
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By the mid-20th century, many of the gains in knowledge tn open channet flow
had been consolidated and extended in the books by Rouse (1950), Chow (19593,
and Henderson (1966), in which extensive references can be found. These hooks set
the stage for applicattons of modern numerical analysis techniques and experimen-
tal instrumentation 1o problems of open channel flow.

1.6
DEFINITIONS

In a steady open channel flow, the depth and velocity at a point do not change as a
function of time. In the more general case of unsteady flow. both velocity and depth
vary with time, as in the case of the passage of a flood wave in a river as shown in
Figure 1 la relative to a fixed observer on the riverbank. The change in velocity and

¥
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FIGURE 1.1

Types of upen channel flow: (a) unsteady; (b} stcady, uniform: (¢) steady. graduaily varied
(GVF) and steady, rapidly varied (RVFE). (d} ensteady. rapidly varied; (e} patially varied.
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depth in a large river may occur so gradually and over such long distances that the
observer can see only a gradual rise and fall of river stage. If the flood wave results
from a dam break, on the other hand, an abrupt change in depth and velocity and a
distinct wave front or surge may be observed. In the former case, only near the peak
of the flood wave could the flow be considered approximately steady, or quasi-
steady. allowing steady tlow analyses.

Spatial variations in velocity and depth in the flow direction are distinguished by
the terms uniform and nonuniform. In a upiform flow, the mean cross-sectional
velocity and depth are constant in the flow direction, as shown in Figure 1.1b. This
flow condition is difficult to create in the laboratory and rarely occurs in the field, but
often is used as the basis for open channel design. It requires the existence of a chan-
nel of uniform geometry and slope in the flow direction; that is, a prismatic channel.
The nonuniform flow condition can be divided into two types: gradually varied and
rapidly varied. Gradually varied flow is nonuniform flow. but the curvature of the
free surface and of the accompanying streamlines is so slight that the transverse pres-
sure distribution at any station along the flow can be approximated as hydrostatic.
This assumption allows the flow to be treated with one-dimensional forms of the
goveming differential equations in which we are concerned with variation of the flow
varables in the flow direction only. Fortunately, most river flows can be treated in
this manner. Rapidly varied flow, on the other hand, is not amenable to this approach
and often requires application of the momentum equation in control volume form as
in the hydraulic jump or a two-dimensional formulation of the governing differential
equations as in the highly curvilinear flow over a spillway crest. Examples of gradu-
ally varied and rapidly varied flow are shown in Figures 1.1c and 1.1d.

Spatially varied flow really is a class of nonuniform flow but owes its nonuni-
formity to variation in the flow discharge in the direction of motion as well as to an
imbalance of gravity and resisting forces. Examples of spatially varied flow include
side channel spillways and continuous rainfall additions to gutter flow, as shown in
Figure 1.le.

1.7
BASIC EQUATIONS

The basic equations of fluid mechanics are applied to open channel flow with some
modifications due to the free surface. These equations are the continuity, momen-
tum. and energy equations, which can be derived directly from the Reynolds trans-
port theorem applied to a fixed control volume as shown in Figure 1.2a. The
Reynolds transport theorem is derived in many elementary fluid mechanics text-
books (Roberson and Crowe 1997; White 1999) and is given by

4B d

& :Ei_rj bpdV¥ + (bp(V-n)dA (1.2)

(45 (33

in which B = system property; 1 = time; b = the intensive value of B per unit mass
m, dBfdm: p = fluid density: ¥ = volume of the control volume (e}, V = veloc-
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FIGURE 1.2
Control volumes (a) arbitrary control volume: (b) streamtube; (¢} river reach: (d) streamline.

ity vector; n = outward normal unit vector; and A = arca of the control surface {(cs).
The volume integral on the right hand side of Equation 1.2 sums up the values of
the property per unit mass & over each mass element given by pdV. In the surface
integral in Equation 1.2, (pV - n) dA represents the mass flux through an elemen-
tal area dA on the control surface. The dot product of the velocity vector with the unit
outward normal (V - n) determines the component of the velocity perpendicular to
the surface since only that component can carry the property through the surface.
Furthermore, the dot product is positive for outward fluxes and negative for inward
fluxes into the control volume. Thus, the surface integral sums up the products of
the property per unit mass b and the mass flux over the control surface to give the
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net outward flux of the property. In summary, Equation 1.2 states that the time rate
of change of the system property is the sum of the time rate of change of the prop-
erty inside the control volume and the net outward flux of the property through the
control surface.

The Reynolds transport theorem can be applied (o the properties of mass,
momentum. and ¢nergy to obtain the control volume form of the corresponding
governing conservation equations. The control volume forms of the equations can
be simplified for the case of steady, one-dimensional flow and used in the analysis
of many open channel flow problems.

In the case of mass m, the property B = m and it follows that dB/di = 0 and
b = dB/dm = 1, so that

d
0=d—rjpdV +Jp(V-n}dA (1.3)

which means simply that the time rate of change of mass inside the control volume
in the first term must be balanced by the net outward mass flux through the control
surface expressed by the second term. Now, in the case of steady flow of an incom-
pressible fluid for the one-dimensional streamtube shown in Figure 1.2b, we have
the familiar form of the continuity equation:

J(V'“) dA =0= 20, - 20, (1.4)

CF

in which £Q = summation of the volume fluxes in or out of the control volume.
The mean cross-sectional velocity, V.. is defined as the volume flux divided by the
cross-sectional area of flow perpendicular to the streamlines such that the volume
flux can be written as

Q—JL',dA—VSA (1.5)

5

in which v, is the point velocity in the streamline direction; V, is the mean cross-
sectional velocity; and A is the cross-sectional area of flow,

Equation 1.3 also can be written in differential form for the general case of
unsteady open channel flow of an incompressible fluid. If the control volume is
considered to have a differential length Ax, as shown in Figure 1.2c, then as Ax
approaches zero, Equation 1.3 becomes

A 0
4 90 _

0 6
ot ax (.6

At any cross section, the time rate of change of flow area due to unsteadiness as the
free surface rises or falls must be balanced by a spatial gradient in the volume flux
@ in the flow direction. For steady flow. dA/dt is zero by definition and dQfdx then
also must become zero, which implies that the volume flux Q is constant along the
channel, in agreement with Equation 1.4. The differential form of the continuity
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equation as given hy Equation 1.6 will be applied in the numencal analysis of
unsteady open channel flow in Chapter 8.

If we turn now to the property of momentum, the fundamer.il property 8 in
the Revnald rupsport theorem becemes a vector quarttity detined by the linear
momentum B = &V, in which m = mass and ¥V = velocity vector. The total deniv-
ative dB/dr 1s exactly the vector sum of forces XF acting on the control volume
according to Newton's sccond law. In this case. dB/dm = V and the Reynolds trans-
port theorem for a fixed control volume becomes a vector equation, which can be
written as

d
XF“EI_J Vpd¥ + [Vp(\'-n)df\ {(1.7)

s

Fquation 1.7 states that the vecter sum of forces zcling on the control volume 1s
equal to the time rate of change of }ear momentum nside the control volume plus
the net momentum flux out of the control volume through the contral surface. In
fact, this equation can be thought of simply as Newton's second law applied 1o a
fluid. Tt is crucial to note that Equation 1.7 is a vector equation that represents three
separate equations, written in each coordinate direction with the appropriate com-
ponents of each vector quantity.

For the special case of the streamtube control volume i Figure 1.2b, the
steady, one-dimensional form of the momentum equation in the stream direction, s,

is given by

EFJ = Jpvs(v ' n) dA = z (ﬁvaj)i)Ul - E (BPQVS)IH (1'8)

cs

in which v, is the point velocity in the streamtube direction; V, is the mean veloc-
ity; and 8 is the momentum flux correction coefficient to account for a nonuniform
velocity distribution. The momentum equation as given by Fquation 1.8 states that
the vector sum of external forces in the streamtube direction s equat 1o the momen-
tum flux out of the contral volume in the s direction minus the mementum flux into
the control volume in the s direction.

The momentum flux correction coefticivnt 8 in Equation 1.8 is defined by

JvfdA

A

B VA (1.9)
to correct for the substitution of the mean velocity squared for the point velocity
squared and bringing it outside the integral in Equation 1.8. In turbulent flow in
prismatic channels, the value of 8 is not significantly greater than the value of unity,
which is the value for a uniform velocity distribution. In other open channel flow
situations such as immediately downstream of a bridge pier, or in » river channel
with floodplain flow, the value of {2 varnot be taken as vnity because of the highly
nonuniform velocity distishetions i theve situations.
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It is important to note that the volume flux. Q. has been substituted for AV, in
Equation 1.8 and that the remaining V, in the momentum flux term is the compenent
of mean velocity in the direction in which the forces are summed. The outward vol-
ume flux takes a positive sign from (V - i) because of the positive outward unit vec-
tor, and a negative sign goes with the inward volume flux for the same reason. The
sign of V depends on the chosen positive direction for the force summation. If the
forces are being summed in a direction x that is different from the streamiube direc-
tion, the volume flux remains unchanged but the component velocity is taken in the
x direction with the appropriate sign. In the x direction, Equation 1.8 becomes

E Ff = E (BPQV!)UU[ - E (Bvar)m (1'10)

If the momentum equation is applied 1o a differential control volume along a
strearnline, as in Figure 1.2d, and only pressure and gravity forces are considered,
the result is Euler’s equation for an incompressible. frictionless fluid:

ap az du, oL,

—E g = + pr, 111
as pgas pa: pUs as ( )

in which p = pressure: z = elevation; v, = streamline velocity; + = time; and s =
coordinate in the streamline direction. If only steady flow is considered and Euler’s
equation is integrated along a streamline, the result is the familiar Bernoulli equa-
tion written here in terms of head between any two points along the streamline:

[N

7 vi  ps L3
—to Tt =Lt (1.12)
Y 28 7Y 2g

in which vy is the specific weight of water = pg. In this form, the Bernoulli equa-
tior: terms have dimensions of energy or work per unit weight of fluid. and so it is
truly a work-energy equation derived from. but independent of. the momentum
equation. The terms are scalars and represent pressure work, potential energy, and
kinetic energy in that order. For applications to open channel flow, we need to
expand the equation from a streamline to a streamtube and include the energy head
loss term due to friction, A, for a real fluid, which results in

P Vf_!’: ) Vi
f+;1+at_—_"‘13+az—_+hf (1.13)
¥ 2g Y 28

This expansion of the Bernoulli equation to a streamituthe with head loss included is
called the extended Bernoulli equarion or the energy equation. It requires the
assumption of a hydrostatic pressure distribution at points 1 and 2, because this
means that the piezometric head (p/y + 2) is a constant across the cross section. The
use of the mean velocity in the velocity head term necessitates a kinetic energy flux
correcticn coefficient defined by

J vida

A

GZW (1.14)
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to account for a nonuniform veliciny distribution. As we shall see in succeeding
chapters, the value of a can be ~omificantly larger than unity in rivers with over-

bank flow and therefore cannot be neglected.

To emphasize the independence of the extended Bernoulli or energy equation
from the momentum equation, it ~hould he pointed out that the energy equation can
be derived in a more general way frem the Reynolds transport theorem and the first

taw of thermodynamics:

dE _ do,

dr dr dr dr dr s ] ep(V-n) (1.13)

(44 oS

in which 8 has been replaced by the total energy E; Q, = the heat transfer to the
flsid; W, - the shaft work done by the fluid on hydrautic machines; W, = the work
done by the fluid pressure forces; and e is dE/dm = the internal energy plus kinetic
energy plus potential energy per unit mass. For steady, one-dimensional flow of an
incompressible fluid, the encergy balance given by Equation 1.15 reduces to Equa-
tion 1.13, in which the head loss term represents the irreversible change in internal
energy and the energy converted into heat due to viscous disstpation (White 1999).

The continuity equation is a statement of the conservation of mass. Likewise, the
energy equation expresses conservation of energy. It is a scalar equation and in the
form of work/energy because of the spatial integration of ZF = ma. The momentum
equation also comes from Newton's second law applied to a fluid but is a vector equa-
tion that states that the sum of forces in any coordinate direction is equal to the change
in momentum flux in that direction. In the control volume form, the momentum equa-
tion can be applied to quite complicated flow situations, as long as the external forces
on the control volume can be quantified. The energy equation, on the other hand,
requires the capability of quantifying energy dissipation inside the control volume.

Often, all three fundamental equations are applied simullancously to solve
what otherwise would be intractable problems. The hydraulic jump is an example
in which the momentum and continuity e¢quations are applied first to obtain the
sequent depth (depth after the jump). and then the energy equation is employed to
solve for the unknown energy loss.

Even experienced hydraulictans sometimes misapply the momentum and
energy equations. The cardinal rule is that the energy equation must include all sig-
nificant energy losses and the momentum equation must include all significant
forces. Breaking this rule sometimes leads to conflicting results from the momen-
tum and energy equations because of misapplication rather than a breakdown of the
fundamental physical laws,

1.8
SURFACE VS. FORM RESISTANCE

Flow resistance in fluid flow can result from two fundamentally different physical
processes, which take on special meaning vwhen we discuss open channel flow
resistance coctficients. Surfuce resistance is the traditional form of 1 -sistance
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Separation and form resistance in real fluid flow around a circular cylinder: (a) laminar sep-
aration; (b) turbulent separation; (¢) real and ideal fluid pressure distributions (White 1999). .
(Source: F. White, Fluid Mechanics, 4e. © 1999, McGraw-Hill. Reproduced with permission
of The McGraw-Hill Companies.)

resulting from surface friction or shear stress at a solid boundary. Integration of the
shear stress over the surface area of the circular cylinder in Figure 1.3, for exam-
ple, would result in surface drag.

Surface resistance alone cannot account for the measured flow resistance of a
blunt object, such as a circular cylinder. Because of the phenomenon of flow sepa-
ration of a real fluid, an asymmetric pressure distribution occurs around the circu-
lar cylinder, leading to form drag as shown in Figure 1.3 with higher pressure on
the upstream face of the cylinder than on the downstream face in the zone of sepa-

-
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ration. In contrast, inviscid Tow theory predicts a symmetric pressure distribution
and no form drag (as well as no surface drag) on the cyvlinder, as shown in Figure
1.3, If the component of the pressure furce in the flow direction is obtained by inte-
grating the real fluid pressure distnibution around the sphere, the result 1s a form
drag or form resistance that 1s completely separate from surface drag. The tolat drag
then is the sum of the surface drag and form drag. The magnitude of the form drag
depends highly on the point of separation, which 1s different in the laminar and tur-
bulent cases. as shown by Figure 1.3. In open channel tlow, the resistance offered
by large roughness clements or atluvial bed forms may be due largely to form
resistance. This point will be discussed in more detail in Chapters 4 and 10,

1.9
DIMENSIONAL ANALYSIS

The purpose of dimenstonal analysis is to reduce the number of independent vari-
ables in an open channel flow problem or any other fluid mechanics problem by
transforming the dependent vanable and several independent variables that form a
functional relationship into a smaller number of dimensionless ratios. This reduces
the number of experiments involved in developing an experimental relationship,
since only the independent dimensionless parameters need to be varied rather than
each individual independent varnable. Rather than varying the velocity, depth, and
gravitational acceleration independently in a hydraulic jump experiment, for exam-
ple, it is necessary to vary only the Froude number, which is a dimensionless com-
binatton of these variables. and present the results for the ratio of depths before and
after the jump in terms of the Froude number. In addition, the dimensionless vari-
ables often represent ratios of forces, such as inertia and gravity, so that the magni-
tude of a particular dimensionless variable and its variation in a given experiment
relate to an understanding of the physics of the flow situation. I'urthermore, pre-
sentation of experimental results in terms of dimensionless variables generalizes
the results to a wider range of applications and confirms the validity of the dimen-
sionless ratios chosen te model a particular flow phenomenon.

If the governing equations can be completely formulated for a given problem,
the equations can be nondimensionalized to deduce the embedded dimensionless
parameters of importance. For example, application of the momentum equation to
a hydraulic jump and nondimensionalization of the resulting equation for the depth
after the jump results directly in the appearance of the Froude number as the only
independent dimensionless parameter for this problem. The necessary condition for
nondimensionalization of an equation is dimensional homogeneity, which simply
requires every term to have the same dimensions in any properly posed equation
describing a physical phenomenon. Once the governing eguations are transformed
into dimensionless form, the solution can be obtained in terms of the resulting
dimensionless variables, either analytically or numerically, for a completely general
solution. This solution can be apphed to similar flow situations under conditions
different from those for which the results were obtained, so long as the ranges of
the dimensionless variables are the same.
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In some cases, equations of open channel flow such as the Manning’s equation
or the head-discharge equation for flow over a weir at first may not appear to be
dimensionally homogencous. In these cases, some “constant” must have dimen-
stons for the equation 1o be dimensionally homogeneous. If the equation for dis-
charge @ over a sharp-crested weir. for example. is wrilten as a constant C, times
LH*7, where L is the crest length and H is the head on the crest, it is clear that the
equation is not dimensionally homogeneous unless C, has dimensions of length to
the 172 power divided by time. These in fact are the dimensions of the square root
of the gravitational acceleration, g, which has been incorporated implicitly into the
value of C,. This practice requires that the coefficient C, take on a different numer-
ical value for different systems of units, which is less desirable than leaving the
original equation in terms of the gravitational acceleration.

As an example of nondimensionalization of the governing equations, the invis-
cid flow solution shown in Figure 1.3 can be obtained from an application of
Bernoulli’'s equation between the approach flow (variables with a subscript of eo)
and any point on the circumference of the cylinder:

Vi v?
— =p+p— 1.16
Pt P =pPtp 3 (1.16)
If the equation is nondimensionalized, there results
2
P~ Px _ _ v
T = Cp =1- (V_> (1.17)
2

in which C, is defined as a dimensionless pressure coefficient. The solution for the
pressure coefficient is obtained by substituting the inviscid flow solution for the cir-
cumferential velocity v = 2V_ sin 8 into Equation 1.17 with the result

C,=1—4sin" @ (1.18)

Equatton 1.18 gives the theoretical distribution of the dimensionless pressure coef-
ficient C, shown in Figure 1.3. Thus, if the governing equation of a fluid mechan-
ics problem is known, then the equation itself can be made dimensionless, as in
Equation 1.17, and the resulting solution also will be dimensionless.

In many problems of open channel flow, the theoretical solution is not
directly applicable without the addition of experimental results to evaluate
unknown parameters, or it may not be possible to formulate and solve the gov-
erning equations in very complicated flows. This requires a different approach for
obtaining the important dimensionless parameters of the problem. In the case of
drag on a circular bridge pier, for example, specification of the experimental drag
coefficient is necessary to calculate the drag force, which includes both surface
and form drag, the latter of which is not easily calculated from the governing
equations, Presentation of the experimental results for the drag force in dimen-
sionless form requires a general technique such as that afforded by the Bucking-
ham [I theorem (see, for example, White 1999). The Buckingham I1 theorem can
be stated as follows:



CHarter 1: Basic Principles 18

if a physical process wnvalves a functional relationship among n vanables, which can
be expressed in terms of s basic dimensions, 1t cun be reduced to a relation between
tn = nn dimensionless vanables. or Tl terms, by choosing m repeating variables, cach
of which is combmed in turn with the rematnimg surrables to form the 11 terms as prod-
ucts of the vanables taken to the appropriate powers. The m repeating variables must
contain smong them all basic dimensions found 13 all the variables but cannot them-
selves formya 1 term.

In mathematical terms, f a dependent variable A, can be expressed in terms of
(n ~ 1)independent variables as

A= flAn AL Ay (1.19)

then the Buckingham I theorem allows the n vanables to be expressed as a func-
tional relation among (n — 1} 11 groups:

S(M. M. ... 1, )=0 (1.20)

The basic dimensions usually are taken as mass (M), length (L), and time (7)),
although force (F). length, and time are an equally valid choice. The force dimen-
ston is uniquely related to the remaining dimensions by Newton's second law; that
is, F = MLT ™" Incertain instances, the fundamental dimensions may be fewer than
three; for example, only length and time may be involved. When choosing repeat-
ing variables, 1t is important to recognize that it is better not to choose the depend-
ent vanable as a repeating variable, so that it will appear in only one IT term.

If, for example, n = 5 and m = 3 with M, L. and T as the basic dimensions, the
two [T terms can be found from

[[1,] = MOLOT® = [A,]*[A; (A4, (1.21)

[TT,] = MOL'T® = [A,)%]A, " {A, ] As) (1.22)

in which the square brackets denote “dimensions of " the enclosed variables; and A,
A; and A, have been chosen as repeating variables. By substituting the dimensions
of the variables into the right hand sides of Equations 1.21 and 1.22 and equating the
exponents on M, L, and T on both sides of the equations, the resulting algebraic
equations can be solved for the unknown exponents and the resulting I terms.
Now consider the drag problem for a completely immersed cylinder in which
the drag force, D, can be expressed in terms of the cylinder diameter, 4 the cylin-
der length, {; the approach velocity, V,,; the fluid density, p; and the fluid viscos-

ity, p:
D =fi(d i, Ve p. ) (1.23)

A total of six variables with all three basic dimensions (M, [, T) are represented,
so therc will be three IT terms. The repeating variables are chosen to be the den-
sity, velocity, and cylinder diameter, which contain among them M, L, and T as
basic dimensions but do not themseives form a dimensionless group. The cylinder
diameter and length could not be ¢hosen together s repeating variables because
they would form a 1l group. First, the drag force is comnbined with powers of the
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repeating variables, either algebraically or by inspection, to vield the first IT term;
then the same process is repeated for the cyhinder fength and the fluid VisCosity.
The result is given by

D

I,

which gives the dimensionless drag ratio in terms of the Reynolds number, Re =
pV.d/p and the ratio of cylinder length 1o diameter, [ /d. Traditionally, the drag
ratio is redefined as a more general drag coefficient, applicable to other shapes of
immersed objects as D/(pAV:/2). with A in the coefficient of drag defined as the
frontal area of the immersed object projected onto a plane perpendicular to the
oncoming flow (/. X d). Also, a factor of 2 is added to the definition of the drag
coefficient as a matter of tradition. For an infinitely long cylinder, the ratio I./d no
longer has an influence because there are no end effects. so the experimental coef-
ficient of drag is determined from the Reynolds number alone and used to calculate
the drag force.

The choice of the repeating variables is not unique, so there are equally valid
alternative forms of the I1 groups. If, for example, the repeating variables were cho-
sen to be w, V_, and d in the cylinder drag problem, the resuit would be

b__ (R [") 1.25
vad—j} e,d (1.25)

However, the alternate dependent IT group in (1.25) could be deduced from taking
the product of the drag ratio and Reynolds number in (1.24). In the same manner,
the justification for replacing 4 in the denominator of the drag ratio in (1.24) with the
frontal area is that the drag ratio in (1.24) can be divided by //d and replaced by
the result. In general, it is possible to state that a new I1 group can be formed as

I, = 115 It 11§ (1.26)

and used to replace one of the original IT groups.

In the more general case of several bridge piers, each with diameter ¢ and spac-
ing s between piers and in open channel flow with a finite depth of water v, the for-
mation of gravity surface waves around the piers may give rise to additional flow
resistance so that the drag force can be written as

D =fid s, vo Voo p. 1. 8) (1.27)

in which the gravitational acceleration has been added to the list of variables. Alter-
natively, the specific weight y could be added to the list instead of g, but the ratio
y/p, which is equal to g, then would appear in the dimensionless group related to
the gravity force. Now, there are eight variables and still three basic dimensions
resulting in five IT groups that can be expressed as

D d d
—— =f5(—,—,Re,F) (1.28)
p dyoVs 5 Yo
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The additionat geemetric variable results in an additional geometric ratio, and the
intraduction of the pravitational force necessarily brings into play the Froude num-
ber. F. The relative importance of the 11 groups on the right hand side of (1.28)
would be deternuaed by experiments.

The existence of the free surface in open channel flow inevitably involves the
gravity force. either through the formation of surface waves, the existence of a com-
ponent of the body force in the flow direction. or a differential pressure force due to
changes in depth. Therefore, a dimensional analysis of an open channel flow problem
includes the gravitational acceleration in the list of variables, and the Froude number
necessarily emerges as an important dimensionless parameter, as discussed previously.

The choice of independent and dependent variables is crucial to the success of
dimensional analysis. There can be only one dependent variable, and the indepen-
dent variables must not be redundant; that is, one of the independent vartables can-
not be obtained from some combination of the others. The inclusion of extra inde-
pendent variables that are truly independent is not fatal because the experimental
results will show which of the resulting dimensionless groups is unimportant, but
failing to include a significant independent variable can give an incomplete exper-
imental relationship. Uliimately, such decisions are made in the course of research
on a particular problem and may involve trial and error to arrive at the final set of
important dimensionless ratios.

1.10
COMPUTER PROGRAMS

Some computer programs are given in Appendix B in Visual BASIC code, which is
applicable to the Microsoft Windows environment. The BASIC language has evolved
from a DOS-based language to the present form that utilizes the graphical user interface
of Windows. It is an event-driven language composed of both form modules, which
contain the graphical user interface, and standard modules, which contain the compu-
tational code. The programs in the appendix include standard modules that consist of
numerical procedures or subprograms. They can be converted easily to other languages
such as Fortran or C, combined with form modules in Visual BASIC for input and out-
put, or incorporated into Excel spreadsheets using Visual BASIC for Applications. The
purpose here is to develop the core methodology for the use of numerical analysis to
solve open channel flow problems. To this end. Appendix A contains some basic mate-
rial on numerical methods that will be used throughout the text. Appendix B includes
some example programs that are intended to serve as leaming tools to explore the appli-
cation of numerical technigues to open channel flow problems.
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EXERCISES

1.1

1.2

1.3.

1.4.

1.5,

1.6.

Classify each of the following flows as steady or unsteady from the viewpoint of the
observer:

Flow Observer

(@) Flow of river around bridge piers. {1) Swanding on bridge.
(2) In boat, drifting.

(h) Movement of flood surge downstream., (1) Standing on bank,

{2) Moving with surge.

At the crest of an ogee spillway. as shown in Figure 1.1c. would you expect the pres-
sure on the face of the spillway to be greater than, less than. or equal to the hydro-
static value? Expluin your answer.

The river flow at an upstrearn gauging station is measured to be 1300 mYs, and at
another gauging station 3 km downstream, the discharge is measured to be 750 m¥/s
at the same instant of time. If the river channel is uniform, with a width of 300 m,
estimate the rate of change in the water surface elevation in meters per hour. Is it ris-
ing or falling?

A paved parking lot section has a uniform slope over a length of 100 m (in the flow
direction} from the point of a drainage area divide to the inlet grate, which extends
across the lot width of 30 m. Rainfall is occurring at a uniform intensity of 10 cm/hr.
If the detention storage on the paved section is increasing at the rate of 60 m’/hr. what
is the runoff rate into the inlet grate?

A rectangular channel 6 m wide with a depth of flow of 3 m has a mean velocity of

1.5 m/s. The channel undergoes a smooth, gradual contraction to a width of 4.5 m.

(a) Calculate the depth and velocity in the contracted section.

(k) Calculate the net fluid force on the walls and floor of the contraction in the
flow direction.

In each case, identify any assumptions that you make.

A bridge has cylindrical piers | m in diameter and spaced 15 m apart. Downstream of

the bridge where the flow disturbance from the piers is no longer present, the flow

depth is 2.9 m and the mean velocity is 2.5 m/s,

{(a) Calculate the depth of flow upstream of the bridge assuming that the pier coef-
ficient of drag is 1.2.

(b) Determine the head loss caused by the piers.
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A symmetric compound channei in overbank flow has a main channel with a bot-
tom width of 30 m, side slopes of 101, and a flow depih of 3 m, The floodplains on
either side of the main chanael are 300 m wide and flowing at a depth of 0.5 m.
The mean velocity In the main chanael 1s 1.5 m/s. while the Moodplain flow has 4
mean velocity of 0.3 m/s. Assuming that the velocity variation within the main
channel and the floodplain subsections is much smaller than the change in mean
velocities between subsecuons, find the value of the kinetic energy correction
coeflicient a.

The power law velocily distribution for fully rough. turbulent flow in an open chan-
nel is given by

in which « = pont velocity at a distance ¢ from the bed; v. = shear velocity =

(1¢/p)' %1 74 = bed shear stress: p = fluid density: k, = equivalent sand grain rough-

ness height; and a = constant.

(@) Find the ratio of the maximum velocity, which occurs at the free surface where
2 = the depth, v, to the mean velocity for a very wide channel,

() Calculate the values of the kinetic energy correction coefficient a and the
momenturn flux correction coefficient 8 for a very wide channel.

An alternative expression for the velocity distribution in fully rough, turbulent flow is
given by the logarithmic distribution

u 1 ( z )
-— = —In| =
7 K 29
in which x = the von Karman constant = 0.40; z, = k/30; and the other variables are

the same as defined in Exercise 1.8. Show that @ and 3 for this distribution in a very
wide channel are given by

I+ 3g* - 28°

a =
B=1+¢
in which & = (1,,,,/V) — 15 1, = maximum velocity; and V = mean velocity.

In a hydraulic jump in a rectangular channel of width b, the depth after the jump y, is
known to depend on the following variables:

¥: = fy. ¢ 8]

in which y, = depth before the jump; ¢ = discharge per unit width = Q/b; and g =
gravitational acceleration. Complete the dimensional analysis of the problem.

. The backwater Ay caused by bridge piers in a bridge opening is thought to depend on

the picr diameter and spacing, 4 and s, respectively; downstream depth, y,; down-
stream velocity, V, fluid density, p; fluid viscosity, u; and gravitational acceleration,
& Complete the dimensional analysis of the problem.
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The longitudinal velocity. u, near the fixed bed of an open chanrel depends on the dis-
tance from the bed. o the kKinematic viscosity. v: and the shear velocity. . = (t/p)*?
in which 7, is the wall shear stress. Develop the dimensional anafysis for the point
velocity, u.

In the very slow metion of a fluid around a sphere. the drag force on the sphere, D,
depenrds on the sphere diameter, d: the velocity of the approach flow. V: and the fluid
viscosity. u. Complete the dimensional analysis. How many dimensionless groups are
there and what are the implications for the corresponding values of the group(s)? Why
was the fluid density not included in the list of variables?

The discharge over a sharp-crested weir, @, is a function of the head on the weir crest,
H. the crest length. L; the height of the crest, P; density. p; viscosity. g surface ten-
sion, ; and gravitational acceleration. g, Carry out the dimensional analysis using p.
g and H as repeating vanables. If it is known that  is directly properticnal to crest
length, L. how would you alter the dependent 11 group?



CHAPTER 2

Specific Energy

2.1
DEFINITION OF SPECIFIC ENERGY

The concept of specific energy as introduced by Bakhmeteff (1932) has proven to

be very useful in the analysis of open channel flow. It arises quite naturally from a

consideration of steady flow through a transition defined by a gradual rise in the

channel bottom elevation, as shown in Figure 2.1. For given approach flow condi-

tions of velocity and depth, the unknown depth, »,, after a channel botlom rise of

height Az is of interest. If for the moment we neglect the energy loss, the energy
equation combined with continuity can be written as

2 2

_V; + Q—ﬁ = Y2 + Q 2

2843 2843

+ Az 2.1

in which y = depth; @ = discharge; A = cross-sectional area of flow; and Az =
z, — 2, = change in bottom elevation from cross-section 1 to 2. Now, it is apparent
that the sum of depth and velocity head must change by the amount Az and that the
change must result in an interchange between depth and velocity head such that the
energy equation is satisfied. If specific energy i1s defined as the sum of depth and
velocity head, it follows that the possible solutions of the problem for the depth
depend on the variation of specific energy with depth. In fact, there are two real
solutions for the depth in this problem, and the plot of depth as a function of spe-
cific energy clarifies which solution will prevail. Such a plot for constant discharge
Q is calied the specific energy diagram.

A more formal definition of specific energy is the height of the energy grade
line above the channel bottom. In uniform flow, for example, the energy grade line,
by definition, is parallel to the channel bottom, so that the specific energy is con-
stant in the flow direction. The component of the gravity force in the flow direction

21
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viizg

FIGURE 2.1
Transition with bottom step.

is just balanced by the resisting boundary friction. In Figure 2.1, the specific energy
decreases in the flow direction, but it would be equally possible for the specific
energy to increase in the flow direction by dropping rather than raising the channel
bottom. The total energy always must remain constant or decrease, but the specific
energy can increase as well. In gradually varied flow, a continuous change in spe-
cific energy with flow direction leads to a classification of gradually varted flow
profiles, in Chapter 5, according to the interchange between depth and velocity
head. We show that the rate at which specific energy changes in the flow direction
in gradually varied flow is determined by the excess or deficit of the work done by
gravity in comparison to the energy loss due to boundary resistance.

Because the specific energy arises in connection with the determination of
depth changes in one-dimensional flow, certain restrictions are inherent in its defi-
nition. First, the specific encrgy is defined at cross sections where the flow is grad-
ually varied, so that the depth is identical to the pressure head at the channel bot-
tom: that is, the free surface represents the hydraulic grade line. What happens
between two points at which specific energy is defined is not restricted by this
assumption, however, as evidenced by the situation in Figure 2.1. Second, the water
surface and energy grade line are assumed to be horizontal across the cross section,
so that a single value of velocity head corrected by the Kinetic energy flux correc-
tion coefficient @ suffices for the entire cross section. With these two restrictions in
mind, the definition of specific energy, E, becomes

av”

E=y+
¥ g

(2.2)
in which y = flow depth; @ = kinetic energy flux correction; and V = mean cross-
sectional velocity.

A third restriction on the definition in Equation 2.2 occurs in the case of a chan-
nel with a large slope angle 6, as shown in Figure 2.2, In this case it no longer is
obvious how the depth should be measured (vertically as y or perpendicular to the
channel bottom as d) nor, in fact, whether either of these definitions of depth is the
correct representation of the pressure head, p/y. This can be clarified by considering
the force balance between the gravity and pressure force perpendicular to the chan-
nel bottom in Figure 2.2, whereby p/y = d cos#. in which vy is the specific weight

.
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pix

FIGURE 2.2
Depth and pressure head on a steep slope.

of the fluid. Furthermore, it should be noted from the geometry in Figure 2.2 that
d = y cosf. The correct expression for specific energy must be written as

aV? R aV?
E=dcos@ + — = vcosd + — (2.3)
28 28

As a practical matter, cos’@ does not vary from unity by more than 1 percent if 6 <
6°, so that the approximate form shown in Equation 2.2 is valid for all except the
steepest channels, such as a spillway chute,

2.2
SPECIFIC ENERGY DIAGRAM

Now we are ready to consider the actual functional variation of depth y with spe-
cific energy, E, in the graphical form called the specific energy diagram. At first, it
will be convenient to consider the case of a rectangular channel of width b The
flow rate per unit of width ¢ can be defined for the rectangular channel as Q/b,
where @ = total channel discharge. Continuity then allows us to write the velocity,
V. as g/y. and so the specific energy for a rectangular channel with @ = 1 is

ql’
E=y+-—1— (2.4)
28y’

It is apparent from Equation 2.4 that there indeed is a unique functional variation
between y and E for a constant value of g, and it is sketched as the specific energy
diagram in Figure 2.3. Note from Equation 2.4 that, as y becomes very large, E
approaches y, so that the straight line y = £ is an asymptote of the upper limb of the
specific energy curves shown in Figure 2.3. In addition, it can be shown that, as v
approaches zero, E becomes infinitely Yarge, implying that the E axis is on asymptote
of the lower limb of the specific en :gy curve. Between these two limits, the specific
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FIGURE 2.3
Specific energy diagram for a transition with a smooth, upward bottom step.

energy must have a minimum value for a given value of flow rate per unit of width 4.
In other words, flows with a specific energy less than the minimum value for a given
q are physically impossible. The critical depth, y,. corresponding to the condition of
minimum specific energy, E., can be found by differentiating the expression for spe-
cific energy in Equation 2.4 with respect to y and setting the result to zero:

dE q
a 0=1 P (2.5)

Now for the critical depth, v, we have

21153
~[7]
g

which indicates that critical depth is a function of only the flow rate per unit width
g for a rectangular channel. Furthermore, with the help of Equation 2.6, the value
of minimum specific energy, E., is given by
E(‘ = vy, -+ q s =
2gy7
and shown in Figure 2.3 as the locus of values of critical depth and minimum spe-
cific energy for each specific energy curve defined by its own unique value of ¢.

v, (2.7)

to | W

-
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Because both v and E| increase as g increases, the specific energy curves move
upward and 1o the night in Figure 2.3 as ¢ increases and g, > g,

The physical meaning of the specific energy diagram is not nearly so clear as
its mathematical interpretation. Tt s obvious from Figure 2.3 that, mathematically,
there are two possible values of depth for a given value of specific energy. The
physical meaning of these two depths becomes clear from a rearrangement of Equa-
tion 2.6 as

g Vi,

= T F (2.8)

X
-
oy

from which we can conclude that the critical depth condition is specified by the
value of the Froude number, F, becoming unity.

If we further observe that the celerity, ¢, of a very small amplitude disturbance
at the water surface is {(gv)'", a physical interpretation of the meaning of the two
limbs of the specific energy curves in Figure 2.3 is possible, First, we assume in
Figure 2.3 that a small amplitude disturbance in shallow water of depth y is propa-
gated at a celerity ¢ relative 1o still water. If we superimpose a velocity ¢ in the
opposite direction, this becomes a steady flow problem with constant energy, so
that (y + ¢*/2g) = constant and therefore

dy + § de = 0 (2.9)

Then, with the aid of continuity for steady flow, cy = constant; and we have that
¢ dy + vde = 0, which can be combined with Equation 2.9 to prove that ¢ = (gy)!?
with respect to the still water as a reference frame.

Now, for depth y <<y, the Froude number, V/c, must be greater than one and
the velocity V > c. In other words, the flow velocity is greater than the celerity of
a small surface disturbance and so sweeps any disturbance downstream. This flow
regime is called supercritical, or rapid, flow and characterized by relatively small
depths and large velocities, as can be seen in Figure 2.3. The upper regime of flow,
on the other hand, has ¥ > y_ and the Froude number less than unity. Therefore, the
flow velocity, V < ¢, and wave disturbances can travel both upstream and down-
stream in this regime, which is called subcritical flow. Suberitical flow has rela-
tively large depths and small velocities; for this reason. it also sometimes is called
tranguil flow. We can conclude that subcritical flow is a flow regime in which the

iy

FIGURE 2.4
Water surface disturbance of small amplitude with celerity ¢.
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depth control, or boundary condition, can exert its influence in the upstream direc-
tion, while in supercritical flow, a control can influence the flow profile only in the
downstream direction. These observations become important later when we con-
sider the computation of flow profiies.

Finally, we can retum to the original problem posed by the transition in Figure 2.1,
If the upstream flow is subcritical, as indicated by point 1 in Figure 2.3, which depth is
the proper solution for point 2, for which E, = £, — Az? The lower depth y,. can be
reached only by a decrease in specific energy to its minimum value, followed by an
increase in specific energy. Because this is physically impossible, the correct solution
for the unknown depth is the subcritical one, y,. As the flow passes over the rise in the
channel bottom, the depth will decrease and the water surface elevation will dip.

2.3
CHOKE

A limiting condition for the transition shown in Figure 2.1 occurs if Az > Az,
where Az, is the difference between the approach specific energy and the minimum
specific energy. If this difference is exceeded, it would appear that the specific
energy must become less than the minimum value, a condition already shown to be
impossible. In response to this dilemma, the flow responds with a rise in the water
surface and the available specific energy upstream of the transition, as shown in
Figure 2.5, In fact, the specific energy rise in Figure 2.5 is just sufficient to force
flow through the transition at the critical depth. Any further increases in Az will
Cause a corresponding increase in the upstream specific energy, while the depth in
the transition will remain critical. This condition, referred to as a choke, illustrates
quite dramatically the extra degree of freedom afforded by the adjustment of the
free surface in open channel flow.

The step height required to just cause choking can be developed from the energy
equation applied from the approach section to the critical section over the step:

Az, = E, - E, = E, - 1.5y, (2.10)

If Equation 2.10 is divided by the approach depth, ¥, the result for the dimension-
less critical step height depends on the approach Froude number, F, alone:
Az, F?

Y1 2

- 1.5F? (2.1

Equation 2.11 is plotted in Figure 2.6. For an approach Froude number of 0.1, for
example, the critical step height for choking is 68 percent of the approach depth but
rapidly becomes a smaller fraction of the approach depth as the approach Froude
number increases.

EXAMPLE 2.1.  For an approach flow in a rectangular channel with depth of 20 m (6.6
ft} and velocity of 2.2 m/s (7.2 ft/s), determine the depth of flow over a gradual rise in the
channel bottom of Az = (.25 m (0.82 f1). Repeat the solution for Az = 0.50 m (1.64 fu).
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Choking in transition with a smooth. upward bottom step.
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Critical step height for cheking in a transition with a bottom step.
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Solution.  First, it is necessary to know whether the approach flow is supercritical or
subcritical, which is ascertained most easily by simply calculating the critical depth for
a flow rate per unit width of g = 2 X 2.2 = 4.4 m¥/s (47.4 f’/s):

o = (444981)" = 1.25m (4.10 ft)

from which it is obvious that the approach flow is subcritical, because v, > v. The
approach flow Froude number also could be calculated:

F, = 22/(981 x 2} =05

Now the energy equation written between the approach flow and the section of maxi-
mum step height (0.25 m) is

E, =2+ 22771962 =225 =025 + v, + 4.47/(19.62 X ¥3)

which can be solved by trial. Only roots larger than the critical depth of 1.25 m (4.10
ft} are sought. The result is y, = 1.62 m {3.32 ft). Note that the absolute elevation of
the water surface drops by the amount (2 — 0.25 — 1.62) = 0.13 m (0.43 ft). If the step
height increases to 0.5 m (1.64 ft), the available specific energy is the approach specific
energy (2.25 m) less the step height of 0.5 m, or 1.75 m (5,74 f1}, which is less than the
minimum specific energy of (1.5 X 1.23) = 1.88 m (6.17 ft). This means that a choke
occurs in which the depth over the step becomes critical (.25 m) and the upstream
depth increases as given by the solution of

v+ 44%/(19.62 X ¥1) = 0.5 + 1.88 = 238 m (7.81 ft)

The result is ¥y, = 2.17 m (7.12 fu), which resuits in an upstream increase in depth of
0.17 m (0.56 fr). The critical step height, which witl just cause choking, can be obtained
from Figure 2.6 or Equation 2.11 for a Froude aumber of 0.5 as Az /vy, = 0.18, from
which Az, = 0.36 m (1.18 fo).

24
DISCHARGE DIAGRAM

Transitions in channel width also can be analyzed by the specific energy concept.
For the rectangular channel, however, it is no longer true that the flow rate per unit
width g remains constant. Suppose the channel width changes from b, in the
approach subcritical flow 10 b, in the contracted section. as shown in Figure 2.7a,
With negligible energy loss. the energy equation simply states that E, = £, but this
requires that the flow regime move from one specific energy curve downward to
another that is appropriate for the new value of ¢, as shown in Figure 2.7b by the
points 1 and 2.

An alternative way of viewing the change in flow regime in a width contrac-
tion can be gained by writing the energy equation and noting that the quantity that
remains constant in this instance is not ¢ but rather the specific energy, E (neglecting
energy losses and assuming a horizontal channel bottom). Therefore, if a discharge
function for a given specific energy, E|, is defined by

g=y[2(E ~»:* (2.12)

-
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then it is obvious that there is a unique functional relation between the discharge
per unit width ¢ and depth y for the rectangular channel for a constant value of spe-
cific energy. The function is shown in Figure 2.7b alongside the specific energy dia-
gram with the approach and contracted sections identitied as points [ and 2, respec-
tively. Two specific energy curves are shown: one corresponding to the upstream
width b, and flow rate per unit width g,; the other for the contracted section with
width b, and flow rate per unit width g,. The decrease in depth from point 1 to point
2 occurs at constant specific energy, as shown in the specific energy diagram, and
corresponds o an increase in discharge per unit width in the discharge diagram.
The discharge function given by (2.12) has a maximum that can be found by set-
ting dg/dy = 0 and solving for v to obtain (2/3)E . This is precisely the relation for
critical depth derived previously, which means that critical depth not only is the
depth of minimum specific energy for constant ¢ but also can be interpreted as the
depth of maximum discharge for a given specific energy. In Figure 2.7b, the criti-
cal depth associated with the given specific energy in the specific energy diagram
has been transferred across horizontally to the maximum g in the discharge dia-
gram. Figure 2.7b also shows that the position of point 1 on the approach specific
energy curve determines the available specific energy and establishes a single dis-
charge diagram for that value of specific energy because y = £ when g = 0in the
discharge diagram.

Choking can be caused in a contraction by decreasing the width to a value such
that the available specific energy no longer is sufficient to pass the flow through the
contraction without an increase in the upstream depth. This is illustrated in Figure
2.7¢ by the points 1, 1’, and 2. Point 1 must move up the specific energy curve 1o
the point 1" upstream of the contraction with an increase in specific energy in Fig-
ure 2.7c. This establishes a new discharge curve in Figure 2.7¢ with a new value of
maximum discharge and a new critical depth, shown by peint 2. The flow regime
passes from the new upstream depth y,. to y,; in both the specific energy and dis-
charge diagrams but in different ways, as shown in Figure 2.7c. Also apparent from
Figure 2.7¢ is that, once the choking criterion is exceeded, further decreases in the
downstream width b, cause the depth at point 1 to continue increasing asymptoti-
cally to the straight line y = £ as the approach velocity head becomes nearly neg-
ligible. In this instance, the critical depth in the contracted section approaches two-
thirds of the approach depth for a rectangular channel.

Another interpretation of the discharge diagram is shown very clearly by the
example in Figure 2.8, in which flow from a reservoir into a short horizontal chan-
nel or over a broad-crested weir is controlled by a sluice gate. The reservoir level
establishes the fixed value of specific energy, and raising the sluice gate in the
channel causes an increase in discharge as the depth of flow upstream of the gate
decreases. Simultaneously, the depth downstream of the gate increases to main-
tain the same discharge. The discharge reaches its maximum value when the
upstream depth becomes critical. Beyond this value, the gate no longer has any
influence and the discharge cannot be increased further without raising the reser-
voir level. At the maximum discharge, the depth in the rectangular, horizontal
channel becomes two-thirds of the head in the reservoir if the approach velocity
head is negligible.
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FEGURE 2.8
Discharge diagram for flow under a sluice gate on a broad-crested weir.

If' the approach flow to a contraction is supercntical, specific energy analysis
still applies in the general case without choking, but oblique standing waves can
complicate the analysis. If choking occurs due to a contraction, two limiting cases
are possible for a supercritical approach flow, as shown in Figure 2.9, Choking con-
dition A is caused by the occurrence of a hydraulic jump upstream of the contrac-
tton followed by passage through the critical depth in the contracted opening.
Choking condition B, on the other hand, is the result of going directty from the
supercritical state te the critical depth for the contraction. Between conditions A
and B, choking may or may not occur (point 3 or 2, for example). These two con-
ditions are analyzed in more detail in the following chapter.

2.5
CONTRACTIONS AND EXPANSIONS WITH HEAD LOSS

The general equation governing contractions and expansions with a subcritical
approach flow at cross-section 1 is the energy equation with head losses included,
as given by

1

Al Al %

0’ Q*
+ =Az+ v, +— + K
% 2gAf tTh 23A§ £

(2.13)

in which Az is positive for an upward step. Energy losses are considered and
expressed as a minor loss coefficient, K, times the difference in velocity heads
between the two cross sections. The abrupt expansion has the highest energy loss
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Choking modes for contraction with supercritical approach flow.

because of flow separation and viscous dissipation of mean flow energy in the sep-
arated zone. Henderson (1966) has shown from a combined energy and momentum
analysis that the expression for the head loss in an abrupt open channel expansion

is given by
Vlz ( bl)z ZFfb'}(bz - bl)
hy = — -] +—F— 2.14

L7 2 { b, b (219

in which the subscripts 1 and 2 represent the approach and expanded sections, respec-
tively, as shown in Figure 2.10. Equation 2.14 assumes that the depth at cross-
section 1 equals the depth at cross-section 2 and that the pressure distribution at
cross-section 2 is hydrostatic across the full width b,, including the separation zone.
The momentum equation then is written between cross-sections 2 and 3, and the
energy equation from 1 to 3 gives the head loss. The first term on the night hand
side of (2.14) is identical to the expression for head loss in an abrupt pipe expan-
sion, while the second term is the open channel flow term with its dependence on
Froude number F,. For F| < 0.5, the second term is small compared to the first, so
that it can be neglected under this condition and y, =y, =y,. Then, for an expression
for head loss like that given in Equation 2.13 to be consistent with Equation 2.14
with the second term neglected, K, must be given by
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|+ =

by

in which K, varies from approximately 0.8 10 0.05 as &,/b, increases from 0.1 to
0.9. Gradual tapering of the expansion at a rate of 1:4 (lateral:longitudinal} results
in a head loss coefficient that is only about 30 percent of the value given by Equa-
tion 2.15. Energy losses are smaller in the case of contractions than expansions.
Henderson {1966) reports values of either 0.11 or 0.23 times the downstream
velocity head, depending on whether the contractions are rounded or square
edged, respectively. For rivers, the HEC-RAS manual (1998) suggests a value for
K, of 0.3 for gradual expansions and a value of 0.1 for gradual coniractions. The
default values for WSPRO (Shearman et al. 1986; Shearman 1990) are 0.5 for
expansions and 0.0 for contractions.

The actual effect of head losses in the specific energy analysis of contractions
and expansions depends on their relative magnitude in comparison with the
approach specific encrgy. In a contraction followed by an expansion, as in the open
channel venturi meter shown in Figure 2.11, or in a bridge contraction, the con-
traction energy loss may be considerably smaller than the expansion loss, as shown
in the specific energy diagram. The overall effect of the total head loss is an
upstreamn approach depth at point 1 that is larger than the downstream tailwater
depth at point 3, even though choking is not occurring. As the tailwater is lowered
from point 3 to 3’ for the same total discharge, choking occurs at some point, as
shown in Figure 2,11 at point 2°. Choking also can occur as the contracted section
width gets smaller for the same total discharge and the same tailwater. Further
decreases in contracted width cause the depth to remain critical in the contracted
section, althcugh critical depth itself also is increasing as the width &, decreases
and g, increases. This causes backwater, a rise in upstream depth. In this case, the
flow regime passes to supercritical downstream of the contracted section followed
by a hydraulic jump to the fixed tailwater.
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Open channel contraction followed by an expansion with head loss.

2.6
CRITICAL DEPTH IN NONRECTANGULAR SECTIONS

Specific energy for nonrectangular sections must be formulated before deriving the crit-
ical condition as the point of minimum specific energy. Specific energy in any nonrec-
langular section of area A and depth ¥, as shown in Figure 2.12, can be expressed as

-

E=y+ 2.16
yta 2gA? (2.16)
Differentiating with respect to y and setting dE/dy = O results in
dE ? dA
A=O:1-gﬁ-*— (2.17)
dy gA" dy
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Geametne properties of generat nonrectangular section.

From Figure 2.12, we sec that dA/dy = B, in which By is the top width al the water
surface and a function of . The condition for minimum specific energy and critical
depth then 1s

aQ*R
SAQ = (2.18)

in which the subscript ¢ indicates that A and B are functions of the critical depth,
y.. If we define the hydraulic depth [ = A/B and substitute V = /A, the Froude
number for a nonrectangular channel is defined and has the value of unity at the
critical condition:

1%
F=—"7""+- (2.19)

(eD/a}'?

The value of the minimum specific energy can be obtained from Equations 2.16 and
2.18 and is given by

DF
E. =y + 5 (2.20)
in which a does not appear explicitly but nevertheless is involved in the deterrni-
nation of ¥, and therefore £
The computation of critical depth for the nonrectangular channel is a matter of
solving Equation 2.18 for the geometry of a particular cross-sectional shape. The
appropnate geometric elements needed for the trapezoidal, triangular, circular, and
parabolic cross sections are listed in Table 2-1. An exact solution is available for
both the tnangular and parabolic cases, but the trapezoidal and circular sections
require the solution of a nonlinear algebraic equation to obtain the critical depth.
A graphical solution in nondimensional terms is possible for both the trape-
zoidal and circular cases (Hendcrson 1966), The trapezoidal section, for example,
requires the solution of Equation 2.18 after substitution of the appropriate geomet-

ric eXpressions:
[v(b + my)]’

aQ _ Al £
g B, (b+2my)

(2.2
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TABLE 2-1
Geometric elements for channels of different shape (y = flow depth)

i BT TR T S

Top
Section Area, A Wetted Perimeter, P Width, B
Rectanguiar
y by b+ 2y b
b
Trapezoidal
vib + my) b+ 21 + mH* b+ 2my
4 1
"
b
Triangular
my? 21 + m? 2y
1
m
Circular®
(6 — sinf) d¥/8 adr2 d sin(8/2)
T =
. &) I
Parabolic?

B, (2/3) By B[ + D7 + (L) In (x + B, (v,
(1 +xH'"™)

N

18 =2cos” ' [t — 2 (wd)]
tx = 4y/B

in which b is the bottom width of the trapezoidal section with side slopes of m:1
(horizontal:vertical). To present the solution of Equation 2.21 graphically, the fol-
lowing dimensionless variables are defined for the trapezoidal channel:

on” .y

foo = Gy iem T b

(2.22)
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FIGURE 2.13
Criuical depth for trapezoidal and circular channels: Z. . = Q/(g'"d*"};

= Om*/[g""b%"] (Henderson, 1966). (Source: OPEN CHANNEL FLOW by Hender-
son, © [1966. Reprinted by permission of Prentice-Hall, Inc., Upper Saddle River. NJ.)

Equation 2.21 can be made dimensionless with these variables to produce

[y'(1 + ¥
L vrap FZji\ )*.,2‘— (2.23)

This relation, plotted in Figure 2.13, can be used to find critical depth directly for
a trapezoidal channel. A similar relation has been developed for the circular case,
also plotted in Figure 2.13 (Henderson 1966). For the circular section the dimen-
sionless variables are redefined as
7 . p=i (2.24)
e = e 3 p :

in which ¢ = conduit diameter. The value of @ has been shown as unity in the defi-
nition of Z in Figure 2.13, which is a reasonable assumption for a prismatic channel.

The minimum specific energy can be determined and plotted for the trape-
z0idal and circular sections as well (Henderson 1966). For the trapezoidal section
with the dimensionless variables as defined in Equation 2.22 and with £' = mE /b,
Equation 2.20 in dimensionless form is given by

E' =y 4+ (2.25)
Now, because both £ and Z are unique functions of v', £7 can be given as a func-

tion of Z, as in Figure 2.14. A sinilar relation can be de veloped for the circular sec-
tion, also shown in Figure 2.14, with £’ = E /d.
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FIGURE 2.14
Minimum specific energy for trapezoidal and circular channels 2, = Q/g"d%7); Zip =

Om*2/[g'?b5"] (Henderson, 1966). (Source: OPEN CHANNEL FLOW by Henderson,
© 1966. Reprinted by permission of Prentice-Hall, Inc., Upper Saddle River, NJ.)

EXAMPLE 2.2. Find the critical depth in a trapezoidal channel with a 20 ft (6.1 m)
bottom width and 2:1 side stopes if @ = 1000 cfs (28.3 m¥s) . Use the bisection tech-
nique and compare the solution with that from Figure 2.13.

Solution. The bisection procedure developed in Appendix A can be used to find crit-
ical depth if the function F(y) is properly defined. The equation 1o be satisfied is Equa-
tion 2.18, 50 take F(3) to be

1 2A3,-‘2
)= 0 -

The Visual BASIC program YOYC that solves for critical depth is given in Appendix B.
Data is entered through a separate form module, shown in Figure B.1. The data input is
passed 1o the main procedure, YOYC in the parameter list. The main procedure establishes
the initial interval for the root search (Y1 and Y2) and the specified relative error criterion
ER. It then calls the BISECTION subprocedure. which in turn calls the function subproce-
dure F for each iteration. Because the same subprocedure is used to compute normal depth,
for which a different function is required, the appropriate function is specified by the value
of the variable NFUNC. Note that the critical depth evaluation requires only the channel
geometric parameters (b and m) and the discharge, Q, while the normal depth computation
{to be discussed in Chapier 4) also requires the channel slope. S, and roughness coefficient,
n. The final result is stored in the variable YC. which is passed back to the form module.
The result for this example is 3.740 ft (1.14 m). which can be checked with the graphical
tecnnique of Figure 2.13 by calculating -

Zip = 1000 X 2%7/(32.2'% x 20%7) = 0.28
Then, from Figure 2.13, my /b = 037 and ¥, = 3.7 ft (1.1 m).

(2.26)

-y



CHavrter 20 Specific Encrgy 39

2.7
OVERBANK FLOW

In some situations, the foregeing elementary refationships for the occurrence of
critical flow no longer apply 1 the form given. Onre example of interest is niver
overbank flow, a shallow flow over wide foodplains combined with a main chan-
net flow that is out of bank. In this case, it no longer s permissible to neglect e,
because of large nonuniformities between the velocities in the overbank and main
channel. When Equation 2.16 is differentiated with respect to depth v to oblan an
expression for ritical depth, the variation of @ with y st be considered:

3 Q"B :
_d[‘j — l — (!in__ + _Q_ : d,q (227}
dv gA JgAT dy

Now if d£/dy is set to zero, a compound channel Froude number can be defined
(Blalock and Sturm, 1981):

jB 2 d 12
F. - (“Q 5_.¢ ,—‘3) (2.28)
gA’ 2gA° dv

The first term on the right hand side of Equation 2.28 leads to the conventional def-
inition of the Froude number, while the second term represents the contribution of 3
nonconstant value of the kinetic energy correction coefficient, a. The cross-section
is divided into a main channel and floodplain subsections for the computation of a,
which depends on the assumption that the energy grade line is horizontal across the
cross section so that the energy grade line slope is the same in each subsection. It
further is assumed that the slope of the energy grade line, §,. can be formulated as
S, = Q¥K?, in which K is the total channel conveyance as defined by a uniform flow
formula such as Manning’s equation. which is discussed in more detail in Chapter 4.
The conveyance depends only on the geometric and roughness properties of the
cross section. Under these assumptions, we have Q¥/K? = Q}/k;. or

] k{

& k& {2.29)
Q0 K

in which Q, = subsection flow rate: k, = subsection conveyance; Q = total dis-

charge; and K = total conveyance = Xk The definition of & can be expressed:

PO — (2.3

in which a, = subsection area and A = total cross-sectional area. In Equation 2.30.
it has been assumed that the primary contribution to a is the difference in velocity
between subsections. Substitution of Equation 2.29 into Equation 2.30 then leads
1o the definition
S(ki/ad)
@ = = (2.31)
K/A?
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in which &, = the conveyance of the ith subsection: a, = the area of the ith subsec-
tion; and K = &, = the conveyance of the total cross section. The conveyance of the
ith subsection is calcutated from a uniform flow formula such as Manning’s equation.

Differentiating the kinetic energy correction coefficient as defined by Equation
2.31 and substituting into Equation 2.28 leads to a working definition of the com-
pound channel Froude number:

Qz (0.20_3 ) T2
F = — i 2.32
C {281(,3 K a, _, ( 3 )
in which \
k.e ) dp: ai dni
= ——— o m— —%— —_—
T ‘? {(ﬂ,) (31‘ 2r, d SN )J (2.33a)
k3
g, =3 (ﬁ) (2.33b)
oNa;y

k; dp, a; dn;
o= 3 {(@) (o) 2

in which a,, p, r, t, n,, and k, represent the flow area. wetted perimeter, hydraulic
radius, top width, roughness coefficient, and conveyance of the fth subsection,
respectively, and K = total conveyance. All the terms on the right hand side are
evaluated in the course of water surface profile computations except dp,/dy, which
can be evaluated as shown in Figure 2.15 because the cross section is composed of
a series of ground points connected by straight lines. At any given water surface ele-
vation, only those portions of the boundary that intersect the free surface are con-
sidered to contribute to dp /dy. At the point of minimum specific energy, F_ can be
cxpected to have a value of unity so that Equations 2.32 and 2.33 can be used to
solve for critical depth in a compound channpel.

For a specific range of discharge in some compound channel cross sections,
multiple values of critical depth can exist with one minimum in the specific energy
occurring in the overbank flow case and the other occurring in the case of main
channel flow alone. Blalock and Sturm (1981) demonstrated the validity of the
compound channel Froude number in correctly predicting multiple points of mini-

| v
} 7

Ax

FIGURE 2.15

Evaluation of dp/dy at the water surface intersection with the channel bank (Blalock and
Sturm, 1981). (Source; M. E. Blalock and T W Sturm. “Minimum Specific Energv in
Compound Open Channel,” J. Hvd. Div., © 1981, ASCE. Reproduced by permission of
ASCE.)
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mum specific energy by investigating the hypothetical cross section A, as shown in
Figure 2.16 for a fixed discharge of 5000 cfs (142 mYs). For this discharge the
cross section has two points of minimum specific energy (Cl and €23, as can be
seen in Figure 2,17 The compound channel Froude numiber is equal to unity at the
crtical depths, corresponding to points of minimum specific energy. as shown in
Frgure 218 In addition, Figure 2.18 shows that more conventional definitions of
Froude number give incorrect values of the critical depth. The Froude number, F
ts defined by Equation 2.19, as is F with @ = 1.0,

at

FIGURE 2.16
Hypothetical compound channel cross-section A,

10.0
Cross section A
Q = 5000 cfs
8.0 —
C1
3= Top of bank
¥ 6.0} — " -
o
L
b ce
=
§ 4.0}~
20+
| i | |
0.0 20 4.0 6.0 8.0 10.0

Specific Energy, ft

FIGURE 2.17

Specific energy diagram for cross-section A (Blalock and Sturmn, 19813, (Source: M. E
Blalock and T. W, Stwurm, “Minimum Specific Energy in Compound Open Channel” J.
Hyd. Div, © 1981, ASCE. Reproduced by permission of ASCE.)
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FIGURE 2.18
Froude numbers for cross-section A (Blalock and Sturm, 1981). {Source: M. E. Blalock

und T. W. Sturm, “Minimum Specific Energy in Compound Open Channel,” J. Hvd. Div.
© 1981, ASCE. Reproduced by permission of ASCE.)
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FIGURE 2.19

Experimental compound channel cross-section (Blalock and Sturm. 1981). (Source: M. E.
Blalock and T. W. Sturm, “Minimum Specific Energy in Compound Open Chanrel™ J,
Hyd. Div, © 1981, ASCE. Reproduced by permission of ASCE.)

The concept of two points of minimum specific energy, as illustrated by cross-
section A in Figure 2,17, was investigated experimentally by Blalock and Sturm
(1981} in a tilting flume with the cross section shown in Figure 2.19. Uniform flow
was established in the flume for various slopes at an average constant discharge of
1.69 cfs (ft¥s). Detailed velocity distributions were measured to compute a and the
specific energy at each measured depth of flow. The experimental results are shown
in Table 2-2, in which two points of minimum specific energy (Runs 2 and 8) are
predicted by a value of unity for the compound channel Froude number within the
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TAHRLE 2-2
Experimental values of compound channel Froude number for various depths of flow
in the cross-section of Figure 2.19 with an average discharge of 1.692 cfs (0.0479 mY/s)

Run » it a E, [t F,
! 0.650 1192 0.718 0.70
3 (625 T 0.702 082
2 0.600 224 0.700 0.97
2 0567 1.238 0.701 .25

10 0.533 1 093 0.704 0.82
7 0.500 | 087 0.700 0.90
8 0.467 1.096 0,690 100
9 0433 1.100 0.701 1.13

Source: Data from Blalock and Sturm 1981,

experimental uncertainty. The two values of critical depth also correspond to min-
imum values of the momentum function (Blalock and Sturm, 1983), as explained
in Chapter 3.

The compournd channel Froude number also can be derived by setting V = ¢,
where ¢ is the wave celerity in a compound section, in the equations of the charac-
teristics of the general unsteady form of either the energy or momentum equation
(Blalock and Sturm 1983; Chaudhry and Bhallamudi 1988). Once an expression for
the wave celerity ¢ is developed from the characteristics of the unsteady energy or
momentum equation (see Chapter 7), the compound channel Froude number can be
defined as V/c with a result identical to that of minimizing the specific energy or
momentum functions. Kénemann (1982) also suggests an expresston for the com-
pound channel Froude nurnber by minimizing the expression for specific energy,
except that the ferms involving the rate of change of wetted perimeter with respect
to depth of flow, dp/dy, are neglected. Interpretation of the flow regime of the sep-
arate floodplain and main channel subsections has been proposed by Schoellhamer,
Peters, and Larock (1985) using a subdivision Froude number; however, the com-
pound channel Froude number given herein applies to the entire cross section for
the purpose of water surface profile computation, as discussed in Chapter 5.

For a particular compound channel geometry and roughness, it 1s possible to
establish a range of values of the discharge (if any) over which multiple crincal
depths can be expected (Sturm and Sadig 1996). The key to such a determination
is 1o recognize that curves of depth versus compound channel Froude number can
be made dimensionless and independent of discharge . The bank-full Froude
number for the main channel i1s defined by

08"

NZA?"_Z- (2.34})

F, =
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2.0
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! Cross section A
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FIGURE 2.20
Dimensionless compound channel Froude number for cross-section A.

in which the subscript 1 refers to bank-full values of the geometric parameters.
Dividing either (2.28) or (2.32) by F, effectively removes the influence of discharge,
so that the curve for F/F, can be plotted as a function of v/, alone. as shown in Fig-
ure 2.20 for cross-section A. To find critical depth v, F_ is set to a value of unity, so
that 1t is obvious from Figure 2.20 that there is a range of values of I/F, and, there-
fore. a range of discharges, over which two values of critical depth ¢xist, one in
overbank flow and the other in main channel flow alone. (The intermediate depth is
a local maximum in specific energy rather than a point of minimum specific energy.)
Because 1/F| decreases with increasing discharge. we can see from Figure 2.20 that
an upper limit is placed on the discharge Q,, beyond which only one critical depth
exists for the case of overbank flow. The limit Q, occurs when F, = F, and for F.=
l; hence, Q.. can be calculaled from the condition F, = 1las

Vaar
Qu=—">"—
VB,

The lower limiting discharge Q, for the discharge range of multiple critical depths
occurs when FJF) takes on a maximum vatue as shown in Figure 2.20. In this case.
F, for 0 = @, can be expressed as Q,/Q,, from (2.35) and combined with the con-

dition ¥, = 1. We have
F. ‘
FI max QL

(2.35)
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The value of (F/F ), can be generated from aseries of values of depth v for any
discharge. although 1t is convenient to use a discharge corresponding 10 @ = Q.
Equations 235 and 2.36 provide the means for tsolating the root scarch for critical
depth when multiple critical depths exist A nonlinear algebraie equation solver,
stueh as the interval-halving technique, can be applied (o solve ¥ - 1 when the
hounds of the root search are properly defined. Alternatively, Chaudhry and Bhal-
famudt (1988) propose an Ticrative numerical procedure 1o solve the equation given
by F, = 1w which F_is defined from the momentum cquation. and provide a
Jdetaited procedure for a symmietrical. rectangular compound channel,

The computation of critical depth with the compound channe! Froude number
defined by Fquation 2.32 requires the determination of the geometric properties of
the natiral cross section. An algorithm 1o accomplish this task is shown in the
Visual BASIC procedure Ycomp in Appendix B, The algonthm requires an input
data file of distance-clevation puirs between which a straight line variation is
assumed. In addition, the distances at which subsection boundaries arc located and
the values of Manning’s n in each subscction must be specified. The varous quan-
tities necessary for the evaluation of the compound channel Froude number by
Fguations 2.32 and 2.33 are computed. The procedure can be used to evaluate the
critical depth in a compound channel or a simple natural channel cross section, as
tHustrated by the following example.

EXAMPLE 2.3. Forcross-section A, previousty defined in Figure 2.16, find the dis-
charge range of multiple critica! depths, if any, and determine the critical depth for dis-
charges of 3004, 5000, and 6500 cfs (113, 142, and 184 m¥/s).

Solution.  First, the values of the cross-sectional area and (op width for bank-full flow
are determined to be A, = 168 ft? (43.5 m*yand B, = 84.0 f1 (25.6 m). Then, the upper
limiting discharge. @, is calculated as

V32.2(468)°

Qp=--——+=" =6268cfs (177.6 m¥s)

The value of (F/F,),, = 1446 is calculated from a series of increasing values of VA,
as shown previously in Figure 2.20. The lower limiting discharge is given by

6268
0, = Vl 4_46 = 4335 cfs (122.8 mYs)

Therefore, two values of critical depth should be expected in the range from 4335 to
6268 cfs (122.8 1o 177.6 m-/s) for cross-section A.

The equation 1o be solved for critical depth is given by sctting the compound chan-
nel Froude number, F,, in Equation 2.32 equat to unity and defining 2 new function given
by Fy) = F, — 1 = 0. The only difficulty is in computing the geometric properties
required for the evaluation of F_. This can be accomplished by assuming straight lines
between surveyed ground points and computing the geometric properties as a summa-
tion of those for regular geometric figures from ene ground point to the next. This has
been done in the function subprocedure FC shown in Appendix B in the program
Ycomp. Otherwise, the evaluation of critical depth proceeds as in Example 2.2 using the
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bisection subprocedure. Note that the unknown variable sought in the bisection subpro-
cedure is the cnitical water surface elevation rather than the critical depth. The code maod-
ule in the appendix requires a data file of the cross-section ground points and the sub-
section breakpoints and roughness coetticients as shown. The program output for @ =
5000 cfs (142 m'/s) gives critical depths of 5,182 ft (1.579 m} and 6.740 ft (2.054 m).
For O = 4000 cfs (113 m¥s), there is only the main channel value of critical depth equal

to 4,480 ft (1.365 m). while only the overbank critical depth of 7.194 £t (2,193 m) exists
for ¢ = 6500 cfs (184 m'/s).

Calculate bank-full Froude no., Fy,
and upper limiting discharge, QU

No Yes
Compute lower Compute upper
critical depth, YC1 critical depth, YC2
YC2 = -1 YCt1 =-1
{Upper y. may or (Lower y, does not
may not occur for this Q} occur for this Q)

Compute F'for y/yy = 1.02

A

Yes
QL=Qu

No

FIGURE 2.21

Flowchart for finding multiple critical depths.
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The procedure logic for calculating multiple criticat depths m the program Ycomp
in Appendiy Bas ttlustrated by the flowchart in Figure 2.21 The value of the upper lim-
iting discharge, QU relative to the given ¢ determines the existence of a tower or upper
crtical depth, which is then calculated. The upper critical depth is designated as YC2,
while the lower enitical depth is YCI. Their values are setequal to (- 1) to indicate that
they do not exist. The value of F is the compound channel Froude number evaluated
atadepth of 1.02 times the bankfull depth to determine if the Froude number is increas-
eng, as i the case of multiple critical depths, or not. If it is not increasing above bank-
full depth, then enly one critical depth exists and QL = QU. If it1s increasing. then the
maximum value of the compound channel Freude number, F_ . is needed to calculate
the lower limiting discharge. QL, for the possible case of multiple critical depths for the
given (. Once both QU and (L are known, then decisions are made about the existence
of only a lower critical depth, of enly an vpper critical depth. or of both.

Yo

Compute F,,,, QL

Yes
@ (Only upper y, occurs)
No

No ve2=-1
(Only lower y. occurs)

Yes

Compute upper critical
depth YC2
(Both y.'s ocour)

FIGURE 2.21 (continued)
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2.8
WEIRS

The occurrence of critical depth is put to good use in the design of open channel flow
measuring devices. By creating an obstruction, critical depth is forced to occur and a
unique relationship between depth and discharge results. This is the principle upon
which weir design is based. The very extensive sct of experimental results developed
for weirs accounts for their continuing popularity as flow measuring devices.

Sharp-Crested Rectangular Notch Weir

The sharp-crested weir equation can be derived with respect to Figure 2.22 by first

assuming (1) no head losses, (2) atmospheric pressure across section AB, and (3) no

vertical contraction of the nappe. Under these idealized assumptions, the velocity

along any streamline at section AB is given by v = (2gh)'”, where h = vertical dis-

tance below the energy grade line. This velocity distribution can be integrated over

the cross-section AB to obtain a theoretical value of discharge per unit of width, ¢;:
Vi

T H

g = J \/2?;1 dh (2.37)

‘_?:

2e

in which Vj = approach velocity; and H = approach head on the crest of the weir.
Carrying out the integration, the result is

2 v'z 312 V2
o5Vl 5n) - (6

2eH 2¢H

) 'ILJH“ (2.38)

Vei2g
—_——— EGL
g [ A 2
h |
H ey L
'B
P

AN\

IS,

FIGURE 2.22
Idealized flow over a rectangular, sharp-crested weir,
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I the term in square brackets, which expresses the effect of the approach velocity
head. 1s combined with contraction and head loss effects into a dischurge coeffi-
cient, Cy the actual total discharge is given by

2 - R
Q-7 V2 C LH (2.39)

in which L is the Iength of the notch crest perpendicular to the flow; and H is the
head measured above the crest. The discharge coefficient can be determined only
by experiments. In the United States, it is customary to simplify Equation 2.39 as

Q = CLHY? (2.40)

i which @ is in cubic feet per second and H is in feet, but the dimensionless form
of C;in (2.39) is preferred. A
"~ With the geometric vanables defined as in Figure 2.23, a dimensional analysis
for the coefficient C, yields

=, Re, We

L HH
- 2.41
b L P ) ( )

Cd—f(

in which L is the crest length perpendicular to the flow; b is the approach channel
width; H is the head above the notch: P is the height of the notch crest above the
channel bottom; Re is the Reynolds number; and We is the Weber number, One of
the earliest experimental relations for C, was given for the suppressed weir (L =
1} by Rehbock (Henderson 1966), in which he neglected viscous and surface ten-
sion effects so that C, was given as a function of H/P alone:

H
C; = 0611 + 008 P (2.42)

In the suppressed weir, there are no lateral contraction effects on the weir nappe, so
that the coefficient of discharge does not depend on L/b. Furthermore, Rehbock’s
formula reflects no influence of H/L on the discharge coefficient.

Based on experimental results obtained at Georgia Tech, Kindsvater and Carter
(1957) proposed that the Reynolds number and Weber number effects can be
inciuded in the head-discharge relationship by making small corrections to the
head, H, and crest length, L. By doing so, they derived from their experimental
results an effective coefficient of discharge, C,,, that depended only on H/P and
L/b, as shown in Figure 2.23. Their relationship is given in the form of Equation
2.39 as

2 ,
0=3 V2gCL L HY (2.43)
in which
L,=L+k (2.44a)
H, = H+ k, (2.44b)

where C,, and k, are given in Figures 2.23b and 2.23c, respectively, and k,; was found
to be nearly constant with a value of 0.001 m (0.003 ft). The crest-length correction,
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FIGURE 2.23

Head-discharge relanonship for a sharp-crested weir (Kindsvater and Carter, 1957).
{Source: C. E. Kindsvater and R. W. C. Carter, “Discharge Characteristics of Reclangular
Thin-Plate Weirs,” 1. Hvd. Div., © 1957, ASCE. Reproduced by permission of ASCE.)

k;, i1s maximum at L/’d = 0.8 with a value of 0.0043 m (0.014 f1), as shown in Figure
2.23c. Equations for €, based on the Kindsvater-Carter data are given as a function
of the lateral contraction ratio, L/b, and the vertical contraction ratio, H/F, in Table
2-3. Kindsvater and Carter (1957) found that there was a negligible influence of H/L
on the discharge coefficient.

Kindsvater and Carter (1957) constructed their sharp-crested weir notches, not
with a knife edge but with an upstream square edge having a top width of 1.6 mm
(1/16 in.) and a downstream bevel. The head for the sharp-crested weir should be
measured at a distance of three to four times the maximum head measured upstream
of the weir plate iBos 1988).

The suppressed weir, or full-width weir, with L/b = 1.0 must have provisions
for aeration of the underside of the nappe, because some air is entrained by the
nappe, which affects the discharge coefficient due to subatmospheric pressure in the
pocket undemneath the nappe. Undesirable oscillations of the nappe also can result
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TABLE 1-3
CoefTicients of discharge for the Kindsvater-Carter formula

o AN FH W L T A - o -

L/ C,

| 0602 + 0.075 1P

0.9 0.599 + 0.064 11P
0.8 0.597 = 0,45 H/P
07 0595 + 0.030 H/P
06 0.593 + 0018 H/P
05 0592 + 0011 HP
04 0591 + 0.0058 H/P
03 0,590 = 00020 HifP
02 0589 — 0.0018 H/P
0.1 0588 — 0.0021 H/P
0 0587 — 0.0023 H/P

Source: Daa from Kindsvater and Carter 1957: Bos 1988; Brater and King 1976

from irregular air supply rates to the pocket. To ensure full aeration, Bos (1988) sug-
gests that the tailwater remain at least 0.05 m (0.16 ft) below the weir crest.

For precise measurements, Kindsvater and Carter (1957) recommended a lim-
itation of H/P < 2, with P no less than 9 cm (0.3 f1). If H/P excecds 5, then the weir
itself no longer is the control section, and so large values of H/P should defimtely
be avoided.

Sharp-Crested Triangular Notch Weir

The triangular or V-notch sharp-crested weir defined in Figure 2.24a provides a pre-
cise measurement of discharge over a wide range of discharges. Utilizing the same
approach as for the derivation of the head-discharge relationship for a rectangular
sharp-crested weir, it can be shown that the head-discharge relationship for a V-
noich weir is given by

8 8 I
Q= QG\/E tan - H? (2.45)

in which @ is the notch angle. The weir can either be fully contracted or partially
contracted for narrow approach channels. Equation 2.45 can be presented in the
Kindsvater-Carter form in which the head, H, is replaced by an effective head, H, =
H + &, and the coefficient of discharge C,, becomes independent of Reynolds and
Weber number effects (Bos 1988). The value of C,,, shown in Figure 2.24b, varies
between approximately 0.58 and 0.59 as a function of 6 only, provided that H/P =
0.4 and P/b < 0.2 to ensure the fully contracted case. The value of k, varies from
1 to 3 mm (0.0033 to 0.01 ft) as a function of the notch angle, 8, as shown in
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FIGURE 2.24

Triangular, sharp-crested weir (Bos, 1988). (Source: Bos, M. G. 1988 "Discharge Mea-
surements Structures,” ILRI Publication 20. 3rd Revised Edition, Wageningen, The Nether-
lands, 320 p.)

Figure 2.24c. For a partially contracted V-notch weir, sufficient data for the dis-
charge coefficient is available only for the case of 6 = 90°, and the discharge coef-
ficient varies with H/P and P/b for this case, as given by Bos (1988).

Broad-Crested Weir

The broad-crested weir has a finite crest length parallel to the flow. In addition, the
crest is long enough that parallel flow and critical depth occur at some point along
the crest, as shown in Figure 2.25 for a rectangular, broad-crested weir. If the
energy equation is applied from the approach flow to the critical section on the crest
and energy losses are neglected, we have

5 =§{(Q/L)2}‘-’3
20647 2| g

in which H, is the energy head on the crest as shown in Figure 2.25a; that is, H, =
H + V32g, in which V, is the approach velocity. If the energy losses are absorbed

H =y + (2.46)
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FIGURE 2.25

Coefficient of discharge for broad-crested and short-crested weirs (Bos, 1988). (Source:
Bos, M. G. 1988 * Discharge Measurements Structures,” 1LRI Publication 20, 3rd Revised
Edition, Wageningen, The Netherlands, 320 p.)

in a discharge coefficient, C,, and we solve for O in terms of the head, H, the
resuit is

3

in which the approach velocity coefficicnt C, = (H/H)*”. Equation 2.47 can be
solved for the discharge, assuming that C, = 1, and then the approach velocity head

2(2 72 .
Q“—‘Cqu—[-jg} LH*? (2.47)
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can be calculated to update the value of C, for a second calculation of Q. Alterna-
tively, C, can be related to the variable C,A™/A,, in which C,; = weir discharge coef-
ficient; A" = LH = flow area in the control section of the weir with a water surface
height corresponding to the upstream head, H: and A; = flow cross-sectional area
in the approach section where H is measured = L(f{ + P) for a suppressed weir
(Bos 1988). The resulting relationship between C, and C,A'/A, is

Cea” (€ 1]
—_— = (2.48)
Ay 0.385C,
Equation 2.48 is plotted in Figure 2.26 so that C,, can be estimated directly.
For the broad-crested weir, an additional geometric variable, /, the length of the
crest parallel to the flow, is introduced into the dimensional analysis for C. and it

can be shown that
H H
C,=fl —.— 2.4
d f(P l) (2.49)

as given in Figure 2.25b (Bos 1988) for H/(H + P) = 0.35. In fact, whether the

broad-crested weir behaves as expected depends on the value of H/. The following
ranges of behavior can be delineated:

1. 0.08 < H/1 < (.33, broad crested.
2. 033 < H/l < 1.5, short crested.
3. HA > 1.5, sharpcrested.

1.20
1.15
¢ 1.10
1.05 | //

v

0 01 02 03 04 05 06 07 08
CyA A,

1.00

FIGURE 2.26

Approach velocity correction coefficient for a broad-crested weir (Bos. 1988). (Source:
Bos, M. G. 1988 “Discharge Measurements Structures,” ILRI Publication 20, 3rd Revised
Edition, Wageningen, The Netherlands, 320 p.)
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In the range of broad-crested behavior, the crest i long encugh in the flow direction
to obtain paratlet flow at the critical section and a theoretical discharge coefficient,
Cy = 1.0, but friction losses reduce the experimental value of the discharge coeffi-
cient, €y 1o 0.848 as long as the weir remains broad crested and HIitH + P) < (.35.
In the shont-crested range of behavior, the flow is curvilinear along the entire crest of
the weir and the coefficient of discharge actually increases, as shown in Figure 2.25b.

The advamage of a broad-crested weir is_that the tailwater can be above the
crest of the weir without affecting the head-discharge relationship as long as (he con-
trol section is unaffected. The fimit of tailwater height, t1,, above the crest of the weir
so that the discharge does not decrease by more than 1 percent is called the modu-
lar limit. The modular limit usually is expressed in terms of the ratio H,/H, where
H 1s the upstream head on the ¢rest of the weir, and it has a value of H/iH < (.66
for a rectangular broad-crested weir (Bos 1988).

2.9
ENERGY EQUATION IN A STRATIFIED FLOW

Let us suppose now that the flows over obstacles that we have been considering in
this chapter occur at the bottom of a deep reservoir of depth D as a result of a plung-
ing gravily current of higher density, as shown in Figure 2.27, The ambient density in
the reservoir is p, and that of the gravity current is p,. Such flows occur naturally as
the result of a density stratifying agent such as temperature or salt. If a small obsta-
cle of height Az is on the bottom of the reservoir, then we can write the encrgy equa-
tion for the lower flow layer as before, taking inte account the additional pressure of

pa D

o
Az

FIGURE 2.27
Two layer density stratified flow over a step in the channel bottom, D > > yandp, = p .
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the overlying stagnant layer. The cnergy equation from the approach flow to a point
over the obstacle is

Vi
p.2(D = v)) + pugyi + py = pug(D — 3~ A

“

2
3

V
+oppg(y, + AD) + Ph‘z_‘ (2.50)

Coilecting terms and dividing by p,, results in

[

Ap Vi Ap 1%
oy, 4+ — = — gy, + Az)
AT o gy, ) 5

{2.51)

in which Ap/p = (p, — p,)p,. This equation is identical to the previous results for
single-layer flow if the gravitational acceleration is replaced by the reduced gravi-
tational acceleration (Ap/p)g = g'. The specific energy then is written as E'=y+
V2/2g" and the Froude number from taking dE'fdy = 01is

F, = 4 (2.52
Yo S
in which F, is called the densimetric Froude number. Note that the Froude number
previously defined for a single-layer flow of water really is just a special case of the
two-layer flow of water under air, in which Ap/p = 1.

The densimetric Froude number represents the ratio of inertial force to buoyancy
force, which is just another manifestation of the influence of gravity. In movable-
bed channels, which are treated in Chapter 10, yet another form of the densimetric
Froude number, called the sediment number, is encountered. It uses the sediment
grain diameter as the length scale and sy mbolizes the ratio of inertial force to the
submerged weight of a sediment grain. We encounter the Froude number through-
out the remainder of the text; for example, in hydraulic jumps, uniform flow, grad-
ually varied flow, and unsteady flow.
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EXERCISES

2.1. Water is flowing at a depth of 10 ft with a velocity of 10 fUs in a channel of rectan-
gular section. Find the depth and change in water surface elevation caused by a
smooth upward step in the channel bottom of 1 ft. What is the maximum allowable
step size so that choking is prevented? (Use a head loss coefficient = 0.)

2.2. The upstream conditions are the same as in Exercise 2.1 with a smooth contraction in
width from 10 ft to 9 ft and a horizontal bottom. Find the depth of flow and change
in water surface elevation in the contracted section. What is the greatest allowable
contraction in width so that choking is prevented” (Head loss coefficient = 0.)

2.3, Determine the downstream depth in the transition and the change in water surface ele-
vation if the channel bottom rises 0.15 m and the upstream conditions are a velocity
of 4.5 m/fs and a depth of 0.6 m,

2.4. Determine the downstream depth in a subcritical transition if Q@ = 262 c¢fs and the
channel bottom rises 3.279 {t in going frem an upstream circular channel 1© a down-
stream rectangular channel. The upstream circular channel has a diameter of 9. 18 fi
and a depth of flow of 7.34 ft. The downstream rectangular channel has a width of
6.56 ft. Neglect the head loss.

2.5. Determine the upstream depth of flow in a subcritical transition from an upstream rec-
tangular flume that is 49 ft wide to a downstream trapezoidal channel with a width of
75 ft and side slopes of 2:1. The transition bettom drops } ft from the upstream flume
to the downstream trapezoidal channel. The flow rate is 12,600 cfs, and the depth in
the dawnstream trapezoidal channel is 22 ft. Use a head loss coefficient of 0.5.

2.6. In ahorizomal rectangular flume, suppose that a smooth “bump” with a height of 0.33 ft
has been placed on the channel bottom. The discharge per unit width in the flutne is
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(.4 cfs/fl. Determine the depth at the obstruction for a tailwater depth of 1.0 ft and
negligible head losses. Sketch the results on a specific energy diagram.

A rectangular channed 3.6 m wide contracts to a 1.8-m wide rectangular channel and
then expands back to the 3.6 m width. The contraction is gradual enough that head
losses can be neglected, but the expansion loss coefficient is 0.5, The discharge
through the transition is 10 mYs. If the downstream depth at the reexpanded section
is 2.4 m. calculate the depths at the approach section and the contracted section. Show
the positions of the depth and specific energy for all three sections on a specific
energy diagram.

Determine the discharge in a circular culvert on a steep slope if the diameter is 1.0 m
and the upstream head is 1.3 m with an unsubmerged entrance. Also calculate the crit-
ical depth. Neglect entrance losses. Repeat for a box cuiven that is 1.0 m square.

An open channel has a semicircular bottom and vertical, parallel walls. If the diame-
ter, d, 1s 3 ft, calculate the critical depth and the minimum specific energy for two dis-
charges. 10 cfs and 30 cfs.

Derive an exact solution for critical depth in a parabolic channel and place it in dimen-
sionless form. Repeat the procedure for a triangular channel.

A parabolic-shaped irrigation canal has a top width of 10 m at a bank-full depth of 2 m.
Caleulate the critical discharge, @, (i.e., the discharge for which the depth of uniform
flow is equal to critical depth) for a uniform flow depth of 1.0 m. If Q@ < Q_for the
uniform flow depth of 1.0 m. will the uniform flow be supercritical or subcritical?

A USGS study of natural channel shapes in the western United States reports an aver-
age ratio of maximum depth to hydraulic depth in the main channel (with no over-
flow) of ¥/} = 1.55 for 761 measurements,

{a) Calculate the ratio of maximum depth to hydraulic depth for a (1) triangular
channel, (2) parabolic channel, (3) rectangular channel. What do you conclude?

(by Calculate the discharge for a bank-full Froude number of F, =10ifwD =
1.55 and B) = 100 ft for v, = 10 fl. What is the significance of this discharge?

- A natural channel cross section has a bank-full cross-sectional area of 45 m? and a top

width of 37.5 m. The maximum value of F_/F| has been calculated to be 1.236. Find
the discharge range, if any. within which multipie critical depths could be expected.

Design a broad-crested weir for a laboratory flume with a width of 15 in. The dis-
charge range is 0.1 to 1.0 cfs. The maximum approach flow depth is 18 in. Determine
the height of the weir and the weir length in the flow direction. Plot the expected head-
discharge relationship.

Plot and compare the head-discharge relationships for a rectangular, sharp-crested
weir having a crest length of 1.0 ft in a 5-ft wide channel with that for a 90° V-notch,
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sharp-crested weir if both weir crests are 1 ft above the channel bottom. Consider a
head range of 0-0.5 1.

2.16. Derive the head-discharge relationship for a triangular, broad-crested weir and a cor-
responding relationship for C, analogous to Equation 248,

2.17. Derive the head-discharge relationship for a truncated. triangular, sharp-crested weir
with notch angle & and vertical walls that begin at a height of &, above the triangular
crest. Assume that H > h,.

2.18. Modify the computer program YOYC in Appendix B to calculate the critical depth in
a circular channel.

2.19. Write a computer program that computes the depth in a width contraction and the
upstream depth given a subcritical tailwater depth as in Figure 2.11. Assume that the
channel is rectangular at all three sections and make provision for a head-loss coeffi-
cient that is nonzero; include a check for possible choking.

2.20. A laboratory experiment has been conducted in a horizontal flume in which a sharp-
crested weir plate has been installed to determine the head-discharge relationship for
a rectangular, sharp-crested weir. With reference to Figure 2.23, P = 0.506 ft, L =
0.25 ft, and b = 1.25 fi. The discharge was measured by a bend meter for which the
calibration is given by Q = 0.075 Ah®%, in which @ = discharge in cubic feet per
second (cfs); Ak = manometer deflection in inches of water; and the uncertainty in
the calibration is =0.003 cfs. The head on the crest of the weir was measured by a
point gauge and is given in the data table that follows. An upstream view of the weir
nappe can be seen in Figure 2.28.

FIGURE 2.28
Upstream view of the flow over a rectangular. sharp-crested weir (photograph by G. Sturm).
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(a)

(b)

Ah, in. H
13.2 0.498
11.5 0.476
11.2 0.474
8.3 0.425
8.0 0.421
6.2 0.384
6.1 0.386
4.3 0.333
4.2 0.334
24 0.272
2.0 0.257

Piot the head on the vertical scale and the discharge on the horizontal scale of
log-log axes and obtain a least-squares regression fit forcing the inverse slope 1o
be the theoretical value of 3/2. What are the single best-fit value of C, and the
standard error in C,? Compare the standard error of the “( estimate™ with the
uncertainty in the bend-meter cahibration.

Calculate the discharge first using the Kindsvater-Carter relationship and then
using the single best-fit value of C, Compare both sets of results with the meas-
ured discharges by calculating the percent differences and also plotting the meas-
ured vs. calculated discharges.
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Momentum

3.1
INTRODUCTION

The momentum equation in control-volume form is a valuable tool in open channel
flow analysis. It often is applied in situations involving complex internal flow pat-
terns with energy losses that initially are unknown. The advantage of the momen-
tumm equation is that the details of the internal flow patterns in a control volume are
immaterial. It is necessary only to be able to quantify the forces and momentum
fluxes at the control surfaces that form the boundaries of the control velume. This
property of the momentum equation allows it to be used in a complementary fash-
ion with the energy equation to solve for unknown energy losses in otherwise
intractable problems.

3.2
HYDRAULIC JUMP

The most common application of the momentum equation in open channel flow is
the analysis of the hydraulic jump. The hydraulic jump, an abrupt change in depth
from supercritical to subcritical flow, always is accompanied by a significant
energy loss. A counterclockwise roller rides continuously up the surface of the
jump, entraining air and contributing to the general complexity of the internal flow
patterns illustrated in Figure 3.1. Turbulence is produced at the boundary between
the incoming jet and the roller. The turbulent eddies dissipate energy from the mean
flow, aithough there is a lag distance in the downstream direction between the point
of maximum production of turbulence and maximum dissipation of energy (Rouse,
Siao, and Nagaratnam 1958). Furthermore, the kinetic energy of the turbulence is
rapidly dissipated along with the mean flow energy in the downstream direction, so

61
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FIGURE 3.1
Application of the momenturn equation to a hydravlic jump in a nonrectangular channel.

that the turbulent kinetic energy is small at the end of the jump. This complex flow
situation is ideal for the application of the momentum equation, because precise
mathematical description of the internal flow pattern is not possible.

If any general nonrectangular cross section is considered as shown in Figure
3.1. a control volume is chosen such that the hydraulic jump is enclosed at the
upstream and downstream boundaries, where the flow is nearly parallel. This
choice of control volume boundaries allows the assumption of a hydrostatic pres-
sure force at the entrance and exit of the contro! volume. Also assumed is that the
velocity profiles are nearly uniform at the upstream and downstream cross sections,
with the result that the momentum correction coefficient § = 1. The boundary
shear over the relatively short length of the jump is neglected in comparison to the
change in pressure force. Finally, the jump is assumed to occur in a horizontal chan-
nel. Under these assumptions, the momentum equation in the flow direction
becomes

Fp = Fp=pQ(V: - V) 3.1

in which £, = hydrostatic force; pQV = momentum flux: and the subscripts 1 and
2 refer to the upstream and downstream cross sections, respectively. The hydro-
static force is expressed as vk A, in which A, is the distance below the free surface
to the centroid of the area on which the force acts, as shown in Figure 3.1, and the

il
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mean velocity, Voo Q/A, from the continuity eguation. With these substitulions and
dividing Equation 3.1 by the specific weight. v, there results
Q: QJ
Ay~ 7 = Ak, + e (32)
24 gA;
We sce from this rearrangement of the equation that, if we define a function A,
which we will call the momentum function. as

M= AR~ g (3.3
gA

then its equality upstream and dow nsiream of the hydraulic jump can be used to
determine the sequent depth, which i< the depth afer the jump, if the upstream can-
dinens are given, or vice versa. More precisely, the momentum function is force
plus momentum flux divided by the specific weight of the fluid, and this quantity
is conserved across the hydraulic jumnp.

The distance from the free surface to the centroid of the flow section, &,. is a
unique function of the depth, y, and the geometry of the cross section. For exam-

ple. the momentum function for the trapecsoidal section is given by
b‘,l il 2

‘M = 0 . _f}:l:\_ + - ,7Q,

2 3 ov(b + my)

(3.4

in which & = bottom width; m = sideslope ratio; and y = flow depth as defined in
Table 3-1. The trapezoidal section has been divided into a rectangle and two trian-
gles, and the additive property of the first moment of the area about the free surface
has been used to obtain the expression for Ak . The momentum function definitions
for several other prismatic cross sections also are given in Table 3-1.

The momentum equation can be placed in dimensionless form and solved
numerically for the sequent depth. If M, is known for the trapezoidal section from
incoming flow conditions, for example, then setting M, = M, and nondimension-
alizing results in

Y g, 3T s ar

¥ Ay = Ay ¥ ¥ 4y

in which A = v./v;; ¥/ = my//b; and Z° = Q"m’/gh’. Equation 3.5 can be solved
directly for Z and then plotted as y/v, = f(»]. Z) as shown in Figure 3.2 where Z =
7 e Similarly, the solution for the sequent depth ratio for the circular case can be
given as shown in Figure 3.3 with ZZ, . = Q%/gd®. Implicit equations for y,/v, and
their graphical solutions in a form similar to that of Figures 3.2 and 3.3 for trape-
zoidal and circular channels were proposed by Massey (1961) and Thiruvengadam
(1961), respectively.

To solve the nonlinear algebraic equations for the sequent depth ratio numer-
ically, a function F(y) = M, — M, is defined and solved by interval halving or
some other nonlinear algebraic equation solver. The critical depth must be found
first, however. to limit the root search to the appropriate suberitical or supereriti-
cal solution.

-
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TABLE 3-1
Momentum function for channels of different shapes (y = flow depth)

Rectangular

y B2 + Q7 (ghy)

b
Trapezoidal

; y ; 1 B2+ myY3 o+ Q7 avb + my)]
"
b

Triangular

W/ /3 + 0 (emy)
m

Circulas®

d ——— [3sin(8/2) — sin(8 2) — 3(8/2) cos(/2)]d’{24 + Q*/[gd*{B — 5in8) /8!
¥

Parabolic*

e

L (4/15)@‘5-‘2 + 150 glyY)
y

-

For the rectangular cross section, there is an exact solution for the sequent
depth ratio that depends only on the upstream Froude number. Setting the values of
the momentum function per unit width upstream and downstream of the jump equal

and rearranging, we have
yiovi g1 1 }
——= == = — 3.6
2 2 g [,‘r'z ¥ (3.6)

With some algebraic manipulation and nondimensionalization, Equation 3.6
becomes a quadratic equation:

AP+ A - 2F1 =0 (3.7)
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Comparison of theory and experiment for & hydraulic jump in a rectangular channel: vy/y, =
sequent depth ratio: £,/E, = energy loss ratio; L/y, = jump length ratio. (Data from Bradley
and Peterka 1937}

in which A = v,/v, and F| = the approach Froude number = (g*lgv)'". The solu-
tion to Equation 3.7 is given by the quadratic formula

A=Lt[-1+ V1+8F] (3.8)

The unknown energy loss can be obtained as the difference between the upstrearn
and downstream values of the specific energy, E, = E. — E, In dimensionless
form, this 1s
I LY

B ATEEA F'/fj\ (3.9)

E, 1+ Fi/2
Equations 3.8 and 3.9 are shown in Figure 3.4 and compared with experimental
data obtained by Bradley and Peterka (1957) of the U.S. Bureau of Reclamation in
a comprehensive study of stilling basins. The data were obtained in five flumes with
the upstream Froude numbers having values between approximately 2 and 20. The
agreement between the experimental data and the theoretical Equations 3.8 and 3.9
is quite good, confirming the initial assumptions made in the momentum analysis.
The length of the jump L, which can be determined only experimentally, also 1s
shown in Figure 3.4. The jump length was defined in the experiments somewhat
qualitatively. as the distance from the front of the jump to either the point where the
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FIGURE 3.5
Comparison of sequent depth ratios in rectangular, parabolic, and triangular channels.

jet left the floor or a point on the water surface immediately downstream of the
roller, whichever was larger. Based on this data, the jump length often is defined as
six times the depth after the jump.

Graphical solutions for the hydraulic jump in triangular and parabolic channels
can be obtained in the same manner as for the trapezoidal channel. In both cases,
the Froude number is the only independent dimensionless parameter. Silvester
(1964} summarized some experimental data for the sequent depth ratio and the
energy loss in triangular and parabolic channels, and reasonable agreement with the
momentum solutions was demonstrated. The sequent depth for the triangular, par-
abolic, and rectangular channels can be compared directly on the basis of the actual
approach flow Froude number for a nonrectangular channel, as in Figure 3.5, We
can see that the magnitude of the sequent-depth ratio for the same Froude number
increascs as the channel cross section becomes “fuller” from triangular to parabolic
to rectangular. The ratio of the ¢nergy loss to the avatlable upstream energy E,/E,
is compared for the triangular, parabolic, and rectangular channels in Figure 3.6,
and they are remarkably close to cach other.

The momentum equation also has been applied to the circular, or radial,
hydraulic jump (Koloseus and Ahmad 1969). The major difference between the
jump in a prismatic, rectangular channel and the radial jump is that the hydrostatic
forces on the walls of the radially expanding channel have a component in the radial
direction. This, in turn, requires that the surface profile of the jump be known. The
simplest assumption, which is adopted for Figure 3.7, is to take the effective jump
profile to be linear. Arbhabhirama and Abella (1971) assumed an elliptic water sur-
face profile, but Khalifa and McCorquodale (1979} showed that air entrainment
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FIGURE 3.6
Comparison of energy losses in a hydraulic jump in rectangular, parabolic, and triangular
channels.

shifts the effective profile as determined by the hydraulic grade line toward the lin-
ear shape. The sequent depth ratio for a radial jump (ry = rofr; = 2) is compared
with the rectangular channel jump trao/ry = 1) in Figure 3.7. We see that the radial
Jump has a smaller sequent depth ratio for the same approach Froude number but a
larger energy loss. Lawson and Phillips (1983) as well as Khalifa and McCorquo-
dale (1979) have demonstrated reasonably good experimental agreement with the
theoretical sequent depth ratio and relative energy loss when assuming the linear
jump profile.

The appearance of the hydraulic Jump, as well as the sequent depth ratio and
the dimensionless energy loss, is a function of the approach Froude number, as
shown in Figure 3.8. For Froude numbers between 2.5 and 4.5, the entering jet
oscillates from the channel bottom to the free surface, creating surface waves for
long distances downstream. Jumps with Froude numbers between 4.5 and 9 are
well balanced and stable, because the jet leaves the channel bottom at approxi-
mately the same point as the end of the surface roller. For an approach Froude num-
ber in excess of 9, the downstream water surface can be rough, but large energy
losses can be expected.

It is instructive to consider the shape of the momentum function, since it obvi-
ously is a function of depth y alone for a given Q and geometry in much the same
fashion as the specific energy function. If we consider the rectangular channel, for
example, the momentum function per unit of channel width is given by

M ¥y g

— =4 L ]
b 2 gy (3.10)
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FIGURE 3.7
Sequent depth and energy loss ratios for a radial hydravlic jump.

which has two branches and a minimum. As y approaches zero, the momentum
function per unit of width approaches infinity, while it approaches the parabola y*/2
as v becomes very large. The minimum value of the momentum function is
obtained by differentiating with ccspect to y and selting the result to zero:

_},,,_5?___ﬁ0 (3.11)



70 CHaPTER 3; Momentum

5o T T
ﬁrﬁ"’ T —_a

A
— “‘id] e ——— —A—ﬂl

F, Betweén 1.7 and 2.5
Form A—Prejump stage

Oscillating jet

F, Between 2.5 and 4.5
Form B—Transition stage

" F, Between 4.5 and 9.0
Form C—Range of well-balanced jumps

F, Greater than 9.0
Form D--Effective jump but rough
surface downstream

FIGURE 3.8
Appearance of a hydraulic jump for different Froude number ranges (U.S. Bureau of Recla-

mation 1987).

If we solve for y, we obtain the expression for critical depth for a rectangular chan-
nel dertved from a consideration of minimum specific energy. Therefore. critical
depth occurs not only at the minimum value of specific energy for a given dis-
charge, Q, but also at the minimum value of the momentum function.

The correspondence between the specific energy and momentum functions is
illustrated in Figure 3.9 for a hydraulic jump in a rectangular channel with the func-
tions given in dimensionless form. Clearly, conservation of the momentum function
as required by the hydraulic jump analysis requires an energy loss. Also note that
the sequent depth ratio, y,/v,, and the energy loss increase for smaller values of the
approach depth. As the approach depth decreases, the velocity head increases; and
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Hydraulic jump sequent depths on specific energy and momentum diagrams nondimension-
alized by critical depth.

so the Froude number must increase. In other words, the dimensionless specific
energy and momentum diagrams confirm the increase in sequent depth ratio and
energy loss with Froude number found previously from the solutions of the energy
and momentum equations and shown in Figure 3.4,

The general case for the minimum value of the momentum function can be
denved for any nonrectangular section for which 8 = 1 = constant. Setting the
derivative of the momentum function with respect 10 v to zero yields

ar i(Ah() - QE =0 (3.12)
dy dy A~
in which dA/dy has been replaced by the top width, B. Using the definition of the
first mament of the area and the Leibniz rule, it can be shown that the first term of
the derivative is equal to the flow area, A, from which st is obvious that the mini-
mum value ©f the momentum function occurs when the Froude number squared for
the nonrect.ngular channel is equal to unity; that is, Q°B/gA? = 1.0.

Although general agreerient between experimental results and the momentum

theory for the hydraulic jump has been demonsirated, it is useful to consider the
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effects of the assumptions made in the analysis. Harleman (1959) concluded from
the data of Rouse, Siao, and Nagaratnam (1958) that the effect of assuming a uni-
form velocity distribution and neglecting the turbulence at the two end sections of
the hydraulic jump indeed 1s small. Rajaratnam (1965}, however, showed from his
analysis of the jump as a wall jet that the integrated boundary shear stress can affect
the sequent depth ratio. Leutheusser and Kartha (1972} generalized and extended
this conclusion by conducting experniments on jumps with fully developed inflows
and undeveloped inflows. From the two-dimensional Reynolds equations, they
derived an integrated form of the hydraulic jump equation that eliminates the con-
ventional assuniptions by lumping them into a single factor, £:

—=1+c¢ (3.13)

2F5
in which A = v,/y, and F, = approach Froude number. For & = 0, we recover the
result given in Equation 3.7. On the other hand. if we consider the influence of the
mean shear stress over the length, L, of the jump, £ is given by

e= Lol (3.14)

in which C; = overall skin friction coefficient. Leutheusser and Kartha (1972)
showed from their experimental results that £ has essentially no influence on the
sequent depth ratio for approach Froude numbers less than 10. For greater values
of the Froude number, however, the developed-inflow jump had a smaller sequent
depth ratio than predicted by Equation 3.8 due to the influence of the boundary
shear force. Furthermore, the developed-inflow jump was longer and lower than in
the undeveloped-inflow case, which Leutheusser and Kartha suggest is due to the
tendency for the undeveloped inflow to separate, thus reducing the boundary shear.
It must also be pointed out that the jump length in Equation 3.14 is defined as the
point at which no further changes are observed in the centerline velocity distribu-
tion in the downstream direction. The dimensionless length, L/yv., has a value of
approximately 16 for the fully developed inflow and a typical value of Cis 1 %
1073, These experimental values result in a value of £ of approximately —0.t and
a relative error in the sequent depth ratio of less than 10 percent at a Froude num-
ber of 10.

If the effect of boundary shear is relatively small for hydraulic jumps in smooth
channels, it may not necessarily be negligible in the case of a channel with signif-
icant boundary roughness. Experiments by Hughes and Flack (1984) confirm this
to be the case for both strip roughness and gravel beds. Their laboratory results
showed that both the length and sequent depth of a hydraulic jump are reduced by
large roughness elements. A bed of  to 5 in. gravel, for example, resulted in a 15
percent reduction in the sequent depth ratio predicted for a smooth channel at a
Froude number of 7.

The effect of boundary shear on the hydraulic jump is similar to the effect of
form roughness provided by baffle blocks on the floor of a stilling basin. The
obstruction causes a lower sequent depth ratio at the same Froude number and
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Decrease in momentum function for a hydraulic jump due to the external force of blocks on
the control volume.

makes the jump position more stable. The effect of the ubstriction on the momen-
tum balance is illustrated i Figure 3,10, in which clearly the decrease in the value
of the momentum function from the supercrtical to subcritical state in the
hydraulic jump must be exactly equal to the drag force of the obstruction, py,
divided by the fluid specific weight, v.
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3.3
STILLING BASINS

Hydraulic jumps are used extensively as energy dissipation devices for spillways
because of the large percentage of incoming energy of the supercritical flow that is
lost {see Figure 3.4). The stilling basin, located at the downstream end of the spill-
way or the spillway chute, usually is constructed of concrete. It 15 intended to hold
the jump within the basin, stabilize it, and reduce the length required for the jump
to occur. The resulting low-velocity subcritical flow released downstream prevents
erosion and undermining of dam and spillway structures.

Generalized designs of stilling basins have been developed by the U.S. Bureau
of Reclamation and others. based on experience, field observations, and laboratory
model studies. Special appurtenances are placed within the stilling basin to help
achieve its purpose. Chute blocks placed at the entrance to the stilling basin tend to
split the incoming jet and block a portion of it to reduce the basin length and stabi-
lize the jump. The end sill is a graduat rise at the end of the basin to further shorten
the jump and prevent scour downstream, which may result from the high velocities
that develop near the floor of the basin. The sill can be solid or dentated. Dentation
diffuses the jet at the end of the basin. Baftle blocks are placed across the floor of
the basin at specified spacings to further dissipate energy by the impact of the high
velocity jet. However, the blocks can be used for only relatively low velocities of
incoming flow; otherwise, cavitation damage may result.

With reference to the types of jumps that can form as a function of the Froude
number of the incoming flow (see Figure 3.8). the Bureau of Reclamation has
developed several standard stilling basin designs (U.5. Burcau of Reclamation,
1987}, three of which are shown in Figures 3.11. 3.12. and 3.13. For incoming
Froude numbers from 1.7 to 2.5, the jump is weak and no special appurtenances are
required. This is called the Tvpe [ basin. In the Froude number range from 2.5 to
4.5, a transition jump forms with considerable wave action. The Tipe IV hasin is
recommended for this jump. as shown in Figure 3.11. Tt has chute blocks and a solid
end sill but no baffle blocks. The recommended tailwater depth is 10 percent greater
than the sequent depth to help prevent sweepout of the jump. Because considerable
wave action can remain downstream of the basin, this jump and basin are some-
times avoided altogether by widening the basin to increase the Froude number. For
Froude numbers greater than 4.5, either Type /1] or Type I basins, as shown in Fig-
ures 3.12 and 3.13, are recommended. The Type III basin shown in Figure 3.12
includes baffle blocks. and so it is limited to applications where the incoming
velocity does not exceed 60 fifs. For velocities exceeding 60 fus. the Type 1 basin
shown in Figure 3.13, which has no baffle biocks and a dentated end sill, is sug-
gested. It is slightly longer than the Type I basin, and the tailwater is recom-
mended 10 be 5 percent greater than the sequent depth to help prevent swecpout,

Maztching the tailwater and sequent depth curves over a range of operating dis-
charges is one of the most important aspects of stilling basin design. If the tailwater
is lower than the sequent depth of the jump. the jump may be swept out of the basin,
which then no longer serves its purpose because dangerous erosion is hikely 10
occur downstream of the basin. On the other hand, a tailwater elevation that is
higher than the sequent depth causes the jump to back up against the spillway chute

-
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and “drown out” or be submerged, so that it no longer dissipates as much energy.
The ideal situation is one in which the sequent depths perfectly match the tailwater
over the full range of operating discharges, bult this is unlikely to occur. Instead, the
basin floor elevation is set to match sequent depth and tailwater at the maximum
design discharge at point A, as shown in Figure 3.14a. and the basin can be widened
as shown in the figure to help improve the match at lower discharges while erring
on the submerged side rather than the sweep-out side. If the sequent depth curve is
shaped as shown in Figure 3.14b, the tailwater and sequent depth would have to be
matched for a lower discharge than the maximum. such as point B in the figure, 10
ensure sufficient taillwater for all discharges.

Setting the floor elevation of the stilling basin and selection of the type of basin
to use depends on predicting the flow and velocity at the woe of the spillway and
hence the energy loss over the spillway. Some general design guidance is provided
in the Design of Small Dams (1.8, Burcau of Reclamation 1987). 1f the stilling
basin is located immediately downstream of the crest of an overflow spillway or if
the spillway chute is no longer than the hydraulic head, no loss at all is recom-
mended. Here. the hydraulic head is defined as the difference in elevation between
the reservoir water surface and the downstream water surface at the entrance to the
stilling basin. If the spillway chute length is between one and five times the
hydraulic head, an energy loss of 10 percent of the hydraulic head is suggested. For
spillway chute lengths in excess of five times the hydraulic head, a 20 percent loss
of hydraulic head should be considered. For more accurate estimates of head loss,
the equation of gradually varied flow can be solved along a spillway chute of con-
stant siope, as described in Chapter 5, except in the vicinity of the crest where the
flow is not gradually varied and the boundary layer is not fully developed. For this
region, the two-dimensional Navier-Stokes equations in boundary layer form must
be solved numericalty (Keller and Rastogi 1977).

3.4
SURGES

Although a consideration of surges rightfully belongs in a discussion of unsteady
flow, surges can be analyzed by the methods of this chapter by transforming them
from an unsteady flow problem to a steady one. This transformation, as shown in
Figure 3.15, is accomplished by superimposing a surge velocity, V., to the right so
that the surge becomes stationary. From this viewpoint, which is that of an observer
moving at the speed of the surge, the problem is nothing more than the steady-flow
formation of a hydraulic jump.

Surges occur in many open channel flow situations. The abrupt closing of a
sluice gate at the downstream end of the channel, shown in Figure 3.15, would cre-
ate a surge as shown, Other examples include the shutdown of a hydroelectric tur-
bine and the resulting surge in the headrace, a tidal bore, and the surge created in
the downstream river channel by an abrupt dam break.
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FIGURE 3.15
The moving surge in (a) is reduced to the stationary jump in (b).

By making the surge stationary. the steady-flow form of the continuity and
momentum equations can be applied to Figure 3.15b. The continuity equation for a
rectangular channel of unit width 1s

(Vi + Vv = (Vo + Vy, (3.15)
which can be rewritten in the form

vV = Vivy = Voys (3.16)
’ Y2 M N
in this form, the continuity equation states that the net flow rate through the surge
is given by the rate of volume increase effected by the surge movement.
The momentum equation written for the stationary surge in Figure 3.15b

becomes
(Vi + V.)' 1y ( \'2)
—— === 1+ = 3.17
g¥y 2y ¥ ( )

This is of the same form as the hydraulic jump equation except that the velocity of
flow, V|, has been replaced by (V| + V,). In effect, the left hand side of the equation
represents the Froude number as seen by the moving observer. Because »,/y, > 1,



CHapPTER 3 Momentum 81

the Froude number as scen by an observer moving with the surge is supereritical
even though the flow in front of the surge could be supercrnitical or subceritical as seen
by a stationary observer. It also can be concluded that the flow behind the surge 1s
subentical from the view point of the moving observer. A further conclusion that can
be drawn from Equation 3.17 is thal. as y./v, approaches zero for an infinitesimal
surface disturbance. the celerity of that disturbance in st:ll water (V, = §) 15 piven
by (gyv,)'? as derived previously in Chapter 2 from an energy argument.

Equations 3.16 and 3.17 provide only two equatiens in the three unknowns: y,,
V.. and V. The third equation required for solution often comes from a specified
boundary condition. In the case of a gate slanuming shut at the downstream end of
the channet 1n Figure 3,15, for example, the necessary condition is V, = 0.

EXAMPLE 3.1, A steady flow occurs in a rectangular channel upstream of a sluice
gate. The velocity is 1.0 m/s (3.3 fu/s) and the depth of flow is 3.0 m (9.8 ft) just
upstream of the gate. I the sluice gate suddenly s slammed shut, what are the height
and speed of the upstream surge?

Solution.  TFrom continuity, Equation 3.16, and after substtution of v, = 3.0, V, = 1.0,
and V, = {), we oblain:

Equation 3.17, the momertum eguation, then gives

(10 + ) = 14.72-‘—”—(1 + —'”—)
3.0 3.0

These two equaticns can be solved by trial by first substituting a value of y, in the sec-
ord equation that is greater than y, and solving for V,, which then can be compared with
the value of V| from the first equation. Iteration is continued until the values of V, are
equal. Alternatively, a function could be formed from {3.16) and (3.17) by substituting
V, from (3.16) into {3.17) and rearranging so that the right hand side is zero. The zero
of the function then could be determined from a nonlinear algebraic equation solver. In
either case, the resultis y, = 3.58 m (1.8 fty and V, = 5.20 mv/s (17.1 ft/s). This speed
of the surge is what would be seen by a stationary ohsenver, while an observer moving
with the speed of the surge would see a Froude number of (V| + V))/(gy)®* = 1.14 in
front and a Froude number of V f{gy,)?* == (.88 behind the surge.

3.5
BRIDGE PIERS

Momenturn analysis can be useful when applied 10 the obstruction caused by bridge
piers in river flow. The resulting obstruction leads to backwater effects upstream in
subcritical flow and can even cause cheking.

Two types of flow are shown in Figure 3.16. Type I is a subcritical approach
flw with a decrease in depth when passing through the constriction with the flow
remaining suberitical. In Type II flow, choking occurs with critical depth existing
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FIGURE 3.16
Flow between bridge piers.

in the constriction. For Type I flow, the momentum equation can be written between
sections 1 and 4, in Figure 3.16, to give

M, =M, + D/y (3.18)

in which M, and M, are the momentum function values at sections 1 and 4, and D
is the drag force exerted by the piers. For known conditions at the downstream sec-
tion 4 and with the drag force given as D = DpAlez/l the change in depth or
backwater A% = (y, — ¥,) can be determined. In the expression for drag, A, is the
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Solution for backwater caused by bridge piers in Type 1 flow,

frontal area of the pier and Cp, is the drag coefficient with a value between 1.5 and 2.0
for a blunt shape. Substituting into Equation 3.18 for a rectangular channel, we have
2 2 2 2 2
: ¥ Cpay VvV

o9 s 4 pdh (3.19)
2 gy, 2 g4 2gs

in which @ = pier width, and s = pier spacing. Equation 3.19 can be nondimen-
sionalized in terms of the downstream Froude number, F, to produce
AA + DA+ 2)

Fi =0 N 3.20
# Cphajs + 2A (3.20)

in which A = A%/yv,, which is the ratio of the backwater to the downstream depth.
Equation 3.20 is plotied in Figure 3.17, from which the backwater caused by piers
can be estimated, provided their coefficient of drag is known.

EXAMPLE 3.2. A bridge is supported by elliptical piers having a width of 1.5 m
{4.9 f1) and a spacing of 15.0 m (49.2 ft). The piers have a drag coefficient of 2.0. If the
downstream depth and velocity are 1.90 m (6.23 ft) and 2.40 m/s (7.87 fu's), respec-
tively, what is the backwater caused by the piers?

Solution.  First, the value of Cpals = 2.0{1.5)/15 = 0.2, The downstream Froude
number is 2.44$.81 % 1.9;°% = 0.56. From Figure 3.17, A}/y, is approximately (.04,
from which the backwater h* = 0.04(1.9) = 0.076 m (0.25 ). If Equation 3.20 is
selved rumerically, the value of A%y, = 0.041, which confirms the graphical solution.
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While this backwater value may seem small, it could represent a significant increase in
the area flooded upstream of the bridge in very tlat, wide floodplains. Also clear from
Figure 3.17 is that the smaller are the flow blockage (a/y) and the downsiream Froude
number, the less backwater that will develop.

3.6
SUPERCRITICAL TRANSITIONS

Transitions for which the approach flow is supercritical offer a design challenge
because of the existence and propagation of standing wave fronts. The reason for
the occurrence of standing wave fronts in supercritical flow can be visualized from
the viewpoint of an observer fiding on a small particle or disturbance moving at a
constant speed. V., in still water, as shown in Figure 3.18. At cach instant of time,

c
(@) V<c P
c
B
A4
() V=>c A (((9
A\

FIGURE 118
Movement of a point disturbance, P, at speed V in still water {¢ = wave celerity).

-
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the disturbance, P, sends a circular wave front cutward that moves at a speed equal
to the wave cclerity, . If V < ¢, as in Figure 3.18a, the wave fronts outdistance the
moving disturbance, so that no piteup or addition of wave fronts occurs. On the
other hand, for cases of V > ¢, as in Figure 3.18c. the disturbance, P, moves faster
than the wave fronts, The result is an accumulation of wave fronts, the outer locus
of which forms a straight line at an angle B to the path of the disturbance that can
be defined as a stunding wave front. In between these two extremes, V = ¢, and the
standing wave front is perpendicular to the path of the disturbance, P, as shown in
Figure 3.18b. If the disturbance is infinitesimal, so that ¢ = (gy)°®, where ¥ = flow
depth, then obviously Vic is the Froude number and case (a) in Figure 3.18 1s for
subcritical flow, while case (¢) represents supercritical flow.

The supercritical case in Figure 3.18¢ can be analyzed in more detail to deter-
mine the angle 8. In the time f,, the distance moved by point P to point A is Vi,
while, at the same time, the initial wave front grows from P to point B over a radial
distance given by ct,. Then, sin 8 = HF, where F is the Froude number. If the view-
point of the observer is changed, the fluid moves at a speed V in the supercritical
case and any boundary irregularity, such as that caused by a change in wall direc-
tion in the contraction shown in Figure 3.19, gives rise to a standing wave front at
an angle, 3,, relative to the onginal flow direction. This analysis indicates that
larger Froude numbers result in smaller angles of deflection of the standing wave

A>
A\/\‘ B -
1
LAV T
o v, 27 }. Vi [ 5
B e s < P
Br-8 . e
/:92/—9
Plan
14
{ ) * .
vy sin 8, . Yz —» Vo sin(3, —6)
Sec. A-A

FIGURE 3.19
Straight-wall contraction in a supercritical flow with standing oblique waves,
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front, but the possibility of a finite height of the standing wave front is not consid-
ered. In this circumstance, the analysis must be modified.

Design of Supercritical Contraction

. Consider a straight-walled contraction, as shown in Figure 3.19, with a wall
angle of 6, an approach supercritical Froude number F,, and contraction ratio r
(= b4/b)). Standing waves of finite height are formed at the initial change in wall
direction having an angle of 8,. They meet at the centerline of the contraction
and are reflected back to the wall with an angle of (8, — 6). The goal of good
contraction design, as outlined by Ippen and Dawson {1951), is to choose the
value of @ for given values of Froude number and contraction ratio that minimize
the transmission of the standing waves downstream. This can be accomplished if
the combined length of the first two sets of standing waves terminates precisely
at the physical end of the transition, so that subsequent reflections downstream
are cancelled out by the negative disturbances emanating from the end of the
contraction.

This design problem can be solved by applying the momentum and continuity
equations across the wave fronts in much the same way as for the hydraulic jump.
With reference to section A-A in Figure 3.19, the continuity equation across the
wave front is given by

Viy,sin, = Vyy,sin(, — 6) (3.21)

and the momentum equation components parallel and perpendicular to the wave
front are given by, respectively,

V,cosB, = V,cos(B, — 6) (3.22)

. _ LIy fy 2
o= F, {2)’1 (}‘] * 1)} (3-:23)

Now Equations 3.21, 3.22, and 3.23 can be soived for B8, V,, and v,, given the
value of the contraction angle & and the approach Froude number F|. With these
results, the solution can be repeated across the second set of standing wave fronts
in Figure 3.19 to obtain 8,, V,, and y,. First Equation 3.21 is divided by Equation
3.22 to yield

¥a tan 3,
e (3.24
y  an(B, — 0) )
which is substituted into Equation 3.23 to obtain
i 1 {1 tanf, ( tan 83, ) 12
= — = + 1 3.25
sinB = ¢ {2 tan(g, — 6) \tan(8, ~ 6) 3-23)



CHaprTER 3: Momentum 87

Finally, Equation 3.21 is written in terms of the upstream and downstrcam Froude
numbers relative to the first wave front, F| and F,, respectively, to give

F, sin(8, -~ 6) (13 32
)'1)

B _sf ! (326)

Equation 3.25 is solved for B, for given values of @ and F|. Then the values of
v, and F, can be obtained from (3.24) and (3.26). respectively. If this solution
procedure is repeated across the second wave front, the values of 8,, V,, and ¥,

follow.

The soluiion just obtained docs not necessarily minimize transmission of
waves downstream. An additional condition required is for the total length of the
transition, L, to be exactly equal to the sum of the lengths of the two sets of stand-

ing wave fronts, L, and L;:

bl - b; b: bs

21and 2tanfB, 2tan(B, — 6) (3.27)

However, as shown by Sturm (1985), the condition given by (3.27) is entirely
equivalent to satisfying continuity through the transition, as given by

ldblﬂFJ )
ro b, - F, (}’l) (3:28)

With Equation 3.28, the solution procedure determines a unique value of r for
minimization of wave transmission, as well as f3,, V,, and y,, when values of # and
F, are given. The solution curves are shown in Figure 3.20. Solution curves of
8 = f(r, F,} also are given by Harrison (1966) and Subramanya (1982). For a given
F, either r ar 8 can be given but not both (Harrison 1966; Sturm 1985). For exam-
ple, from given values of r and F|, Figure 3.20 determines the unigue values of 8
and y,, while Equation 3.28 can be solved for the corresponding F,. The result is
minimization of wave transmission,

In the lower half of Figure 3.20, the choking conditions A and B described in
Chapter 2 are shown. Choking condition A is based on the occurrence of a hydraulic
jump upstream of the contraction followed by passage through critical depth in the
contraction. Curve A is obtained by conserving the momentum function for the
hydraulic jump upstream of the contraction and specific energy through the con-
traction itself. The second choking criterion, given by curve B in Figure 3.20, is for
the case of F, becoming equal o 1, so that the flow goes directly from the approach
supercritical flow to critical depth in the contraction but with energy loss included.
Curve 8 is derived from the solution procedure just described for F, approaching a
value of unity so that energy loss is inherently included, as shown by Sturm (1985).
If @ lies between curves A and B, choking may or may not occur, depending on the
existence of a hydraulic jump, but if it is to the right of curve B, choking definitely

will occur.
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FIGURE 3.20

Supercritical contraction with the minimization of standing waves: A, B = choking criteria
(Sturm 1985). (Source: T. W. Sturm, “Simplified Design of Contractions in Supercritical
Flow.” J. Hydr. Engrg., © 1985, ASCE. Reproduced by permission of ASCE.)

The energy loss associated with choking condition B can be derived by writing
the energy equation between sections I and 3 in Figure 3.19, including the unknown
energy loss AE. Then, the specific energy at section 3 is set equal to its minimum
value for which F, = 1, and the equation is solved for AE in dimensionless form to
produce (Sturm 1985)
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AE 1 Fi 3(Fl)2"3]
2 = - = 2
E, ( F",)_ 2 2\ (3.29
1+ —
2

in which r, = critical contraction ratio given by curve B for which Fy = 1. Values
of AE/E, along curve B exceed 0.1, or 10 percent, only for values of Froude num-
ber F, in excess of approximately 4.

EXAMPLE 3.3. A straight-walled rectangular contraction has an approach channel
width of 3.0 m (9.8 ft) and a contracted width of 1.5 m (4.9 ft}. The approach flow has
a depth of 0.10 m (0.33 ft) and a velocity of 3.0 m/s (9.8 fi/s). What are the values of
downstream depth and velocity and wtat should the contraction angle and length be to
minimize transmission of standing waves? Will choking oceur?

Solution. The approach Froude number is V,/(gy)"" = 3.0/(9.81 X g.n? = 3.0.
while r = by/b, = 1.5/3 = 0.5. Then. from Figure 3.20,8 = 11° and y,/v, = 2.5 approx-
imately, so that y; = 2.5 X 0.1 = 0.25 m (0.82 f). From Equation 328, F, =
(Un(EF Y(yyly)? = (1/0.5) X 3025 =152andso V, = 1.52 X (9.81 X 0.25)23
= 2.8 m/s (7.81 fu/s). The length of the transition from (3.27) with @ = 11°is (b, —
byy(2tan ) = (3 — 1.5)/2 tan11°) = 3.86 m (12.7 ft). The solution lies in the region
between curves A and B so that choking is possible. Note that 6 < 5° is required for
choking not to occur under any circumnstance. In this example, 8 = 5° would necessi-
tate limiting the contraction ratio, r. 10 approximately 0.67 for an approach Froude
number of 3 and the contraction length would increase to 8.57 m (28.1 ft).

Design of Supercritical Expansion

In some instances, it may be desirable to design an expansion for supercritical flow
at points where high velocity, supercritical flow issues from sluice gates, spillways.
or steep chutes. As described by Chow (1959), the flow will separate if the expan-
sion is too abrupt; and the transition may be too long if the flow is forced to expand
too gradually. In addition, local standing waves may emanate from the walls of the
transition and combine at the centerline with further propagation downstream.
Rouse, Bhootha, and Hsu (1951} studied this problem both experimentally and ana-
Iytically. They suggest a two-part wall curvature, as shown in Figure 3.21. The most
efficient shape for the divergent portion of the expansion is given by

E [1 (—I—)M + 1] (3.30)
b, 214 \bF, '

in which z = lateral position of the wall from the centerline of the expansion; b, =
approach channel width; x = longitudinal coordinate measured from the beginning
of the expansion; and F| = Froude number of the approach flow. This curve con-
tinues diverging in the downstream direction, which requires the second portion of
the transition wall geometry downstream of point P in Figure 3.21, for example. It
consists of a reverse curvature obtained from an analysis of the positive and nega-
tive disturbances from the wall to promote cancellation of their effects and elimi-
nation of the propagation of excessive standing waves.
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25

zi by

xf(byFy)

FIGURE 3.21

Generalized boundary curves for expansion (best fit of Rouse et al. (1951} curves by
Mazumdar and Hager (1993)). (Source: H. Rouse, B. V. Bhootha, and E. Y. Hsu, “Design of
Channel Expansions,” © 1951, ASCE. Reproduced by permission of ASCE.)

The length of the first portion of the transition, L,, and the total length of the
transition, Ly, are given by Mazumder and Hager (1993) to be

Ly 0.7 3.31
b[Fl = Ui ( . )
L,
— =1+325(r,—-1) (3.32)

b,F,

in which r, = expansion ratio = b,/b,, and the lengths L, and L, are as defined in
Figure 3.21. The geometry of the reverse curvature downstream of point P is given
approximately by a best fit of the original boundary curves of Rouse, Bhootha, and
Hsu (1951) obtained by Mazumder and Hager (1993):

Z— Ip
bz/z — Ip

i [90 x_L”J (333)
= sin @ .
L - L,

in which z, is determined from Equation 3.30 for x = L, given by Equation 3.31.
Mazumder and Hager (1993) experimentally studied expansions designed accord-
ing to the generalized Rouse et al. boundary curves and concluded that the maxi-
mum Froude number can be as much as 2.5 times the design Froude number with-
out significantly changing the wave heights or the pattern of standing waves. As a
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practical matter, this means that the expansion can be shorter, because it can be
designed for a smaller Froude number,
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EXERCISES

3.1,

3.2,

33

34.

3.5,

3.6.

3.1

3s8.

A hydraulic jump is to be formed in a trapezoidal channel with a base width of 20 fi
and side slopes of 2:1. The upstream depth is 1.25 ft and ¢ = 1000 cfs. Find the
downstream depth and the head loss in the jump. Solve by Figure 3.2 and verify by
manual calculations. Compare the results for the sequent depth ratio and relative head
loss with those in a rectangular channel of the same bottom width and approach
Froude number.

Determine the sequent depth for a hydraulic jump in a 3 ft diameter storm sewer with
a flow depth of 0.6 ft at a discharge of 5 cfs. Solve by Figure 3.3 and verify by man-
ual calculations.

Derive the relationship between the sequent depth ratio and approach Froude number
for a triangular channel and verify with Figure 3.5. Repeat the derivation for a para-
bolic channel.

A flume with a triangular cross section contains water flowing at a depth of 0.15 m
and at a discharge of 0.30 m¥s. The side slopes of the flume are 2:1. Determine the
sequent depth for a hydraulic jump.

A parabolic channel has a bank-full depth of 2.0 m and a bank-full width of 10.0 m.
If the downstream sequent depth of a hydraulic jump in the channel is 1.5 m for a flow
rate of 8.5 m'/s, what is the upstream sequent depth?

A hydraulic jump occurs on a sloping rectangular channel that has an angle of incli-
nation, §. The sequent depths are d, and d, measured perpendicular to the channel bot-
tom. Assume that the jump has a length. L, and a linear profile. Derive the solution
for the sequent depth ratio, and show that it is identical to the solution for a horizon-
tal slope if the upstream Froude number, F, is replaced by the dimensionless number,
G, given by

F,
L, sinf
d: - dI

G|:

cosf —

The discharge of water over a spillway 40 ft wide is 10,000 cfs into a stilling basin of
the same width. The lake level behind the spillway has an elevation of 200 fi, and the
river water surface elevation downstream of the stiiling basin is 100 ft. Assuming a 10
percent energy Joss in the flow down the spillway. find the invert elevation of the floor
of the stilling basin so that the hydraulic jump forms in the basin. Select the appro-
priate U.S. Burcau of Reclamation (USBR) stilling basin and sketch it showing all
dimensions.

A spillway chute and the hydraulic jump stilling basin at the end of the chute are rec-
taingular in shape with a width of 80 ft. The floor of the stilling basin is at an eleva-
tion 787.6 ft above the datum. The incoming flow has a depth of 2.60 ft at a design
discharge of 9500 ¢fs. Within the basin are 15 baffle blocks, each 2.5 ft high and 2.75
ft wide.
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{a) Assuming an effective coefficient of drag of 0.5 for the baffle blocks, based on
the upstream velocity and combined frontal area of the blocks, calculate the
sequent depth and compare with the sequent depth without baffle blocks.

(b) What is the energy loss in the basin with and without the blocks?

(¢) If the tailwater elevation for @ = 9500 cfs ts 797.6. will the stilling basin per-
form as designed? Explain your answer.

In a short, horizontal, rectangular flume in the laboratory, the depth just downstream
of a sluice gate at the upstream end of the flume is 1.0 ¢m and the depth just upstream
of the sluice gate is 60 cm. The width of the flume is 38 cm. If the tailgate height is
15 ecm, over which there is a free overfall. will a hydraulic jump occur or will it be
submerged?

A steady flow is occurring in a rectangular channel, und it ts controlled by a sluice
gate. The upstream depth is 1.0 m. and the upstream velocity is 3.0 m/sec. If the gate
is slammed shut abruptly, determine the depth and speed of the resulting surge.

The depths upstream and downstream of a sluice gate in a rectangular channel are 8

ft and 2 ft, respectively, for a steady flow.

(a) What is the value of the flow rate per unit of width g?

(b) If ¢ in part (a) is reduced by 50 percent by an abrupt partial closure of the gate,
what will be the height and speed of the surge upstream of the gate?

Write both the momentum and energy equations for the subcritical case of flow through
bridge piers of diameter ¢ and spacing s. If the head loss in the energy equation is writ-
ten as K, V3/2g, in which K| is the head loss coefficient and V| is the approach veloc-
ity, show that K, = Cpals for the special case that (v, — »,) is very small (Figure 3.16).

For a river flow between bridge piers 3 m in diameter with a spacing of 20 m, deter-
mine the backwater using the momentum method if the downstream depth is 4.0 m
and the downstream velocity is 1.9 m/s. Assume a coefficient of drag of 2.0 for the
bridge piers.

A straight-walled contraction connects two rectangular channets 12 ft and 6 ft wide,
The discharge through the contraction is 200 cfs, and the depth of the approach flow
is 0.7 ft. Calculate the downstreamn depth, Froude number, and the length of the con-
traction that will minimize standing waves. Will choking be a problem?

For Exercise 3.14, calculate the wave-front angles 8, and 3,. What variables do they
depend on? Produce a generalized plot for 8 in terms of the dimensionless variables
on which it depends.

A supercritical transition expands from a width of 1.0 m to 3.0 m, and the approach
flow depth and velocity are 0.64 m and 10 m/s for maximum design conditions,
respectively. Calculate the downstream depth, and design and plot the transition
geometry. What would be the length of the expansion if it were designed for a Froude
number that is 40 percent of the design value?

Write a computer program that finds the sequent depth for a hydraulic jump in a
trapezoidal channel. First, compute critical depth and determine if the given depth is
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subcritical or supercritical to limit the root search, Then. use the bisection methed to
find the sequent depth.

3.18. The following data for a hyvdraulic jump have been measured in a laboratory flume by
two different lab teams. The flume has a width of 38 c¢m. The upstream sluice gate
was set 1o produce a supercritical flow for a given measured discharge, and the tail-
gate was adjusted unti} the hydraulic jump was positioned at the desired locatien in
the flume, The depths measured by a point gauge upstream and downstream of the
jump, v and v.. respectively, are given in the following tuble as is the discharge mea-
sured by a calibrated bend meter with an uncertainty of =0.0001 m¥s. The estimated
uncertainty in the upstream depths is =0.02 cm. while the downstream depths have a
larger estimated uncertainty of *£0.30 cm due to surface waves. Photographs of the
flume and hydraulic jumps at selected Froude numbers are shown in Figure 3.22.

(c} Froude number = 7.2

FIGURE 3.22
Hydraulic jump with different upstream Froude numbers (photographs by G. Sturm).
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Team A Team B
¥y cm ¥ cm Q. m'/s ¥ cm ¥ypcm Q, ms
1.41 15.8 0.0i65 1.47 15.4 0.0166
1.62 14.2 0.0165 1.76 14.5 0.0166
2.22 12.3 0.0565 2.20 12.8 0.0166
310 10.2 0.0165 263 11.0 0.0166
1.30 13.3 0.0131 1.21 13.0 0.0125
1.38 13.0 0.0131 1.45 11.7 0.0125
1.59 11.9 0.0i31 1.70 10.9 0.0125
2.10 9.9 0.0131 1.87 10.0 0.0125

(a) Calculate and plot the sequent depth ratios as a function of the Froude numbers
of the experimental data and compare them with the theoretical relationship for
a hyvdraulic jump in a rectangular channel.

(b) Calculate and plot the dimensionless energy loss AE/E, as function of Froude
number for the expenmental data and compare it with the theoretical
relationship.

(c) Estimate the experimental uncertainty in y./y, and the Froude number and plot
error bars on your graphs. Does the estimated uncertainty account for the differ-
ences between measured and theoretical values? Are the results for Team A and
Team B consistent?

(d) Based on the photos in Figure 3.22, describe the appearance of the jump as a
function of Froude number and indicate the relative energy loss AE/E, for each
photo.
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Uniform Flow

4.1
INTRODUCTION

Uniform flow in open channels often is used as a design condition to determine the
dimensions of artificial channels. The design discharge is set by considerations of
acceptable risk and frequency analysis, and the channel slope and cross-sectional
shape are determined by topography, soil conditions, and availability of land. Spec-
ification of the resistance coefficient results then in a unique value of the depth of
uniform flow, known as the normal depth. The determination of normal depth
establishes the position of the free surface and the required channel depth necessary
to complete the design of the channel dimensions. The resistance coefficient is a
vital link in this design process, and its estimation has commanded the attention of
hydraulic engineers since the 19th century. An understanding of its variation with
the surface roughness of the channel developed slowly, and only in recent times
have other factors that influence its value been studied.

The hydraulic resistance of conduits flowing full is one of the most extensively
studied areas in hydraulic engineering, but many difficulties remain for the case of
flow resistance in open channels. In the case of full pipe flow, Nikuradse’s experi-
ments on sand-grain roughened pipes, and the subsequent work by Colebrook
(1939) and Moody (1944), led to the development of the friction factor-Reynolds
number plot, now known as the Moody diagram, in which relative roughness is a
parameter. The Moody diagram has been applied with considerable success by
practicing engineers lo the problem of determining pipe flow resistance. Flow
resistance in open channels, on the other hand. has been more difficult to quantify.
A much wider range of roughness is encountered in open channel flow, and the
extra degree of freedom offered by the free surface in open channel flow gives rise
to the complex effects of nonuniformity, cross-sectional shape, and surface waves.

The importance of the resistance coefficient goes beyond its use in channel
design for uniform flow. The computation of flood stages in gradually varied flow

97



98 CHapPTER 4: Uniform Flow

and of the movement of translatory waves in unsteady flow depend on an accurate
estimate of the resistance coefficient. Much of our present understanding of the
resistance coefficient is due to a combination of theory and experiment applied to
uniform flow, but much remains to be learned about flow resistance in gradually
varied and unsteady flow.

Determining flow resistance in movable-bed channels is especially challenging
because of bed forms, such as dunes and ripples, that create form resistance that
varies with the flow conditions. Further discussion of this case can be found in

" Chapter 10.

4.2
DIMENSIONAL ANALYSIS

Because of the significant role played by experimental work in establishing values
of flow resistance, it is useful to begin with a dimensional analysis of the problem.
For a channel of any general shape, we write the functional dependence of the mean
boundary shear stress 7, as (Rouse 1965)

o = filp. . & V. Rk, C,N, U) (4.1)

in which p = fluid density; g = fluid viscosity; g = gravitational acceleration;
V = mean cross-sectional flow velocity; R = hydraulic radius, which is a charac-
teristic length scale of the flow, defined as flow area divided by wetted boundary
perimeter; and k = measure of roughness element height. The last three parameters
on the right of Equation 4.1 already are dimensionless. The parameter C reflects the
effect of cross-sectional shape; N indicates the degree of nonuniformity of flow;
and U represents unsteadiness effects. Dimensional analysis of the functional rela-
tion given as Equation 4.1 yields

To pV(4R) k )

Efz:fz(‘“‘ Rr =g FONU

(4.2)

in which Re = Reynolds number; Rr = relative roughness; F = Froude number:
and C, N, and U already have been defined. The length scale used in the Reynolds
number and relative roughness is four times the hydraulic radius, and this will be
justified subsequently. From the control-volume form of the momentum equation
applied to a steady, uniform pipe flow and the Darcy-Weisbach equation, which
defines the friction factor, f, in terms of pipe diameter as the length scale, the
dependent dimensionless parameter on the left of Equation 4.2 becomes

To f
—s == 43
VTR (4.3)
in which V is the cross-sectional mean velocity. Equation 4.3 can be taken as the
definition of the Darcy-Weisbach friction factor £, and we want the definition of f
to remain the same for open channel flow. The functional relation of Equation 4.2
is the basis for the Moody diagram, which gives values of the friction factor, £, in
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pipe flow as a function of Reynolds number and relative roughness with the influ-
ences represented by the remaining dimensionless parameters in Equation 4.2
neglected. In open channel flow, the Reynolds number often is large, so that the
flow is in the fully rough turbulent regime and the primary independent parameter
is the relative roughness.

4.3
MOMENTUM ANALYSIS

Consider a control volume of Iength AL in steady, uniform flow, as shown in Figure
4.1. By definition, the hydrostatic forces, F,| and F,, are equal and opposite. In
addition, the mean velocity is invariant in the flow direction, so that the change in
momentum ftux is zero, Thus, the momentum equation reduces to a balance between
the gravity force component in the flow direction and the resisting shear force:

YAAL sinf = r,PAL 4.4)

in which -y = specific weight of the fluid; A = cross-sectional area of flow; 7, =
mean boundary shear stress; and P = wetted perimeter of the boundary on which
the shear stress acts. If Equation 4.4 is divided through by PAL, the hydraulic radius
R = A/P appears as an intrinsic variable from the momentum analysis. Physically,
it represents the ratio of flow volume to boundary surface area, or shear stress to
unit weight, in the flow direction. Equation 4.4 can be written as

To = YR sin# = yRS (4.5)

if we replace sin® with § = tan# for small values of #. Furthermore, if we solve
Equation 4.5 for the bed slope, which equals the energy grade line slope, /L, in
steady uniform flow, and express the shear stress in terms of the pipe flow defini-
tion of friction factor f from Equation 4.3, we have

hy _ T _fPV2/8 _ LV_Z

L yR  yR 4R 2

(4.6)

FIGURE 4.1
Force balance in uniform flow.
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from which it is evident that the appropriate length scale in the Darcy-Weisbach
equation for open channel flow is 4R 10 replace the pipe diameter. It would seem
reasonable to use 4R as the length scale in the Reynolds number and relative rough-
ness as well. The unexpected benefit of this approach is that friction factors in tur-
bulent open channel flow are similar (but not exactly the same) to those obtained
from the Moody diagram developed from pipe flow results. In other words, the
hydraulic radius embodies much of the effect of channel shape on friction factor but
not all of it. The effects of nonuniform shear stress distribution and secondary cur-
rents also are related to shape and must be accounted for separately.

Before applying uniform flow formulas to the design of open channels, the
background of their development is considered. First, Chezy’s and Manning’s for-
mulas for steady, uniform flow in open channels are presented. Then, the equations
for the friction factor as a function of Reynolds number and relative roughness in
pipe flows are reviewed and extended to open channel flow. Finally, the effects of
the Froude number, nonuniformity, and cross-sectional shape on open channel flow
resistance are explored.

4.4
BACKGROUND OF THE CHEZY AND MANNING FORMULAS

While Equation 4.5 gives a formula for the calculation of mean shear stress in uni-
form flow, the problem of determining the depth of uniform flow for a given dis-
charge requires an additional uniform flow formula. Historically, such formulas
have been presented for velocity of flow as a function of hydraulic radius and slope.
If Equation 4.6 is solved for velocity, we have

1/2 _
V= [%‘EJ VRS = CVRS (4.7)

in which C is called the Chezy C in honor of Antoine Chezy, who first proposed
this formula. Chezy, a French engineer, was charged with the task of designing a
water supply canal from the Yvette River to the city of Paris in 1768. His final rec-
ommendations in 1775 contained the Chezy formula written in terms of ratios of
velocities of two rivers; and in a later memorandum in 1776. he gave the formula
for velocity as we now know it. He presented a constant value for C, but he real-
ized that it varied from one river to another. Unfortunately, Chezy's work was not
published and so did not become widely known until after 1897, when it was pub-
lished by Herschel in the United States (Biswas 1970). Du Buat, a contemporary of
Chezy, arrived at the same uniform flow formula some four years later than Chezy,
although he concluded that the effects of boundary roughness could be neglected.
His work was published in an early book on hydraulics. Many other uniform flow
formulas of the “universal type” with no variation of the coefficients with roeugh-
ness were proposed in the early 19th century such as those of Eytelwein and Prony
(Dooge 1992),

Within this context of extensive work on uniform flow in the first half of the
19th century, Robert Manning began his career as a drainage engineer in 1846, He
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was self-taught and greatly admired the French writings on hydraulics. The uniform
flow formula bearing Manning’s name was not proposed until the end of his career,
when in 1889 at the age of 73 he presented it in a paper while he was still chief
engineer of the Board of Works of Ireland. His formula was based primarily on the
ptoneering work of Darcy and Bazin on outdoor experimental canals from 1855 to
1860. This work was published by Bazin in 1865 after the death of Darcy and it
showed conclusively that the Chezy C depended on the nature of the surface rough-
ness of the canal boundaries {Dooge 1992),

In his 1889 paper, Manning selected seven well-known uniferm flow formu-
las for velocity in an open channel expressed as a function of hydraulic radius and
slope. He calculated the velocities over a range of hydraulic radii from 0.25 to 30
m from each formula for a given slope and analyzed the mean of the results. From
these preliminary results, he concluded that the velocity was proportional to the
hydraulic radius to the 2 power and to the slope to the 3 power, but he realized there
might be a more generally applicable value of the exponent on hydraulic radius.
He then took the crucial step of analyzing the results of some selected experiments
of Bazin on semicircular canals lined with cement and with a sand-cement mix-
ture. Manning concluded that the exponent in both cases was very close to the
fraction 3. The resulting uniform flow formula was given as formula V in the 1889

paper:
V= CR¥S {4.8)

in which the subscript on C has been added to distinguish the coefficient from the
Chezy C. Manning proceeded to compare the results of this formula with 170
observations, of which 104 were those of Bazin. He concluded that this formula
petformed better than those of Bazin and Kutter, the latter of which was very pop-
ular at the time.

Manning was dissatisfied with formula V however because of its lack of
dimensional homogeneity and the necessity of taking a cube root in the evaluation
of the velocity. He therefore proposed a second formula, formuta I, which overcame
these objections, although it used the barometric pressure head to achieve an artifi-
cial nondimensionality. It performed nearly as well as formula V and seemed to be
Manning’s formula of choice. Ironically, this formula has been discarded and for-
mula V bears Manning’s name. Manning concluded his paper with the following
statement: “Although the auther makes no pretension to mathematical skill. he may,
in conclusion, be allowed to express the hope that the results of his labors. such as
they are, may advance, even in a small degree, a science, in the study and practice
of which he has spent a long professional life.”

The dissemination of the uniform flow formula that now bears Manning’s
name was greatly enhanced by Flamant’s publication of it in his 1891 textbook and
his reference to formula V as Manning’s formula. A careful review of the historical
record by Williams (1970), however, shows that some 10 investigators proposed a
formula of this type. The first suggestion of the exponent of I on the hydraulic
radius actually was made by the French engineer Gauckler in 1867. Gauckler’s for-
mula also was based on Darcy and Bazin’s experiments but it never received wide
acceptance, partly because of the widespread use of a formula proposed by Gan-
guillet and Kutter in 1869 for Chezy’s C. This formula for € was very complex and
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had a dependence on the slope and a single roughness coefficient, n, called Kutter's
n. This was the result of attempting to reconcile Darcy and Bazin's data on small
canals of moderate slope with the observations of Humphrev and Abbott on the
Mississippi River for very small slopes. Manning, in fact, eliminated Humphrey
and Abbott’s data from his 170 observations because of the difficulty he perceived
in measuring such small slopes and showed no small disdain for the complexity of
Kutter's formula in his 1889 paper.

The final ironic twist in the development of what is now known as Manning's
Sformula was the suggestion by Flamant that C; in Manning’s formula V could be
expressed as the reciprocal of Kutter’s » in metric units. Several subsequent texts
repeated this assertion, and the American hydraulician King (1918) advocated this
step while referring to n as “Manning’s n.” What we now know as Manning's for-
mula, which Williams (1970) suggests really should be catled the Gauckler-Manning
formula, is written today as

K

n

V= o R¥g1? 4.9

in which V is velocity; R is hydraulic radius; and § is bed slope. The value of K, =
1.0 with Rin m and Vin m/s, and K, = 1.49 for R in ft and V in ft/s. The latter value
comes from a conversion in which Manning’s # maintains the same value in either
SI or English units. so that the dimensional units of K /i, originally m*%/s, have to
be converted to ft'¥s by the factor (3.28 ftym)"* = 1.49. That Equation 4.9 has
endured for more than a century as a uniform flow formula would seem to indicate
that Manning's labors were not in vain, although the formula that bears his name
probably would be surprising to him.

4,5
LOGARITHMIC FORMULA FROM MODERN FLUID MECHANICS

The facility with which modern engineers design pipes for the condition of full pipe
flow is due in large part to Prandtl’s pioneering research on the velocity distribu-
tion in turbulent boundary layers. Prandtl’s turbulent mixing length concept and
von Karman’s similarity hypothesis for turbulence result in the logarithmic veloc-
ity distribution

4.10)

in which u, is the shear velocity = (T(}/p)m; x = von Karman’s constant = 0.40;
Zp = constant of integration; and « and z are the point velocity and distance from
the wall, respectively. In the case of a smooth wall surface, a dimensional analysis
for z; as a function only of u. and kinematic viscosity ¥ shows that u.zy/v is a con-
stant; therefore, Equation 4.10 can be rewritten as

u 1 el
— = - 1In
K

+ A, 4.1
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in which A| is a constant determined by Nikuradse's experiments on smooth pipes
to have a value of 5.5. Equation 4.11, known as the law of the wall, strictly speak-
ing applies only to a near-wall region where z/h << 0.2, in which h is the boundary-
layer thickness. This region is called the logarithmic overlap laver, in which both
viscous and turbulent shear stresses are important. It unexpectedly can be applied
over nearly the full thickness of the flow. Very near the wall, in the viscous sub-
layer, only viscous shear applies, and the law of the wall simplifies to
o Ua

= = (4.12)

12 v

The viscous-sublayer velocity distribution given by Equation 4.12 applies only for
u.zfv < 5 but often is applied up 1o its intersection with the logarithmic law, at
w.z/v = 11.6 (Roberson and Crowe 1997). Several investigators have improved the
fit of the velocity distribution in the transition from the laminar sublayer to the log-
arithmic overlap region, and these relations are summarized by White (1974). The
complete law of the wall for the velocity distribution is illustrated in Figure 4.2,

30
Outer law profiles:
Strong increasing pressure y
Flat plate flow ’d
25 Pipe flow
Strong decreasing pressure
20 Linear =2z
viscous ] .
sublayer, )
. Eq.4.12 —1 o
Sy (\'b
R LTS / o
Yy Logarithmic |/
overlap
10
Experimental data
5
0 ] i ]
1 10 102 103 104

= Zu,
Y

FIGURE 4.2
Velocity profiles in turbulent wall flow (White 1999). (Souwrce: F White, Fluid Mechanics,
de, © 1999, McGraw-Hill. Reproduced with permission of The McGraw-Hill Companies.)



104 CHapTER 4: Uniform Flow

In the outer region, far from the viscous influences near the wall, early obser-
vations of boundary layers in pipes and channels showed that a velocity defect law
is applicable (Daily and Harleman 1966):

“1’1121 —u

! Z
= —— Iln—+
p » lnh A (4.13)

in which u,,, is the maximum point velocity at the outer edge of the boundary layer
and h is the boundary layer thickness. Equation 4.13 is applicable for smooth or
rough walls and can be extended into the logarithmic overlap layer.

The combination of theory and experiment that led to the logarithmic velocity
distribution for turbulent flow replaces the exact integration of the momentum
equation, which is possible only in the case of laminar flow. The result for laminar
flow is Poiseuille’s law for the friction factor, f = 64/Re. Our objective is to obtain
a relation for the friction factor in turbulent flow based on the semiempirical loga-
rithmic velocity distribution given by Equation 4.11. The logarithmic velocity dis-
tribution is transformed into a resistance equation by integrating it over the flow
thickness to obtain an expression for the dimensionless mean velocity, Viu.. The
relation for mean velocity can be expressed in terms of the friction factor, f, by rear-

ranging Equation 4.3 as
14 8
0 \/; (4.14)

The result for a smooth-walled pipe, as first given by Prandtl {Roberson and Crowe
1997), is

=20 108 (ReVT) - 038 (4.15)
Vi
For a rough-walled pipe or channel, the viscous sublayer is disrupted by
roughness elements if they are larger than the thickness of the sublayer itself. In this
case, the viscosily no longer is important, but the height of the roughness elements,
k, becomes very influential in determining the velocity profile. A dimensional
analysis indicates that the velocity distribution should depend on z/k and the
dependence must be logarithmic to satisfy the overlap of the outer, or velocity-
defect, law into the inner, or wall, region. The resulting velocity distribution for a
rough wall is

L (4.16)
Hy K k

Nikuradse determined the value of A, to be 8.5 for sand-grain roughened pipes in
fully rough turbulent flow, for which w.k/v > 70. If Equation 4.16 is integrated over
a pipe cross section to obtain the mean velocity, we can derive the friction factor
relation for fully rough turbulent pipe flow:

L _ 1, d
Ao
VI Kk

in which d = pipe diameter and &, = sand-grain roughness height from Nikuradse’s
experiments.

+ 1.14 (4.17)
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In between the turbulent pipe relations for friction factor for smooth and fully
rough conditions given by Equations 4.15 and 4.17, respectively, is a transitional-
rough regime, defined approximately by 4 < u.k /v << 70. The behavior of the
frictton-factor relation in this transition regime depends on the type of roughness.
It 15 different, for example, for Nikuradse's sand-grain roughened pipes and com-
mercial pipes. Colebrook {1939} fit a transition relation for commercial pipes that
is asympiotic to both the smooth and fully rough friction-factor relations:

I k/d 251
— = 2l0g[3-7+Re\/f]

in which the commercial pipe roughness is expressed as an equivalent sand-grain
roughness by determining the sand-grain roughness height that would give the
same friction factor as for the commercial pipe in fully rough turbulent flow. Equa-
tion 4.18 is the basis for the Moody diagram shown in Figure 4.3 (see Rouse 1980).

Keulegan (1938) applied the logarithmic velocity distribution to flow in open
channels. He proceeded to integrate the Nikuradse velocity distribution for fully
rough turbulent flow (Equation 4.16) over a trapezoidal open channel cross section
to obtain, for the friction factor,

(4.18)

1 R R
——= =203 log — + 221 = 203 log é— (4.19a)

Vr k, k,

in which the value of £ = 12.26 on the right hand side of (4.19a). In reality, £ varies
slightly with the channel shape, but a value of £ = 12 is recommended by an ASCE
Task Force (1963) and the slope of 2.03 often is rounded to 2.0. Keulegan derived
the expression for £ for rectangular channels to be

§=exp[ln(l +2'~;§) ﬁ;+2_4] (4.19b)

in which b = channel width and y = flow depth. For the aspect ratio b/y varying
from 5 to 100, for example. £ takes on values from 12.6 to 11.1, respectively.

The relationship between Manning’s n and Darcy-Weisbach’s f now can be
obtained from their definitions to determine the applicability of Manning’s equation:

_ K
(8g)"?

in which K, = 1.0 for SI units and 1.49 for English units. If we substitute Equation
4.19a into Equation 4.20 with £ = 12 and the slope of 2.03 rounded to 2.0. we have

K, [R\V
8g)'” (k—)
no_ (8g) MK/ .21

e R
ks 2.0 log( 12}(-)

5

n fY2R1E (4.20)

which has been plotied in Figure 4.4 for both English and metric units. Over a fairly
wide range of values of R/k,. the value of n/k!’® is constant and therefore not a func-
tion of flow depth, an essential assumption of Manning's equation in which the depth

-
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Manning's n vartation with relative smoothness,

dependence of the velocity for a given roughness height is assumed to be contained
entirely in the R¥ term. The minimum value of ¢, = nlk M in Figure 4.4 is 0.039 for
metric units and ¢, = 0.032 for English units at Rk, = 33.7, although these values
vary slightly with the constants assumed in the Keulegan equation (Yen 1992a). More
generally, the value of n/k,'* can be shown to be within *+5 percent of a constant
value over a range of Rik_given by 4 < Rik, <2500 as shown by Yen (1992a), Hager
(1999) gives the limits on the constancy of n with depth and so on the range of appli-
cability of the Manning equation to be 3.6 < Rik, < 360. The limitation of fully rough
turbulent flow for the Manning equation also is implicit in the comparison with
Keulegan’s equation. This limitation requires usk /v > 70, which can be translated
into the limit

I

6
VgRS { n\/QJ -
B =23x 1074 (4.22)

Kﬂ‘

using the minimum value of ng"?/(K k') = 0.122 from Equation 4.21 to substi-
tute for k,. For example, a 2 ft (0.61 m) diameter storm sewer with n = 0.015 flow-
ing just full at a slope of 0.001 would exceed the limit given by the inequality in
(4.22} and be in the fully rough turbulent regime.

The literature contains some disagreement about the value of ¢, = nfk}® as dis-
cussed by French (1985), partly because its value depends on whether the units of k,
are metric (m) or English (ft). The Strickler value of ¢, is given by Henderson (1966)
to be 0.034 in English units (0.041 in SI units} based on measurements made by
Strickler (1923) in gravel-bed streams with k; = d,, the diameter for which 50 per-
cent of the sediment particles are smaller by wetght. The minimum value of ¢, from
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FIGURE 4.5

Friction factor in fully rough turbulent open channel flow with large roughness elements.

Keulegan’s equation is 0.032 in English units (0.039, SI) as noted earlier, which
agrees well with the Strickler value considering that the effective size in the gravel-
bed stream is larger than 4., due to bed armoring, as argued by Henderson (1966).
However, several other sources, including Hager (1999), give the Strickler value of
¢, = 0.039 in English units (0.048 in SI units). This point is considered again when
discussing the resistance coefficient for rock riprap later in this chapter.

Some laboratory and field measurements of Darcy-Weisbach's fare compared
with Keulegan’s relation (Equation 4.19a) in Figure 4.5. The data points by Thein
{1993) and Dickman (1990) were measured in a 1.07 m (3.5 ft) wide tilting flume
with a coarse grave! bed in which uniform flow was set for several combinations of
depth and slope. The Bathurst (1985) data in Figure 4.5 were obtained from high-
gradient gravel and boulder-bed rivers in Britain. Limerinos (1970) measured the
resistance coefficient in 11 gravel and cobble-bed streams in California. The data
in Figure 4.5 are presented in terms of the bed friction factor, f,, and the bed
hydraulic radius, R,, to indicate that the flume data have been corrected for the
effect of smooth sidewalls. By comparing the intercepts in Figure 4.5 (where R, /dg,
= 1.0) with the Keulegan constant, a value of the equivalent sand-grain roughness,
k. can be determined as a multiple of dg,, which is the sediment grain size for
which 84 percent of the sediment is smaller by weight. It can be determined from
Figure 4.5 that k /dg, has a value of 1.4 for the lab data, 2.4 for the Bathurst data,
and 3.2 for the Limerinos data. Hey (1979) concluded that &,/d,, = 3.5, based on
data from several sources on gravel-bed streams, and suggested that wake interfer-
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Comparison of field data from Blodgett (1986) on flow resistance in boulder, cobble, and
gravel-bed streams with Keulegan's equation for Manning’s n.

ence losses downsiream of the larger roughness elements may account for the large
value of k.

Results for the friction factor in gravel-bed streams also can be presented in
terms of Manning’s n, according to Equation 4.21. Data assembled by Blodgett
(1986) for boulder-, cobble-, and gravel-bed streams in the western United States
are plotted in Figure 4.6 in terms of k;, which can be determined to be 6.3 d, from
fitting the Keulegan equation (Equation 4.21) for Manning’s n. Only the values of
dg, were reported by Blodgett, because the interest was in obtaining a relationship
for rock-riprap lined channels based on natural channe! data. The data in Figure 4.6
are given in terms of the average or hydraulic depth, D, instead of hydraulic radius
because Blodgett found them to be virtually identical. The Blodgett dara include the
data by Limerinos (1970), who reported a standard deviation in the percent differ-
ence between measured and fitted values of 7 to be +22 percent when d,, was used
as the characteristic grain size and *19 percent when d,, was used.

4.6
DISCUSSION OF FACTORS AFFECTING fAND n

The dependence of f on the Reynolds number and relative roughness has been dis-
cussed with respect to the Moody diagram for pipe flow. The Reynolds number
dependence is not as important in open channel flow, especially in large natural
channels, for which the Reynolds number is quite large. If a smooth-walled conduit
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is flowing partly full in the smooth turbulent regime. however, Manning's equation
is not directly applicable, because Manning's n can be expected to vary with the
Reynolds number (Henderson 1966). In this case, the use of the Darcy-Weisbach's
fis preferred, although Yen (1992a) shows that for Reynolds numbers less than the
fully rough turbulent values, there is a narrower range of R/k_, within which Man-
ning’s n still may be reasonably constant.

The dependence of f on relative roughness in open channel flow is not as well
known as in pipe flow because it is difficult to assign an equivalent sand-grain
roughness for the large values of absolute roughness height typically found in open
channels. Rouse (1965) discusses the importance of roughness concentration,
shape, and arrangement on the equivalent sand-grain roughness height, 4. He
reports experimental results that indicate the maximum value of relative roughness
oceurs at a roughness concentration of 20-25 percent. Kumar and Roberson (1980)
and Kumar (1992) made significant advances in obtaining an analytical relation for
the variation of relative roughness with concentration and shape for randomly
arranged roughness elements. This research has led to a completely general algo-
rithm for determining rough conduit resistance (Kumar and Roberson 1980} that
seems to work well for artificial roughness elements, but more limited comparisons
with natural channel roughness have been made. The analytical method utilizes a
drag coefficient determined for an individual roughness element, the average height
of roughness elements, and an areal projection factor to describe the projection of
the roughness elements on a plane perpendicular to the flow as a function of dis-
tance from the boundary. With this information, the equivalent sand-grain rough-
ness can be estimated as a function of the concentration and shape of roughness ele-
ments. The method cannot be applied directly to in-line roughness elements,
however, because it does not account for wake interference effects.

The dependence of flow resistance on cross-sectional shape occurs as a result
of changes both in the channel hydraulic radius, R, and the cross-sectional distri-
bution of velocity and shear. Therefore, applications of the Moody diagram in open
channel flow in which pipe diameter is replaced by 4R may not completely reflect
the effects of cross-sectional shape on flow resistance. Kazemipour and Apelt
(1979) suggested that two dimensionless parameters are required to characterize
shape effects on the resistance coefficient f.

k. P B
f:F(Re,E,'B“,D) 4.23)

in which F denotes “function of ”; Re = Reynolds number; k, = sand-grain rough-
ness height; R = hydraulic radius; B = channel top width; D = hydraulic depth;
and P = wetted perimeter. The first shape factor, P/B, is a measure of the influence
of the shear distribution on f; and the second shape factor, B/D, is a channel aspect
ratio. Using the data of Shih and Grigg (1967) and Tracy and Lester (1961) for
smooth rectangular channels, Kazemipour and Apelt (1979) showed that the open
channel friction factor, f,, can be obtained directly from the pipe friction factor, fy,,
determined from the Moody diagram:

fo = 0fu (4.24)
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in which

o= = (4.25)
- + 09
(E + 03)
H .

The function ¢r,(B/D) is proposed as a best fit of the experimental relationship pre-
sented by Kazemipour and Apelt (1979) based on the experimental data for smooth
rectangular channels that they used over a range of B/D from approximately 1 to
40. They also applied their experimental relationship successfully to limited data
for fully rough turbulent flow in rectangular channels and an additional data set of
their own for smooth rectangular channels (Kazemipour and Apelt 1982). Using
Equation 4.25, the value of o for a rectangular channel varies from approximately
1.04 to 1.10 as the aspect ratio (b/y) increases from 1 to 40,

Experimental research by Sturm and King (1988) on the flow resistance of
horseshoe-shaped conduits flowing partly full has shown that the Kazemipour and
Apelt (1982} relations for shape effects in rectangular channels cannot be extended
to horseshoe conduits. The Neale and Price (1964) data for partly full flow in
smooth circular conduits also show considerable scatter from Equation 4.25. For the
horseshoe conduit flowing partly full, the shape effect depends on the ratio of depth
to diameter, y/d, with greater influence at larger values of y/d. A summary of the
results is shown in Figures 4.7 and 4.8. In Figure 4.7, the value of ¢ for the horse-
shoe conduit essentially is unity for relative depths less than 0.4, but it increases to
a value of approximately 1.25 for larger relative depths. For the smooth, circular
conduit data of Neale and Price (1964), an average value of o = 1.05 occurs for
yd > 0.2, In Figure 4.8, the horseshoe data for the velocity ratio ViV, where V =
partly full velocity and V; = full flow velocity, are compared with relationships for
circular and horseshoe conduits. The horseshoe data follow Manning’s equation
with constant # at low relative depths but then approach the Pomeroy (1967) empir-
ical relation for circular sewers (Viv, = 1.093(A/A)°*'%) at large relative depths.
(The theoretical relationship for V/V; with constant Manning’s n essentially is the
same for circular and horseshoe conduits.) Thus, in Figure 4.8, the reduction in
velocity observed in both circular and horseshoe conduits for depths greater than
half full seems to correspond to an increase in flow resistance due to the shape fac-
tor, but the velocity reduction is not as large as predicted by Camp (1946).

Nonuniformity of the open channel boundary in the direction of flow, in either
plan or profile view, necessarily causes a change in the velocity distribution and
hydraulic resistance to flow. As an example, the development of the boundary layer
in a supercritical flow discharging under a sluice gate results in a deceleration and a
change in surface resistance due to the nonuniformity of the flow cross section. In
gradually varied flow (e.g., a gradual nonuniformity in the flow direction), the flow
resistance commonly is assumed to be the same as that obtained in a uniform flow at
the same depth. The error associated with this assumption may be small in most
cases, but it is essential that measured values of Manning’s n for general engineering




112  CHAPTER 4 Uniform Flow

1.0
5 ]
08 = ]
¥ |8 e »
06 q .. Horseshoe |
' - shape
o L J -
) P At
4
0.4 - *
¥
o
0.2 o4
0.0
02 04 06 08 1.0 12 14 16 18 2.0
g = fc/fM
@ Horseshoe {Sturm & King 1988)
= Circular (Neale & Price 1964)
FIGURE 4.7

Friction factor correction for partly full flow in horseshoe (transition} and circular (smooth)
conduits (Sturm and King 1988). (Source: T. W. Sturm and D. King, “Shape Effects on Flow
Resistance in Horseshoe Conduits,” J. Hydr. Engrg., © 1988, ASCE. Reproduced by per-
mission of ASCE.)

applications be obtained only for uniform flow to eliminate the effects of nonunifor-
mity. Uniform flow in laboratory flumes is difficult to obtain unless they are very
long. Tracy and Lester (1961), who measured the friction factor for a smooth chan-
nel in the 80 ft (24 m) long tilting flume at Georgia Tech, devised a procedure for
determining uniform flow depth. Their technique was to establish two control gate
positions, one of which provided a water surface profile that asymptotically
approached uniform (normal) depth from above and the other one from below. Only
in this way were they able to obtain an accurate value of uniform flow depth, even in
a relatively long flume.

Nonuniformities due to changes in form resistance as a result of cross-sectional
changes may be considered to be Froude number dependent. Thus, flow around
bridge piers or flow with a boundary that has large, widely spaced roughness ele-
ments experiences wave formation, and Froude number effects on the resistance
coefficient are introduced. Supercritical flow around bends or in contractions is
another case in which the resistance is Fronde number dependent.
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Relative velocity relationships for circular conduits compared 10 data for horseshoe conduits
(Sturm and King 1988). (Source: T. W, Sturm and D. King, “Shape Effects on Flow Resis-
tance in Horseshoe Conduits,” J. Hydr. Engrg., © 1988, ASCE. Reproduced by permission
of ASCE.)

Unsteadiness of open channel flow also brings with it changes in velocity dis-
tribution and resistance to flow. The occurrence of surface instabilities in supercrit-
ical flow, commonly called roll waves, is an example of the unsteadiness effect.
Rouse (1965) suggested that the increase in resistance due to roll waves could be
related to the ratio of the flow Froude number to the critical value of Froude num-
ber above which instability occurs (= 1.5 to 2. for wide channels). Berlamont and
Vanderstappen (1981) confirmed this formulation and further asserted that these
resistance effects are more likely to occur in wide channels. They indicated that
Froude number effects in supercritical flow may have been overlooked by some
investigators because these effects are small and independent of Reynolds number
when it 15 large.

In summary, the effects of unsteadiness, Froude number, nonuniformity, cross-
sectional shape, and roughness element concentration and arrangement, as well as
the usual Reynolds number and relative roughness effects, all can be expected to
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affect open channel flow resistance. Continued use of the Manning’s n means sim-
phy that we lump all of our ignorance about flow resistance into a single coefficient.
For example, it is difficult to establish the physical significance of observed
changes in Manning’s n with river stage because of the many factors that affect it.
Engineering experience will continue to dictate the choice of Manning's n values,
but they should be verified by field measurements as much as possible. In the case
of turbulent, partly full flow in smooth conduits, the Darcy-Weisbach f may be the
preferred resistance coefficient; however, the constancy of Manning’s n over a wide
range of flow conditions for a given boundary roughness, particularly in natural
channels, make it a valuable tool for assessing the effects of open-channel flow
resistance.

4.7
SELECTION OF MANNING’S n IN NATURAL CHANNELS

As mentioned previously, there is no substitute for experience in the selection of
Manning’s n for natural channels, Table 4-1 from Chow (1959) gives an idea of the
variability to be expected in Manning's n. The pictures of channels with measured
values of Manning’s n as given by Arcement and Schneider (1984), Bames (1967),
and Chow (1959) are very useful for developing preliminary values of Manning’s
n. Some of these photographs are given at the end of this chapter. In addition, for
those channels outside the engineer’s previous experience, the more regimented
procedure suggested by Cowan (1956} is helpful:

n=(n,+n +n,+ ny+n)m (4.26)

in which n, = the base value for a straight, uniform channel; n, = correction for
surface irregularities; n, = correction for vanations in the shape and size of the
cross section; n; = correction for obstructions; n, = correction for vegetation and
flow conditions; and m = correction factor for channel meandering. Values for each
of these corrections are suggested by Arcement and Schneider (1984) for both nat-
ural channels and floodplains.

4.8
CHANNELS WITH COMPOSITE ROUGHNESS

Under some circumstances, a natural or artificial channel may have varying rough-
ness across its wetted perimeter; for example, with different lining materials on the
bed and banks or vegetated banks with an unvegetated bed. The methodologies pre-
sented in this section are not meant for compound channels in which the geometry
and the roughness are significantly different on the floodplains compared to the
main channel. For compound channels, it is more appropriate to divide the channel
into main channel and floodplain subsections with different values of the roughness
coefficient 1o obtain the total conveyance, as will be discussed soon.
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TABLE 4-1
Values of the Manning’s Roughness Coefficient n

T ST T Gt AR T D AT T IR0 B e TA TR o ST WA L SR S TIOHE PR T B SIRART

Type of Channel and Description Minimum Normal Maximum

A. Closed Conduits Flowing Panly Full

A-1. Metal
a. Brass. smooth 0.009 0.010 0.013
b. Steel
. Lockbar and welded 0.010 0.012 0.01¢
2. Riveted and spiral 0.013 0.016 0.017
c. Cast iron
1. Coated 0.010 0.013 0.014
2. Uncoated 0.011 0.0t4 0.016
d. Wrought iron
1. Black 0.012 0.014 0.015
2. Galvanized 0.013 0.016 0.017
e. Corrugated metal
1. Subdrain 0.017 0.019 0.021
2. Stormn drain 0.021 0.024 0.030
A-2. Nonmetal
a. lLucite (.008 0.009 0.010
b. Glass 0.009 0.010 0.013
c. Cement
1. Neat, surface 0.010 0.011 0.013
2. Morar 0.011 0.013 0.015
d. Concrete
1. Culven, straight and free of debris 0010 0.011 0.013
2. Culvert with bends, connections, and
some debris 0.011 0.013 0.014
3. Finished 0011 0.012 0.014
4. Sewer with manholes, inlet, eic.,
straight 0.013 0.015 0.017
5. Unfinished, steel form 0.012 0.013 0014
6. Unfinished, smooth wood form 0.012 0.014 0.016
7. Unfinished, rough wood form 0.015 0.017 0.020
e. Wi
1. Stave 0.010 0.012 0.014
2. l.aminated, treated 0.015 0.017 0.020
f. Clay
. Common drainage tile 0.011 3.013 0.017
2. Vitrified sewer 0.011 0.014 0.017
3. Viinfied sewer with manholes,
indet, etc, 0.013 0.015 0.017
4. Viirifted subdrain with open joint 0.014 0.016 0.018
g. Brickwork
1. Glazed 0.011 0.013 0.015
2. Lined with cement mortar 0.012 0.015 0.017
h. Sanitary sewers coated with sewage
slimes. with bends and connections 0.012 0.013 0.016
1. Paved invert, sewer, smooth bottom 0.016 0.019 0.020
J-  Rubble masonry, cemented 0.018 0.025 0.030

{continued)
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TABLE 4-1 (Continued)

Type of Channel and Description

Minimum

RN

AMaxinmum

Normal
B. Lined or Built-up Channels
B-1. Metal
a. Smooth steel surface
1. Unpainted 0.011 0.012 0.014
2. Painled 0.0i2 0.013 0.017
b, Corrugated 0.021 3.025 0.030
B-2. Nonme1al
a. Cement
1. Neat, surface 0.010 0011 0.013
2. Monar 0.011 0.013 0.015
b. Wood
. Planed. untreated 0.010 0.012 0.014
2. Planed. creosoted .0t 1 0.012 0.015
3. Unplaned 0.011 0.013 0015
4, Plank with battens 0.012 0.015 0.018
5. Lined with roofing paper 0.0t0 0.014 0.017
¢. Concrete
1. Trowel finish 0.011 0.013 0.015
2. Float finish 0.013 0.015 0.016
3. Finished, with gravel on bottom 0.015 0.017 0.020
4. Unfinished 0.014 .017 0.020
5. Gunite, good section 0.016 0019 0.023
6. Gunite, wavy section 0.018 0.022 0.025
7. On good excavated rock 0.017 0.020
8. On irregular excavated rock 0.022 0.027
d. Ceoncrete bottom float finished with
sides of
. Dressed stone in mortar 0.015 0.017 0.020
2. Random stone in mortar 3.017 0.020 0.024
3. Cement rubble masonry. plastered 0.016 0.020 1.024
4. Cement rubble masonry 0.020 0.025 0.030
5. Dry rubble or riprap 0.020 0.030 0.035
e. Gravel bottom with sides of
. Formed concrete 0.017 0.020 0.025
2. Random stone in morar 4.020 0.023 0.026
3. Dry rubble or riprap 0.023 0.033 0.036
f. Brick
1. Glazed 0.011 0.013 0.015
2. In cement mortar 0.012 0.015 0.018
g. Masonry
1. Cemented rubble ¢.017 0.025 030
2. Dry rubble 0.023 .032 0.035
h. Dressed ashlar 0.013 0.015 0.017
1. Asphalt
1. Smooth 0.013 0.013
2. Rough Q.016 0.016
j. Vegetal lining 0.030 0.500
C. Excavated or Dredged
a. Earth, straight and uniform
1. Clean, recently completed 0.016 0.018 0.020
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Type of Channel and Description Minimum Normal Maximum
2. Clean, after weathering 0.018 0.022 0.025
3. Gravel, uniform section, clean 0.022 0.025 0.030
4. With short grass, few weeds 0.022 0.027 0.033
b. Earth, winding and sluggish
1. No vegetation 0.023 0.025 0.030
2. Grass, some weeds 0.035 0.030 0.033
3. Dense weeds or aquatic planis in
deep channels 0.030 0.035 0.040
4. Earnh bottom and rubble sides 0.028 0.030 0n3s
5. Stony bottom and weedy banks 0.025 0.035 0.040
6. Cobble bottomn and clean sides 0.030 0.040 0.050
c. Dragline excavated or dredged
1. No vegetation 0.G25 0.028 0.033
2. Light brush on barks 0.035 0.050 0.060
d. Rock cuts
1. Smoath and uniform 0.025 0.035 0.040
2. Jagged and irregular 0.035 0.040 .050
e. Channels not maintained, weeds and
brush uncut
1. Dense weeds, high as flow depth 0.050 0.080 0.120
2. Clean botom, brush on sides 0.040 0.050 0.080
3. Same, highest stage of flow 0.045 0.070 0.110
4. Dense brush, high stage 0.080 0.100 0.140

D. Natural Streams
D-1. Minor streams {top width at flood
stage << 160 ft)
a. Streams on plain
I. Clean. straight, full stage. no nfts

or deep pools 0.025 0.030 0.033
2. Same as above, but more stones

and weeds (.030 0.035 0.040
3. Clean, winding, some pools and

shoals 0.033 0.040 0.045
4. Same as above, but some weeds

and stones 0.035 0.045 0.050
5. Same as above, lower stages, more

ineffective slopes and sections 0.040 0.048 0.055
6. Same as 4, but more stones 0.045 0.050 0.060
7. Sluggish reaches, weedy, deep pools 0.050 6.070 0.080

8. Very weedy reaches, deep pools, or
floodways with heavy stand of
timber and underbrush 0.075 0.100 0.150
b. Mountain streams, no vegetation in
channel, banks usually steep. trees
and brush along banks submerged at

high stages
1. Bottom: gravels, cobbles, and

few boulders 0.030 0.040 0.050
2. Bottom: cobbles with large boulders 0.040 0.050 0.070

-2, Flood plains
a. Pasture, no brush
1. Short grass 0.025 0.030 0.035

{continued)
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TABLE 4-1 (Continued)

Type of Channel and Description Minimum Normal Maximum
2. High grass 0.030 0.035 0.050
b. Cultivated areas
1. Nocrop 0.020 0.030 0.040
2. Mature row crops 0.025 0.035 0.045
3. Mature field crops 0.030 0.040 0.050
c. Brush
1. Scattered brush, heavy weeds 0.035 0.050 0.070
2. Light brush and trees, in winter 0.035 0.050 0.060
3. Light brush and trees, in summer 0.040 0.060 0.080
4. Medium to dense brush, in winter 0.045 0.070 0.110
5. Medium to dense brush, in summer 0.070 0.100 0.160
d. Trees
1. Dense willows, summer, straight 0.110 0.150 0.200
2. Cleared land with tree stumps,
ne Sprouts 0.030 0.040 0.050
3. Same as above, but with heavy
growth of sprouts 0.050 0.060 0.086

4. Heavy stand of timber, a few down
trees, little undergrowth, flood stage

below branches 0.080 0.100 0.120
5. Same as above, but with flood stage
reaching branches 0.100 0.120 0.160

D-3. Major streams {top width at flood stage
> 100 ft). The n value is less than thai for
minor streams of similar description,
because banks offer less effective resistance.
a. Regular section with no boulders
or brush 0.025 . 0.060
b. Irregular and rough section 0.035 S 0.100

Source: Chow 1959, Used with permission of Chow estate.

Chow (1959) presented methods by Horton, Einstein and Banks, and Lotter for
obtaining a composite value of Manning's » for a single channel; that is, for the main
channel only of a compound channel or a canal with laterally varying roughness.
The Horton method is based on the assumption that the velocities in each wetted-
perimeter subsection are equal to one another as well as equal to the mean velocity
of the whole cross section. The resulting composite value of Manning’s #, denoted
n. is given by

>3

N
E Pni?
n. = L:—L‘;)_—“— 4.27)

in which P,, n, = wetted perimeter and Manning’s n of any section i; £ = wetted
perimeter of the entire cross section: and N = total number of sections into which
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the wetted perimeter is divided. The Einstein and Banks method assumes that the
total resisting force is equal to the sum of the resisting forces in each subsection and
the hydraulic radius of each subsection is equal to the hydraulic radius of the whole
section. The result is given by

n.=|———— (4.28)

Lotter’s formula is based on writing the total discharge as the sum of the discharges
in the subsections;
PR?
n, = W (4.29)
::2: n;
Finally, Krishnamurthy and Christensen (1972) derived another formula based on
the logarithmic velocity distribution, which gives n, as

i=)

N
S, P

i=1

N
;
2 Py Inn,

Inn, =

(4.30)

in which y, = flow depth in the ith section. Motayed and Krishnamurthy (1980)
used cross-sectional data from 36 streams in Maryland, Georgia, Pennsylvania, and
Oregon at U.S. Geological Survey gauging stations to test the four formulas just
given. An average value of the slope of the energy grade line obtained from the
measured depth and velocity distribution at a cross section was used to obtain a
“measured” composite value of Manning's n to compare with the formulas. The
results showed that the mean error between the computed _ and the measured n,
was by far smallest for the Lotter formula.

4.9
UNIFORM FLOW COMPUTATIONS

Whether the Manning or Chezy equation is used, there exists a unique value of the
uniform flow depth for a given channel geometry, discharge, roughness, and slope.
This depth is called the normal depth, and its magnitude relative to the critical
depth determines whether or not uniform flow is supercritical or subcritical for a
given set of channel conditions. If the normal depth is greater than critical, then the
uniform flow is subcritical and the slope is classified as mild. For a steep slope the
normal depth is less than critical depth. The actual classification of a given channel
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slope can change with the discharge as the relative magnitudes of normal and crit-
ical depth change.

The computation of normal depth using Manning’s equation proceeds by rear-
ranging the equation as

A g
P RIE) KHS 1:2

AR = (4.31)

in which the right hand side is completely specified by design conditions. The
design discharge may be set by flood frequency considerations; the roughness often
depends on the choice of a stable lining; and the slope is a function of the topogra-
phy. Equation 4.31 can be solved by trial or by a nonlinear algebraic equation solver
for a known geometry. In the case of a trapezoidal channel. for example, the equa-
tion in nondimensional form becomes

Pﬂ (1 + @9) ]‘” ”
b b _ ARY nQ

7 NREEREE :K L2583
{l + ;0(1 + m')”z} -

{4.32)

in which & = channel bottom width; m = sideslope ratio: and ¥, = normal depth.
As presented. the equation can be used in SI or English units simply by substituting
the appropriate value of K, and units for Q and b consistent with K,; that is, K, =
1.49 for ¢ in cfs and & in ft while K, = 1.0 for  in cubic meters per second and b
in meters. Equation 4.32 is shown as a graphical solution for normal depth in Figure
4.9 {Chow 1959). A similar solution can be developed for a circular channel. and it
is included in the figure with the diameter as the nondimensionalizing length scale,

When the flow is in the fully rough turbulent regime. Manning’s equation is
appropriate for computation of normal depth, but for the transitional and smooth
turbulent regimes, the Chezy equation should be used:

Qf'?
(8gS)!*

AR = (4£.33)

in which f = the Darcy-Weisbach friction factor. It has been placed on the right
hand side of the equation, although it depends on the Reynelds number and relative
roughness, which in turn are functions of the unknown normal depth. Equation 4.33
can be solved for normal depth by assuming a value of f and iterating with the
Moody diagram or Equation 4.18 (the Colebrook-White equation) with the pipe
diameter replaced by 4R and the constant 3.7 replaced by 3.0, so that the first term
on the right hand side reflects the Keulegan constant as & /12R {Henderson 1966).
The iteration required to solve Equation 4.33 may have discouraged its use in the
past, so that Manning’s equation often has been used without consideration of the
unknown variability of Manning’s n outside the fully rough flow regime. An alter-
native formulation of the Chezy equation for the smooth turbulent case is consid-
ered in the next section.
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Curves for calculating normal depth in circular, rectangular, and trapezoidal channels (Chow
1959). (Source: Used with permission of Chow estate.)

4.10
PARTLY FULL FLOW IN SMOOTH, CIRCULAR CONDUITS

In the case of PVC plastic pipe used for gravity sewers and detention basin outlets,
the Chezy equation with the Darcy-Weisbach frather than Manning’s n is preferred.
Experimental werk by Neale and Price (1964) has shown that PVC pipe can be con-
sidered smooth. Furthermore, their results indicate a relatively small effect due to
shape. The relation for f in smooth pipes is given by

L~ 20 log (ReVY) — 08 (4.34)

\/f

in which Re = Vd/vp is the Reynolds number; d = pipe diameter; and v = kinematic
viscosity. If we replace d by 4R in the Reynolds number, where R is the hydraulic
radius, and f by 8gA’RS/()? from the Chezy equation, then Equation 4.34 can be
recast into one with a more useful set of dimensionless variables:

Q* = 0/[d(2d5)""];
Re* = d(gdS)' */v;
and y/d, the relative depth.
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Discharge capacity of smooth, circular conduits flowing partly full.

The results of plotting (4.34) in terms of these dimensionless variables is
shown in Figure 4.10. This figure can be used to find the partly full flow depth in a
smooth pipe without trial and error.

4.11
GRAVITY SEWER DESIGN

The design of storm and sanitary sewers involves the determination of partly full
flow capacity for a given design depth or normal depth for a given discharge in cir-
cular conduits. The design is based on discharges determined either by population
estimates and corresponding wastewater rates per capita or by hydrologic calcula-
tions of peak runoff rates due to storm events. Because pressurized flow is avoided,
especially in sanitary sewers, the design problem is to select a conduit size that will
flow partly full for the design discharge. Even in storm sewers, undesirable flow
conditions can develop as full flow is approached. When the relative depth or fill-
ing ratio, ¥/d. nears 1.0, air access to the free surface is reduced with intermittent
opening and closing of the section (Hager 1999). Such a condition, referred to as
slugging in culvert hydraulics, results in streaming air pockets at the crown of the
pipe and pulsations that could damage pipe joints or cause undesirable fluctuations
in discharge. The only practical way of avoiding these difficulties in sewers is to
design for partly full flow.
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A further complication of the circular cross section occurs due to changes in
geometry as the pipe fills. The wetted perimeter increases more rapidly than the
cross-sectional area near the crown of the pipe with the result that the discharge
capacity decreases as the crown of the pipe is approached. This can be seen in Fig-
ure 4.9, as the curve for normal depth reaches a maximum in ARY and then
decreases as y/d approaches 1.0. In effect, there are two possible normal depths near
the crown of the pipe, and the upper one is unlikely to occur without slugging or
filling the pipe.

[t is sound practice to avoid these difficulties by designing the pipe for a filling
ratio of about 0.8 or less at maximum design flow. Older design criteria may have
specified y/d = 0.5 as the design filling ratio. but this does not make efficient use
of the pipe capacity. The initial part of the design is to calculate a pipe diameter that
will carry the maximum design discharge at. say, y/d = 0.8. This corresponds to a
value of nQ/K §"2d®%? = (0.305 from Manning's equation, as can be verified from
Figure 4.9. The initial diameter then is calculated from

”Q ]1{3
Knsl 2

assuming fully rough turbulent flow, which can be checked as described previously.
If Manning’s equation is not applicable, then the Chezy equation with the Colebrook-
White expression for the friction factor can be used. The initial diameter usually is
rounded up to the next commercial pipe size, and the actual flow depth is computed
for the commercial diameter. The uniform flow equation can be solved by trial and
error, with a computer program, or graphically using Figure 4.9 or Figure 4.10, as
appropniate, to find the normal depth.

The second part of the design is to check for the occurrence of self-cleansing
velocities to prevent the build-up of deposits in the sewer. It is desirable to have a
minimum velocity of at least 0.6 m/s (2.0 ft/s) to scour sand and grit from the pipe
at maximum discharge, although a value of (.91 mv/s (3.0 fi/s) is preferred (ASCE
1982). Velocities as low as 0.30 m/s (1.0 ft/s) at low flows are sufficient only to pre-
vent deposition of the lighter sewage solids. according to the ASCE manual. Hager
(1999) recommends a minimum velocity of 0.60 to 0.70 m/s (2.0 to 2.3 ft/s). Once
the normal depth has been determined for the selected commercial pipe diameter,
the actual velocity follows from Q4. ;.n/4, where A is the cross-sectional area cor-
responding to the normal depth; and Q. is the design discharge.

An altenative approach to self-cleansing velocities is the notion of equal self-
cleansing, so that nearly the same average boundary shear stress occurs at both
maximum and minimum flows. This may not always be possible without increas-
ing the slope of the pipe (ASCE 1982). Hager (1999) suggests a critical shear stress
7. of about 2.0 Pa (0.042 1bs/ft?) for self-cleansing in separale sewer systems. The
corresponding critical velocity and its variation with filling ratio are obtained by
setting the shear stress 7, = 7_so that the slope § = 7_fyR in Manning’s equation.
Solving for the critical velocity, V_, the resuit in dimenstonless form is

Vrn\/g

v = - [R]Ué (4.36)
© Ku,d'® d '

N x g

d= 1.56[ (4.35)
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Dimensionless critical velocity for self-cleansing of circular sewers.

in which u., = critical value of shear velocity = (7,/p)"2. The dimensionless
cleansing velocity is a unique function of the filling ratio, y/d, as shown in Figure
4.11. However, its value does not change significantly from about (.8 for y/d = 0.4,
although clearly, from Equation 4.36, the critical velocity itself depends on pipe
diameter and roughness. Also shown in Figure 4.11 as a design aid to assist in
determining the actual flow velocity is a plot of A/A, in which A = partly full flow
area and A, = full pipe flow area = md?*/4. For V} = 0.8, n = 0.015, and 7, = 2.0
Pa, the cntical velocity increases from 0.68 m/s (2.2 fu/s) to 0.86 m/s (2.8 ft/s) as
the diameter increases from 0.5 m {1.6 ft) to 2.0 m (6.6 ft).

EXAMPLE 4.1. Find the discharge capacity of a 24 in. (61 cm) diameter PVC
storm sewer flowing at 80 percent relative depth if the slope of the sewer is 0.003.
Assume that it is smooth.

Solution.  First find the geometric properties of the sewer at y/d = 0.8. The angle 8 is
v
4=2 cos"(l - 23) =2 cos (1 — 2 X 08) = 4.4286 rad

Then the area and wetted perimeter can be determined from the formulas given in
Table 2-1:

d* x ) .
A = (6~ sing) T = [4.4286 — sin(4.4286)] T = 269 ¢(0.25 m)
d 2
P =62 = 44286 X S = 443 ft(1.35 m)
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so that R = A/P = 2.69/4.43 = 0.607 ft (0.185 m). The friction factor comes from
Equation 4.34 for smooth surfaces with 4R as the length scale in the Reynolds number,
Re. This requires trial and error with Chezy's equation beginnning with an assumed
value of f. For example, assume £ = 0.015. then solve for 0 and Re:

'8¢ — 8 X 322 7 % hona
\/THA\/,}S -/ o X 2694 V0,607 X 0.003

0=
= 15.1 cfs (0.428 m'/s)
AR 15.1/2.694) x 4 X 607
Re=(Q PR _ 031 ) = 1.13 x 10®

v 12 x10°°

For this value of the Reynolds number. Equation 4.34 gives f = 0.01 14 by trial, which
is used in the next iteration. In the next iteration, ¢ = 17.3 ¢fs (0.490 m¥/s), Re = 1.30
X 10% and f = 0.0t 11. In the final iteration. @ = 17.5 cfs (0.496 m¥s), Re = 1.32 X
10°, and f = (.01 11, which is the same as the previous value. Check with Figure 4.10
by computing Re* = 2 X (32.2 X 2 X 0.003)"%/1.2 X 107% = 7.3 x 10* From Fig-
ure 4.10, read Q* = 10.0 and therefore @ = 17.6 cfs (0.499 m¥s), which is acceptable
considering the graphical error. The final answer is @ = 17.5 c¢fs (0.496 m¥/s). Note that
the equivalent value of Manning’s n from Equation 4.20 is 0.0090, but this will vary
with the Reynolds number.

EXAMPLE 4.2. Find the concrete sewer (n = 0.015) diameter required to carry a
maximum design discharge of 10.0 ¢fs (0.283 m?s) on a slope of 0.003. The minimum
expected discharge is 2.5 cfs ((.071 m?¥s). Check the velocity for self-cleansing.

Solution. First, estimate the diameter from Equation 4.35:

- 1.56[;91_:

n

38
] = 1.56 X {0.015 X 10/(1.49 x 0.003'%)]**

= 1.96 f1(0.597 m)

Round the diameter up to the next commercial pipe size of 2.0 ft (0.61 m) and solve for
the normal depth of flow. First, compute the right hand side of Equation 4.31:

nd 0015 X10
1.495'7  1.49 x 0.003'2

= |.838

Then set up a table as follows with assumed values of y/d from which 8, A, and R can
be computed using Table 2-1. lterate on »/d until ARY? = | 838.

yid 8, rad A, ft2 Pt R, It ARY?

0.6 3544 1.968 3.544 0.555 1.329
0.8 4.429 2.694 4.429 0.608 1.933
6.76 4235 2.562 4.235 0.605 1.833
0.762 4,245 2.569 4.245 0.605 1.838
This last iteration is considered acceptable: therefore, y, = 0.762 X 2 = 1.52 fi

(0.463 m) and V = 10/2.569 = 3.89 ft/s (1.18 nvs). This is considered more than
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adequate for self-cleansing at a maximum discharge. At the m:nimum discharge of
2.5 cfs (0.071 m'/s), calculate the normal depth using Figure 4.9:

ARTY  nQ 015 X 25 o
83 ENTE 11 o = .12
d 1.495%°d 1.49 X 00037 x 2

from which y/d is approximately 0.33 and y, = 0.66 ft. Now, from Figure 4.11, AlA; =
0.29and A = 0.29 X 7 X 2%4 = 0.9] ft’. Then V=0 =25%09] = 2.8 fus. Obtam
the critical velocity from Figure 4.11 in which V* = 0.75 and, from Equation 4.36,

v - 0751(;4 a's 075 1.49 X V0.0418/1.94 % 21 22 fi/s (067 mys)
= =075 X = 2.2 1t/s (0.67 m/s
n\Vg 0015 x V322

in which 7, = 0.0418 Ibs/ft* (2.0 Pa). The actual velocity is we2ll above the critical
value, so this is a satisfactory design.

4.12
COMPOUND CHANNELS

A compound channel consists of a main channel, which carries base flow and fre-
quently occurring runoff up to bank-full conditions, and a floodplain on one or both
sides that carries overbank flow during times of flooding. The Manning’s equation
is written for compound channels in terms of the total convevance, K, defined by
Q/$"2, in which Q is the total discharge and § is the slope of thz energy grade line,
which is equal to the bed slope in uniform flow. Because of the significant differ-
ence in geometry and roughness of the floodplains compared to the main channel,
the compound channel] usually is divided into subsections that include the main
channel and the left and right floodplains, although the floodplains may have addi-
tional subsections for varying roughness across the floodplain. If it is assumed that
the energy grade line is horizontal across the cross-section for one-dimensicnal
flow, then the slope of the energy grade line must be the same for each subsection
of the compound channel as well as for the whole cross section. From continuity,
Q = 2@, so it follows from equality of the slopes that K = >k, in which @, and &,
represent the discharge and conveyance in the ith subsection. respectively. There-
fore, the total conveyance for a cross section is computed as the sum of the con-
veyances of the subsections. For Manning’s equation, for example, the subsection
conveyance is k; = (K /n)A; R?3, so that conveyance represents both geometric
effects and roughness effects on the total conveyance and total discharge. As dis-
cussed by Cunge, Holly, and Verwey (1980), it is misleading to calculate, for a com-
pound channel, a series of composite values of Manning’s n from Manning’s equa-
tion for increasing values of depth and discharge. The result is likely to be a
composite n value that varies in an unexpected manner as depth increases, because
this approach lumps both roughness and geometric effects intoc Manning's n. What
is sought instead is a smooth function of increasing conveyance with increasing
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depth and discharge obtained by defining the total conveyance as the sum of con-
veyances in individual subsections. This is referred to as the divided-channel
method.

Some difficulty arises in the divided-channel method when the hydraulic
radius and wetted perimeter are defined for the floodplain and main channel sub-
sections. The customary division into subsections, as shown in Figure 4.12, uti-
lizes a vertical line betwcen the subsections along which the wetted perimeter
often is neglected. This is tantamount to assuming no shear stress between the
main channel and floodplain flows. In fact, significant momentum exchange
occurs between the faster moving main channel flow and the floodplain flow, so
that the total discharge is less than what would be expected by adding the dis-
charges of the main channel and floodplains as though they acted independently
(Zheleznyakov 1971). Myers (1978) and Knight and Demetriou (1983) measured
the apparent shear force on the vertical interface between the main channel and
floodplain and found it to be significant. Furthermore. the mean velocity for the
whole cross section actually decreases with increasing depth for overbank flow
until it reaches a minimum and then begins increasing again as demonstrated by
field measurements on the Sangamon River and Salt Creek in Illinois by
Bhowmik and Demissie {1982). The minimum in the mean velocity for the total
cross section occurred at an average floodplain depth that was 35 percent of the
average main channel depth.

Several attempts have been made at quantifying the momentum transfer at the
main channel-floodplain interface using concepts of imaginary interfaces included
or excluded as wetied perimeter and defined at varying locations. with or without
the consideration of an apparent shear stress acting on the interface. Wright and
Carstens (1970) proposed that the interface be included in the wetted perimeter of
the main channel and a shear force equal to the mean boundary shear stress in the
main channel be applied to the floodplain interface. Yen and Overton (1973), on the
other hand, suggested the idea of choosing an interface on which shear stress is in
fact nearly zero. This led to several methods of choosing an interface, including a
diagonal interface from the top of the main channel bank to the channel centerline
at the free surface and a horizontal interface from bank to bank of the main chan-
nel, as shown in Figure 4.12. Wormleaton and Hadjipanos (1985) compared the

Centerline

FIGURE 4.12
Compound channel with different subdivisions (H = horizontal; V = vertical; [ = diagonal).
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accuracy of the vertical, diagonal, and horizontal interfaces in predicting the sepa-
rate main channel and floodplain discharges measured in an experimental flume of
width 1.21 m (3.97 ft) and having a fixed ratio of floodplain width to main channel
half-width of 3.2. The wetted perimeter of the interface was either fully included or
excluded in the calculation of wetted perimeter of the main channel. The results
showed that, even though a particular choice of interface might provide a satisfac-
tory estimate of total channel discharge, nearly all the choices tended to overpredict
the separate main channel discharge and underpredict the floodplain discharge. It
was further shown that these errors were magnified in the calculation of the kinetic
energy flux correction coefficient.

Several empirical methods for determining discharge distribution have been
developed, based on experimental data collected in the flood channel facility at
Hydraulics Research, Wallingford, England. as described by Wormleaton and Mer-
rett (1990). The channel is 56 m (184 ft) long by 10 m (33 ft) wide with a total flow
capacity of 1.1 m¥s (39 cfs). In the experiments, the ratio of floodplain width to
main channel half-width varied from 1 to 3.5, and the relative depth (floodplain
depth/main channel depth} varied from 0.05 10 0.50. Two of the methods developed
from this data include a correction to the separate main channel and floodplain dis-
charges computed by Manning’s equation. Wormleaton and Merrett (1990) applied
a correction factor called the O index to the main channel and floodplain discharges
calculated by a particular choice of interface (vertical, diagonal, or horizontal),
which was either included or excluded from wetted perimeter. The & index was
defined as the ratio of boundary shear force to the streamwise component of fluid
weight as a measure of apparent shear force. The calculated main channel and
floodplain discharges, when multiplied by the square root of the & index for each
subsection, showed considerable improvement when compared to measured dis-
charges; and the best performance was obtained for the diagonal interface. A
regression equation was proposed for estimation of the ® index as a function of
velocity difference between main channel and floodplain, floodplain depth, and
floodplain width. Ackers (1993) also proposed a discharge calculation method for
compound channels using the Wallingford data. He suggested a discharge adjust-
ment factor that depends on coherence, defined as the ratio of the full-channel con-
veyance (with the channel treated as a single unit with perimeter weighting of
boundary friction factors) to the total conveyance calculated by summing the sub-
section conveyances. Four different zones were defined as a function of relative
depth (ratio of floodplain to total depth) with a different empirical equation for dis-
charge adjustment for each zone. In both methods, the regression equations are lim-
ited to the range of experimental variables observed in the laboratory.

An alternative approach to obtaining the discharge distribution has been the use
of numerical analysis to solve the governing equations. Wark, Samuels, and Ervine
{1990) and Shiono and Knight (1991) used the depth-averaged Navier-Stokes equa-
tions for steady uniform flow in a prismatic channel to solve for the lateral distri-
bution of velocity. Their approach requires specifying the lateral distribution of
eddy viscosity. Pezzinga (1994) applied a k-£ wurbulence closure model to the three-
dimensional (3D) Navier-Stokes equations for steady, uniform flow to predict sec-
ondary currents and the lateral velocity distribution. He showed that using the diag-
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onal interface illustrated in Figure 4.12 1o compute the total conveyance gave the
least error in the discharge distribution in comparison with the numerical model.

Other methods for compound channel discharge distribution have appeared in the
literature. Bousmar and Zech (1999) proposed a lateral momentum exchange model
based on the one-dimensional momenturn equation applied to the main channel with
lateral inflow and outflow. They derived an additional head loss term corresponding
to the exchange discharges at the interface. but it has to be obtaincd from the simulta-
neous solution of three nonlinear algebraic equations for the main channel and left and
right floodplains with specification of two empirical coefficients. Myers and Lyness
(1997) suggested two empirical power relations: (1) the ratio of total discharge/bank-
full discharge as a function of the ratio of total depth/bank-full depth. and (2} the ratio
of main channel discharge/{loodplain discharge as a function of the ratio of floodplain
depth/total depth. Sturm and Sadiq (1996) measured an increase in the main channel
value of Manning’s n of approximately 20 percent for overbank flow in comparison
to the bank-full value for two different laboratory compound-channel geometries.

While it should be apparent that much research effort has been expended on the
problem of discharge and its distribution in compound channels, a final solution
remains elusive. The methods based on laboratory data are limited to a specific
range of compound channel geometries. The 3D numerical approach of Pezzinga
(1994), with a more advanced turbulence model and more extensive verification by
experimental data, holds some promise for solving the problem. In the interim,
either the divided channel method, using a vertical interface with the wetted
perimeter included for the main channel but not the floodplain (Samuels 1989), or
the divided channel method with the diagonal interface that is excluded from wet-
ted perimeter seems to give the best results.

4.13
RIPRAP-LINED CHANNELS

As an application of uniform flow principles, the design procedure for riprap-lined
channels as developed in NCHRP Report 108 (Anderson, Paintal. and Davenport
1970) is given in this section. It is an extension of the method of tractive force
developed by the Bureau of Reclamation for stable channel design {Chow 1959).
Further modifications of the procedure by Chen and Cotton (1988) are discussed.

In contrast to a fixed channel lining such as concrete, rock riprap forms a flex-
ible channel lining that has the advantage of adjusting to minor erosion without fail-
ure and continuing to provide channel stability. The design philosophy is to choose
the channel dimensions and riprap size such that the maximum boundary shear
stress does not exceed the critical shear stress for erosion. As a part of the design
procedure, the flow resistance of the riprap is estimated.

Experimental data on the resistance of rock riprap are summarized in Report
108, and Manning’s » is taken as

n = 00441 (4.37)
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in which ds, = median particle size in feet. This equation is of the same form as
Strickler's equation for sand with the constant ¢, = 0.04 in English units.

The critical shear stress relation, also based on rock riprap data, is of the same
form as the Shields relation, which is described in detail in Chapter 10:

Toe = 4d50 (438)

in which 7, = critical shear stress required for initiation of motion in Ibs/ft* and
dy, = median particle size in feet. Equation 4.38 implicitly assumes that the parti-
cle Reynolds number is large enough that viscous effects are unimportant (i.e.,
Shields 7.. = constant; see Chapter 10).

Shear stress distributions are analyzed on both the bed and sides of trapezoidal
channels and the following relations are adopted in NCHRP Report 108:

(To)max = 1.5YRS (4.39)
(72 Ve = 1.2¥RS (4.40)

in which (7). = maximum bed shear stress, and (75}, = maximum sidewall
shear stress. Also shown from the theory of stable channels (see Chapter 10) is that
the tractive force ratio, K., at impending motion is given by

T sin®g '
K o= T | 441
T e [ sinztb} @4D)

in which 8 = side slope angle; ¢ = angle of repose of riprap: 75, = critical shear
stress on the sidewall; and 74 = critical shear stress for initiation of motion on the
bed. The tractive force ratio. K,, is less than 1 in value because a smaller critical
shear stress is required to initiate motion on the side slope due to the gravity force
component down the slope. Angles of repose and suggested side slopes, chosen
such that the ratios of maximum shear siress to critical shear stress are approxi-
mately equal on the bed and banks, are summarized in Figure 4.13.
The riprap design procedure can be summarized as follows:

Choose a riprap diameter and obtain ¢ and 6 from Figure 4.13.

Calculate the critical bed and wall shear stresses from Equations 4.38 and 4.41.

Determine Manning’s n from Equation 4.37.

For a given channel bottom width, discharge, and slope, find the normal depth

from Manning’s equation.

5. Calculate maximum bed and shear stresses from Equations 4.39 and 4.40 and
compare them with critical values.

6. Repeat with another riprap diameter and/or bottom width until the maximum

shear stresses are just smaller than the critical values.

o=

This procedure is simplified by Chen and Cotton (1988) in FHWA publication
HEC-15 for the special case of channel side slopes that are 3:1 or flatter. In this
case, the riprap on the side slopes remains stable, and failure occurs first on the
channel bed. In addition, Manning’s n is computed from the relationship developed
by Blodgett (1986) for the data shown previously in Figure 4.6. Blodgett (1986)
obtained a best fit of the data given by
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which is slightly different than the Keulegan equation with a constant of 1.85 mul-
tiptving the logarithnue term rather than 2.0. In addition, Blodgett substituted the
hydraulic depth for the hydraulic radius because they were nearly equal. This equa-
tion gives values of ¢, = n/d%’ of approximately 0.046 to 0.044 in English units
(0.056 to 0.054 in SI) for 30 < R/dy, << 185, which is the upper Limit of applica-
bility. Therefore, Equation 4.42 gives slightly higher values of Manning’s 2 than the
Anderson et al. equation (4.37), for which ¢, = 0.04 in English units. Recall that
- the Strickler value for ¢, is 0.039 in English units using the value given by Hager
(1999). Furthermore, Maynord (1991) determined ¢, = 0.038 in English units from
flume experiments using rock riprap in the intermediate scale of roughness (5 <
Rid, < 15) and suggested that this value also could apply in the lower range of
small-scale roughness (15 < R/d, << 45). Therefore, Equation 4.42 should give
conservative estimates of Manning’s n for riprap design.
The simplified procedure given in HEC-15 can be summarized as follows:

Choose a riprap diameter.

Calculate the critical bottom shear stress from Equation 4.38.

Estimate Manning's n from Equation 4.42 with an assumed depth.

Calculate the normal depth y, from Manning's equation and iterate on Man-
ning’s n from Equation 4.42,

5. Calculate the maximum shear stress on the bottom as yv,$ and compare it with
the critical stress.

Al e

4.14
GRASS-LINED CHANNELS

Channels also can be designed for stability with vegetative linings. This has been
done successfully by the Soil Conservation Service for many years, Vegetative lin-
ings are classified according to their degree of vegetal retardance as Class A, B, C,
D. or E. Permissible shear stresses are assigned to each retardance class, given in
Table 4-2 {Chen and Cotton 1988).

A description of each retardance class is given in Table 4-3. The flow resistance
as expressed by Manning’s » value is presented in HEC-15 as a function of channel

TABLE 4-2
Permissible shear stresses and constant a, for vegetative linings

Fisar

Retardance a, in Resistance
Class Permissible r,, psf Permissible 7, Pa Equation
A 3.70 177 247
B 2.10 100 307
C 1.00 48 36.4
D .60 29 40.0
E Q.35 17 427
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Classification of vegetal cover as to degree of retardance (SCS-TP-61)

Vegetal
Retardance
Class Cover Condition
A Weeping lovegrass Excellent stand, 1alt {average 30 in.) (76 cm)
Yellow bluestem
Ischaemum Excellent stand, tall (average 36 in.) (91 cm)
B Kudzu Very dense growth, uncut
Bermuda grass Good stand, tall (average 12 1n.) (30 cm)
Native grass mixture
(htte bluestem, bluestem.
blue gamma, and other
tong and short Midwest
grasses) Good stand. unmowed
Weeping lovegrass Good stand, tall (average 24 in.) (6] cm)
Lespedeza sericea Good stand, not woody, tall (average 19 in.) (48 cm)
Alfalfa Good stand, uncut (average t1 in.) (28 cm)
Weeping lovegrass Good stand, unmowed (average 13 in.} (33 cm)
Kudzu Dense growth, uncut
Blue gamma Good stand, uncut (average 13 in.) (28 cm)
C Crabgrass Fair stand, uncut (10 to 48 in.) {25 w0 120 cm)
Bermuda grass Good stand, mowed (average 6 in.} (15 cm)
Common lespedeza Good stand, vacut (average 'l in.) (28 cm)
Grass-legume mixture—
surnrmer (orchard grass,
rediop, Italian ryegrass,
and common lespedeza) Good stand, uncut (6 to B in.) (15 to 26 cm)
Centipedegrass Very dense cover (average 6in.) (15 cm)
Kentucky bluegrass Good stand, headed (6 to 12 in.) {15 to 30 cm)
D Bermuda grass Good stand, cut to 2.5 in. height (6 cm)
Common lespedeza Excellent stand, uncut (average 4.5 in.) (11 cm)
Buffalo grass Good stand, uncut (3o 61n.) (8 to 15 cm)
Grass-legume mixture—
fall, spring (orchard grass.
redtop, lialian ryegrass,
and common lespedeza) Good stand, uncut (4 to Siny (10to 13 cm)
Lespedeza sericea After cutting to 2 in. height (5 cm)
Very good stand before cutting
E Bermuda grass Good stand, cut to 1.5 in. height (4 cm)

Bermuda grass

Burned stubble

Note: Covers classified have been tested in expenmental channels. Covers were green and generally uniform.
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slope and hydraulic radius, R, based on the work of Kouwen, Unny, and Hill (1969).
These curves are shown in Figure 4.14. and they are based on the equation given by

R]f(;
n = 4.43
a, + 16.4 log{R'*5%%) @4
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Manning’s » for vegelated channels (Chen and Cotton 1988).
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in which the hydraulic radius R is in meters; § = channel slope in melers per meter;
and values of a, are given in Table 4-2,
The design procedure can be summarized as follows:

1. Choose a vegetal retardance class A, B, C. D, or E and determine the permissi-
ble shear stress, 7, from Table 4-2.
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FIGURE 4.14 (continued)
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FIGURE 4.14 (Continued)

2. Estimate a flow depth for given bottom width b and side slopes (m:1; m = 3)
and calculate the hydraulic radius, R.

3. Obtain Manning’s n value from Figure 4.14 or Equation 1.43 for the appropri-
ate vegetal retardance class and the given channel slope.

4, Calculate the normal depth from Manning’s equation for the design discharge
and compare with the assumed depth. Iterate on the depth until the correct Man-
ning’s n and depth y, have been determined.

5. Calculate the maximum bottom shear stress as 7, = ¥¥,S and compare it with
the permissible shear stress, 7,. Adjust the channel bottom width, slope, or veg-
etal retardance class until 7, = 7.

This design procedure can be used to design temporary linings such as jute,
fiberglass roving, straw with net, and synthetic mats that are useful for stabilizing
channels immediately after construction before a stand of grass develops. The per-
missible shear stresses and roughness values for temporary linings are given in
HEC-15 and by Cotton {1999).

EXAMPLE 4.3. A trapezoidal roadside ditch has a bottom width of 1.5 m and side
slopes of 3:1. The channel slope is 0.012, and the proposed channel lining is a grass-
legume mixture that has a height of 15 to 20 ¢cm. What is the maximum allowable dis-
charge for this lining?

Solution. This example illustrates an alternate design procedure from the one just
given that is useful for selecting the initial lining. From Table 4-3, the vegetal retar-
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dance class is C, and the permissible shear stress 7, = 48 Pa from Table 4-2, Then the
maximum allowable depth comes from setting r,, = yv,5 = 7, and solving for y,:

Tp 48

Yo

The geometric properties of area and wetted perimeter of the cross section for this
depth are

A = yo(b + my,) = 0408 X (1.5 + 3 X 0.408) = 1.11 m* {12.0 ft?)
P=b+2yV1+m'=15+2x0408 X V1 + 3* = 4.08m (134 fr)

Then the hydraulic radius R = A/P = 1.11/4.08 = 0.272 m (0.892 ft). From Figure 4.14
or Equation 4.43, the value of Manning’s n is 0.074. The allowable discharge from
Manning’s equation is

0= &AR:?SI-‘I - __1_0_ X 1.11 X (0 272)3'3 % (0.012)47?
n 0074 ’ '

= 0.690 m*/s (24.4 cfs)

The allowable discharge is compared with the design discharge to decide if this lining
is suitable. The final design depth is determined from the procedure given previously.

4,15
SLOPE CLASSIFICATION

Aside from its primary use in channel design, the normal depth used in conjunction
with the critical depth of flow is a useful concept in classifying slopes as mild or
steep and ultimately in classifying gradually varied flow profiles. A mild slope is
defined as a slope on which the uniform flow depth is subcritical; that is, normal
depth, y,, is greater than critical depth y.. For a steep slope, the uniform flow depth
is supercritical {y, < y.). At the boundary between these two cases, it is obvious that
Yo = Y so that it is useful to define a critical slope as that value of bed slope for
which uniform flow would occur at critical depth. Using Manning’s equation, the
critical slope, S, becomes

3 n2Q2

< KIAIRY (49

in which A_ and R, represent the area and hydraulic radius evaluated at critical
depth. A mild slope can be defined as having a bed slope, S, less than the critical
slope, S, while for a steep slope, S, > S,. The critical slope is understood to be a
calculated quantity to be used only as a criterion for classification of a slope as mild
or steep.

The critical slope is a function of the discharge, so that a particular bed slope
may be mild at some discharges and steep at others. This point is illustrated easily
with a very wide, rectangular channel. For this shape, the hydraulic radius may be
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Critical slope for a wide, rectangular channel.

approximated as the depth of flow, and the Manning's equation simplifies consid-
erably so that the critical slope becomes

(10792
Sc={ < }q'@f‘” (4.45)

from which the critical slope decreases with increasing discharge. For example, a
wide rectangular channel with a Manning’s n value of 0.015 has a bed slope of
0.004 as shown in Figure 4.15. At this value of bed slope, the slope changes from
mild to steep at a discharge of 0.216 m3/s/m (2.32 cfs/ft), which is called the criti-
cal discharge, g.. The minimum possible value of the critical slope for the wide rec-
tangular channel asymptotically approaches zero, and this is called the limit slope.

The limit slope for a rectangular channel that cannot be classified as very wide is
finite (Rao and Sridharan 1970). If the expressions for area and hydraulic radius for
a rectangular channel are substituted into Equation 4.44 and the discharge is elimi-
nated by the relation between critical depth and discharge, the critical slope becomes

gn® b+ 2y, |

If this expression for critical slope is differentiated with respect to y, and set to zero,
the minimum critical slope, or limit slope, occurs at y /b = 1/6 and has a value of

_2.67g nt
R b

(4.47)
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Cnitical slope for a rectangular channel in terms of the limit slope.

The expression for the critical slope in Equation 4.46 can be nondimensionalized in

terms of the limit slope to produce
e\
1+ 27"
S. ( b )
= =037 ——"—

T
b

This equation is plotted in Figure 4.16, from which we see that, for a bed slope less
than the limit slope, the slope remains mild for all possible discharges.

The limit slope can be used to nondimensionalize the expression for bed slope
S, from Manning’s equation written in terms of the Froude number of the uniform

flow F:
43
. (1 42 yf)
N 0375 ~— L

b

in which S, is the bed slope; §; is the limit slope; and y, is the normal depth. For
the case of F = 1, this equation reduces to Equation 4.48 with Sy = S, and y; =
¥.. Equation 4.49 is plotted in Figure 4.17 for different constant values of the

(4.48)

(4.49)
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Normal depth vs. slope for a constant Froude number (Rao and Sridharan 1970} (Source:
N. S. L. Rao and K. Sridharan, " Limit Slope in Uniform Flow Compurations,” J. Hyd. Div,
© 1970. ASCE. Reproduced by permission of ASCE.)

Froude number. It can be shown that the maximum value of the Froude number
oceurs at v,/b = 1/6 and has a value of

/S0
Foax =/ = 4.50
max SL ( )

This raises the possibility of designing a rectangular channel such that a given value
of the Froude number is not exceeded for any discharge the channel may experi-
ence. It is desirable to prevent the maximum Froude number from becoming too
close to unity because of the free-surface instability associated with critical flow.

EXAMPLE 4.4. A concrete-lined rectangular channel has a bottom width of 3.0 m
(9.8 ft) and a Manning's n of 0.015. The bed slope is 0.007. and the discharge is
expected to vary from zero to 60.0 m¥s (2120 cfs). Determine if the slope 1s steep or
mild over the full range of discharges. At what slope would the channel be mild for all
discharges?

Solution. First, find the limit slope from (4.47).

2.67g #? 267 X 9.81 .015°
L= L=

= (L.00409

2

K; b7 Lot 3
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Thus. the actual slope of 0.007 is greater than the limit slope. and discharges in both
the mild and steep slope classification are possible. Set S, = 0.007 in Equation 4.48 and
solve for v.. This is a trial-and-error solution with two roots. one for v./b > 1/6 and
another for x /b <0 1/6. The roots are y /b = 1.098 and 0.0115. from which v, =329
m (10.8 f) and 0.0345 m (0.113 fr). The corresponding discharges come from the rela-
tionship between flow rate per unit of width ¢ and v, for rectangular channels:

g, = \m = V981 x 3.20% = 18.7 m?/s (201 fi’/s)

in which only the upper value of y. has been illustrated. The other value of q. is 0.020
m*/s (0.22 ft¥/s) . The two values of critical discharge. Q, (= g.b). are 56.1 m's (1980
cfs) and 0.060 m¥s (2.1 cfs). Between these two discharges, the slope will be steep, and
for @ > 36.1 m*/s or @ < 0.060 m'/s. the slope will be mild. This can be seen in Fig-
ure 4.17 for the intersection of a vertical line, along which 5/S, = 0.007/.00409 = 1.71
and the curve for Froude number = 1.0. If the slope could be constructed 1o be less than
the limit slope of 0.00409, then it would be mild for all discharges.

4.16
BEST HYDRAULIC SECTION

From econemic considerations of minimizing the flow cross-sectional area for a
given design discharge, a theoretically optimum cross section can be derived,
although many other factors, including channel stability and maximum Froude
number, may be the overriding design criteria. Minimization of flow area implies
maximization of velocity for a given discharge and, therefore, a maximization of
hydraulic radius. R, for a given channel slope and roughness based on any uniform
flow formula. The problem can be recast then as minimizing the wetted perimeter,
P, for a fixed cross-sectional area, A, since R = A/P. Under this criterion, it is clear
that a semicircle would provide the best hydraulic section of all. For the rectangu-
lar section, the wetted perimeter, P, is given by P = b + 2y and substituting b =
Aly, we can differentiate P with respect to y while holding A constant and set the
result to zero:

P d A A
——:—[4-2}':':——‘;4'2:0 (4.51)
dy dy [y v-

Then, we see that the best rectangular section has A = 2y? and b = 2y, so that a
semicircle can be inscribed inside it. From the same reasoning (see the Exercises),
the best trapezoidal section is one for which R = /2 and m = 1/3%5, 50 that the side
slope angle 6 = tan™'(1/m) = 60° and the shape is that of a half-hexagon inside of
which a semicircle can be inscribed.

The best hydraulic section might be desirable only for a concrete-lined pris-
matic channel. If it is rectangular, an aspect ratio of b/y = 2 for the best section
would mean that a subcritical Froude number would be less than its maximum
value at b/y = 6 for a given slope. In addition, secondary currents would be much
more likely in the best section because of its small aspect ratio. However, once
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channel stability becomes an issue, the aspect ratio is likely to greatly increase to
keep the shear stress below its critical value.

4.17
DIMENSIONALLY HOMOGENEOUS MANNING’S FORMULA

While Manning’s # is firmly entrenched in engineering practice, there is a nagging
desire to transform Manning's equation in some way that will make it dimension-
ally homogeneous, which actually was the intent of Manning when he rejected the
equation that now bears his name. Equation 4.21 1mphes that Manning's » can be
thought of as having dimensions of length to the &+ power, with K, then having
dimensions of LY¥T. The nondimensionality of the equation, howuer still is ques-
tionable, because K, would have to lake on a value of 1.81 fi'"/s compared to
1.0 m'¥s in the SI system if Manning’s r were to be converted from m"¢ 1o fi'°.
Yen (1992b) suggested that this confusing state of affairs could be alleviated by
defining Manning’s equation to be

(8 ()= () v ua

i

in which n, = ng'?/K,. This would allow the equation to be truly homogeneous
with the capability of converting n, from ft"® to m'/ or vice versa with no corre-
sponding change of coefficients in lhe equation, so long as the dimensional units of
all other variables remained consistent. However, the current values of Manning'’s
n would need to be converted 1o #, in ft'/® by multiplying them by 32. 2Y21.49 =
3.81 and to n, in m'® by mulup]ymg them by 9.81°2 = 3.13. Yen (1992a) converted
Chow's tables of Manning’s n in this way. In addition. he derived values of equiv-
alent sand-grain roughness, &, for these tables. Given the established nature of cur-
rent values of Manning's n, the use of the tables for n, is likely to be unpopular
despite its desirability.

4.18
CHANNEL PHOTOGRAPHS

These photographs are provided by courtesy of the U.S. Geological Survey and
come from the work by Barnes (1967). For each river shown, the discharge and the
water surface profile over several cross sections were measured for a flood event,
and Manning’s n was calculated from the equation of gradually varied flow
described in Chapter 5. Figures 4.18 to 4.32 give Manning's » values for main-
channe! flow only (Bames 1967). The caption for each photograph shows the mea-
sured depth at the cross section aleng with the Manning’s n value. In some cases,
multiple events with different depths are shown, and the Manning’s n does not nec-
essarily remain constant. This could be due to changes in vegetation inundated for
different depths, effects of large roughness elements in shallow flows, or changes
in bed forms with stage, which will be discussed in more detail in Chapter 10.



FIGURE 4.18

Salt Creek at Roca, Nebraska: n = 0.030; depth = 6.3 ft. Bed consists of sand and clay. (U.S.
Geological Survey)

FIGURE 4.19

Rio Chama near Chamita, New Mexico: n = 0.032, 0.036: depth = 3.5, 3.1 ft. Bed consists
of sand and gravel. (U.S. Geological Survey)
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FIGURE 4.20

Salt River below Stewart Mountain Dam, Arizona: n = 0.032; depth = 1.8 ft.

Bed and banks consist of smooth cobbles 4 to 10 in. in diameter, average diameter about 6
in. A few boulders are as large as 18 in. in diameter. (U.S. Geological Survey)

FIGURE 4.21

West Fork Bitterroot River near Conner, Montana: n = 0.036; depth = 4.7 ft.
Bed is gravel and boulders: ds, = 172 mm; dg, = 265 mm. (U.S. Geological Survey)
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FIGURE 4.22

Middle Fork Vermilion River near Danville, Illinois: n = 0.037; depth = 3.9 ft. Bed is gravel
and small cobbles. (U.S. Geological Survey)

FIGURE 4.23

Wenatchee River at Plain, Washington: n = 0.037; depth = 11.1 ft. Bed is boulders; ds, = 162
mm; dgy = 320 mm. (U.S. Geological Survey)
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FIGURE 4.24

Etowah River near Dawsonville, Georgia: n = 0.041, 0.039, 0.035; depth = 9.8, 9.0, 4.4 ft.
Bed is sand and gravel with several fallen trees in the reach. (U.S. Geological Survey)

FIGURE 4.25

Tobesofkee Creek near Macon, Georgia: n = 0.043, 0.041, 0.039; depth = 9.2, 8.7, 6.3 ft.
Bed consists of sand, gravel, and a few rock outcrops. (U.S. Geological Survey)
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FIGURE 4.26

Middle Fork Flathead River near Essex, Montana: n = 0.041; depth = 8.4 ft. Bed consists of
boulders; dy;, = 142 mm; dyy = 285 mm. (U.S. Geological Survey)

FIGURE 4.27

Beaver Creek near Newcastle, Wyoming: n = 0.043; depth = 9.0 ft. Bed is mostly sand and
silt. (U.S. Geological Survey)
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FIGURE 4.28
Murder Creek near Monticello, Georgia: n = 0.043; depth = 4.2 fi. Bed consists of sand and
gravel. (U.S. Geological Survey)

Vo iinrs

FIGURE 4.29
South Fork Clearwater River near Grangeville, Idaho: n = 0.051; depth = 7.9 ft. Bed con-
sists of rock and boulders; ds, = 250 mm; dg, = 440 mm. (U.S. Geological Survey)
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FIGURE 4.30
Mission Creek near Cashmere, Washington: n = 0.057; depth = 1.5 ft. Bed of angular-shaped
boulders as large as 1 ft in di_ameter. (U.S. Geological Survey)
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A

FIGURE 4.31
Haw River near Benaja, North Carolina: n = 0.059; depth = 4.9 ft. Bed is composed of
coarse sand and a few outcrops. (U.S. Geological Survey)
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FIGURE 4.32
Rock Creek near Darby, Montana: n = 0.075; depth = 3.1 ft. Bed consists of boulders; d, =
220 mm; dgy = 415 mm. (U.S. Geological Survey)
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EXERCISES

4.1. Determine the normal depth and critical depth in a trapezoidal channel with a bottom
width of 40 ft, side slopes of 3:1, and a bed slope of 0.002 fu/ft. The Manning's n value
is 0.025 and the discharge is 3.000 cfs. Is the slope steep or mild? Repeat for n =
0.012. Did the critical depth change? Why or why not?

4.2, Compute normal and critical depths in a concrete culvert (n = 0.015) with a diame-
ter of 36 in. and a bed slope of 0.002 fUft if the design discharge is 15 ¢fs. Is the slope
steep or mild? Repeat for § = 0.02 fufi,

4.3. For a discharge of 12.0 m*/s, determine the normal and critical depths in a parabolic
channel that has a bank-full width of 10 m and a bank-full depth of 2.0 m. The chan-
nel has a slope of 0.005 and Manning’s n = 0.05.

4.4, For the horseshoe conduit shape defined in Figure 4.7. derive the relationships for
AlA; RIR,, and /0, where A,, R, and @, represent the full flow values of area,
hydraulic radius, and discharge, respectively. On the same graph, plot the relation-
ships together with those for a circular conduit. Plot y/d on the vertical axis. Note that
for the horseshoe conduit, A, = 0.8293 4* and R, =10.25384.
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4.5,

4.6.

4.7.

4.8.

4.9.

4.10.

4.11.

4.12.

4.14,

4.15.
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A diversion tunnel has a horseshoe shape with a diameter of 11.8 m. The slope of the
tunnel is 0.022, and it is lined with gunite (n = .023). Find the normal depth for a
discharge of 950 m?/s. Is the stope steep or mild?

A trapezoidal channel has vegetated banks with Manning's n = 0,040 and a stable
bottom with Manning’s n = 0.025. The channe! bottom width is 10 ft and the side
slopes are 4:1. Find the composite value of Manning's » using the four methods given
in this chapter if the flow depth is 3.0 ft.

Find the normal depth in a 12 in. diameter PVC storm sewer flowing at a discharge
of 1.2 efs if it has a slope of 0.001. Treat the pipe as smooth, and use the Chezy equa-
tion. Verify your solution with the graphical solution given in the text, What is the
equivalent value of Manning’s n for your solution? Would the value of 1 be the same
for other pipe diameters?

A circutar PVC plastic {smooth) storm sewer has a diameter of 18 in. At the design
flow. it is intended to have a relative depth of 0.8. At what minimum slope can it be
laid so that the velocity is at least 2 fu/s at design flow and deposited solids will be
scoured out by the design flow? How would vour answer for the minimum stope
change for a concrete sewer?

Design a concrete sewer that has a maximum design discharge of 1.0 m%s and a mini-
mum discharge of 0.2 m¥s if its slope is 0.0018. Check the velocity for self-cleansing.

Determine the design depth of flow in a trapezoidal roadside drainage ditch with a
design discharge of 3.75 m¥s if the ditch is lined with grass having a retardance of
class C. The slope of the ditch is 0.004 and it has a bottom width of 2.0 m with side
slopes of 3:1, Is the channel siable?

A very wide rectangular channel is to be lined with a tall stand of Bermuda £rass to
prevent erosion. If the channel slope is 0.01 fi/ft. determine the maximum allowable
flow rate per unit of width and velocity for channel stability.

Derive a relationship between the trapezoidal channel side slope and the angle of repose
of the channel riprap lining such that failure of the rock riprap occurs stmultaneously on
the bed and banks. Allow the angle of repose to vary between 30° and 42°. What is the
minimum value of the side slope. m:1, so that failure always would occur on the bed first®

- Design a riprap-lined trapezoidal channel that has a capacity of 1000 cfs and a slope

of 0.0005 fuft. Crushed rock is 1o be used and the channel bottom width is not to
exceed 15 ft. Determine the riprap size, the side slopes. and the design depth of flow.

A rectangular channel has a width of 10 ft and a Manning’s n value of 0.020. Deter-
mine the channe! slope such that uniform flow will always have a Froude number less
than or equal to 0.5 regardless of the discharge.

A rectangular channel in a laboratory flume has a width of 1,25 ft and a Manning’s n
of 0.017. To erode a sediment sample, the shear stress needs to be 0.15 Ibs/fi2. A
supercritical uniform flow is desired with the Froude number less than or equalto 1.5
10 avoid roll waves.
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{a) Calculate the maximum and minimum slopes to satisfy the Froude number
criterion.

() Choose a slope in the range determined from part (a} and calculate the depth
and discharge to achieve the desired shear stress,

A mountain stream has boulders with a median size (ds) of 0.50 ft. The stream can

be considered approximately rectangular in shape and very wide, with a slope of 0.01.

You may assume that k, = 2d,,

() For a discharge of 7.0 cfs/ft, calculate the normal depth and critical depth and
classify the slope as steep or mild,

(b) Discuss how a Manning’s n that is variable with depth affects the critical slope
and the slope classification,

Find the best hydraulic section for a trapezoidal channel. Express the wetted perime-
ter of a trapezoidal channel in terms of area, A, and depth, v, then differentiate P with
respect to y. setting the result to zero to show that R = y/2. Also differentiate P with
respect to the sideslope ratio, m, and set the result to zero. What is the best value of
m and what do you conclude is the best trapezoidal shape?

A compound channel has symmetric floodplains, each of which is 100 m wide with
Manning's » = 0.06, and a main channet, which is trapezoidal with a bottom width
of 10 m, side slopes of 1.5:1, and a bank-full depth of 2.5 m. If the channel slope is
0.001 and the total depth is 3.7 m, compute the uniform flow discharge using the
divided channel method, first with a vertical interface both with and without wetted
perimeter included for the main channel, then with a diagonal interface with wetted
perimeter excluded.

The power-law velocity distribution in a very wide open channel in uniform flow is
given by

in which u is the point velocity; u. is the shear velocity; a ts a constant; z is the dis-

tance above the channel bed; k; is the equivalent sand-grain roughness; and m is the

given fractional exponent that is constant.

(a) Find the mean velocity, V, in terms of gy and m, where w,, is the maximum
velocity at 7 = y; v, = depth of flow; and m = exponent in power law.

(b) Write the expression for V from part (a) in the form of a uniform flow formula
and deduce the value of the exponent m that is compatible with Manning’s
equation.

Velocity data have been measured at the centerline of a tilting flume having a bed of
crushed rock with dg, = 0.060 ft. Consider the Run 12 data that foliows, for which
@ = 240 cfs and § = 0.00281. The elevations. Z,, are given with respect to the bot-
tom of the flume on which the rocks have been laid one layer thick. The average bed
2levation of the rocks is 0.055 ft above the flume bottormn. Taking this elevation as the
origin of the logarithmic velocity distribution, determine the shear stress from the
velocity distribution and compare it with the value obtained from the uniform flow
formuja. Discuss the resuits.
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7. ft Velocity, ft/s
0.430 2.19
0.368 2,10
0.327 203
0.285 1.95
0.265 t.87
0.244 1.83
0.224 1.80
0.203 1.69
0.182 1.64
0.170 1.58
0.157 1.56
0.145 1.4
0.133 1.35
0.120 1.30
0.108 115
0.096 1.05
(.087 097
0.079 0.88

4.21. Write a computer program, in the language of your choice, that computes the normal

4.22.

4,23,

depth and critical depth in a ctrcular channel using the bisection method. The input
data should include the conduit diameter, Manning's roughness coefficient, slope, and
discharge, lNustrate your program with an example and verify the results for nermal
and critical depth,

Write a computer program fo design a trapezoidal channel with a vegetative or rock
riprap tining if the slope and design discharge are given. Allow the user to adjust the
vegetal retardance class, or the rock size and angle of repose, and the channel bottom
width and side slope inleractively.

Using the computer program Ycomp in Appendix B, find the normal and cntical
depths for the following compound channel section given in a data file. The discharge
is 3000 cfs, and the slope is 0.009. Plot the cross-section. [s this a subcritical or super-
critical flow?

“DUCKCR",19.4
-480,796
-440,788
-420,786
-305,784
-175,782
-95,780
-50,778
-30,776
-25,774
2,772
17,772
20,774



28.780

50.780

670.780

990.782

1070.784

1120.786

1260.810
-95..1,28,.04,670. .08

L1260, .05
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Gradually Varied Flow

5.1
INTRODUCTION

Gradually varied flow is a steady, nonuniform flow in which the depth variation in
the direction of motion is gradual enough that the transverse pressure distribution
can be considered hydrostatic. This allows the flow to be treated as one dimensional
with no transverse pressure gradients other than those created by gravity. The meth-
ods developed in this chapter should not be applied to regions of highly curvilinear
flow, such as can be found in the vicinity of an ogee spillway crest, for example,
because the centripetal acceleration in curvilinear flow alters the transverse pres-
sure distribution so that it no fonger is hydrostatic, and the pressure head no longer
can be represented by the depth of flow.

Even with the assumption of graduaily varied flow, an exact solution for the
depth profile exists only in the case of a wide, rectangular channel. The solution of
the equation of gradually varied flow in this case is called the Bresse function,
which provides useful approximations of water surface profile lengths subject to
the assumptions of a very wide channel and a constant value of Chezy's C. The
solutions to all other probiems, in the past, were obtained graphically or from tab-
ulations of the varied flow function based on hydraulic exponents as developed by
Bakhmeteff (1932) and Chow (1959). Currently, the use of personal computers and
the application of sound numerical techniques make these older methods obsolete.

5.2
EQUATION OF GRADUALLY VARIED FLOW

In addition to the basic gradually varied flow assumption, we further assume that the
flow occurs in a prismatic channel, or one that is approximately so, and that the slope

159
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of the encrgy grade line (EGL) can be evaluated from uniform flow formulas with
uniform flow resistance coefficients, using the local depth as though the flow were
localty uniform. With respect to Figure 5.1, the total head at any cross section is

b

H=:+v+a— (5.1)
28
in which z = channel bed elevation; y = depth; and V = mean velocity. If this
expression for H s differentiated with respect to x, the coordinate in the flow direc-
tion, the following equation is obtained:
W g g 52
dx € G dx it
in which S, is defined as the slope of the cnergy grade line; S, is the bed slope (=
—dz/dx); and £ is the specific energy. Solving for dE/dx gives the first form of the
equation of gradually varied flow:

95 s 5.3)
dx 0 ¢ (3.
dH
: ST T
aV</2g Slope of EGL, S, "7 --- 3 EGL
'--______“_- !

Bed

_ - — . Datum

FIGURE 5.1
Definition sketch for gradually varied flow.
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[t is apparent from this form of the equation that the specific energy can either
increase or decrease in the downstream direction, depending on the relative magni-
tudes of the bed stope and the slope of the energy grade line. Yen (1973) showed that,
in the general case. S, is not the same as the friction slope S,(= 7,/yR) or the energy
dissipation gradient. Nevertheless, we have no better way of evaluating this slope
than uniform {low formulas such as those of Manning or Chezy. It is incorrect, how-
ever, to mix the friction slope, which clearly comes from a momentum analysis, with
terms involving a. the Kinetic energy correction (Martin and Wiggert 1975).

The second form of the equation of gradually varied {low can be derived if it is
recognized that dE/dx = dE/dy - dy/dx and that. from Chapter 2, dE/dy = 1 — F?
provided that the Froude number is properly defined. Then. Equation 5.3 becomes

dv S5, — S,

= 3 5.4
dx 1 —F (54)

The definition of the Froude number in Equation 5.4 depends on the channel geom-
etry. For a compound channel, it should be the compound channel Froude number
as defined in Chapter 2, while for a regular, prismatic channel, in which da/dy is
negligible, it assumes the conventional energy definition given by aQ?BlgA’.

5.3
CLASSIFICATION OF WATER SURFACE PROFILES

Equation 5.4 can be used to derive the expected shapes of water surface profiles for
gradually varied flow on mild, steep, and horizontal slopes. for example. It is
important to identify these shapes before running a water surface profile program
because the location of the control, where a unique relationship exists between
stage and discharge, and the direction of computation (upstream or downstream)
depend on this knowledge. In effect, identification of the control for a given profile
amounts to specification of the boundary condition for the numerical solution of a
differential equation.

Equation 5.4 provides the tool for determining whether or not the depth is
increasing or decreasing in the downstream direction and also for determining the
limiting depths very far downstream and upstream for particular gradually varied
flow profiles. In order to deduce the shapes of the profiles, it is sufficient to deter-
mine qualitatively the relative magnitudes of the terms on the right hand side of
Equation 5.4. For this purpose and in the numerical computation of graduatly var-
ied flow profiles, we assume that the local value of the slope of the energy grade
line, S, can be calculated from Manning’s equation using the local value of depth
as though the flow were uniform locally. Therefore, the following inequalities hold
when comparing the magnitude of the local depth y at any point along the profile
with normal depth ¥,

V< vy S. 2 So (5.5)
y>Zye 85,58 (5.6}
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In addition, it is apparent that the value of the Froude number squared refative to
unity is determined by the magnitude of the local depth relative to the critical
depih v
vl v F- > | 5.7)
¥ oy F* < | (5.8)

Wiih these inequalities and Equation 5.4, the gradually varied {low profile shapes
can be determined, as shown in Figure 5.2.

The flow profiles shown in Figure 5.2 are designated M, S, C, H, or A for mild,
steep. critical, horizontal, and adverse slopes, respectively. The flow profiles are
further identified numerically as 1, 2, or 3 counting from the largest depth regicn
downward. based on the two or three regions delineated by the normal and critical
depth lines. Only two regions occur for critical, honizontal, and adverse slopes.
because normal depth does not exist in the latter two cases, while in the former
case. normal depth equals critical depth. Furthermore, all profiles are sketched
assuming that flow is from left to right. It is important to keep in mind that the con-
trol always is downstream for subcritical flows and upstream for supercritical
flows. Hence, the direction of compulation of subcritical profiles is upstream, and
for supercritical profiles. it is downstream.

Consider the mild slope in region | for which y > y, > y_. From the inequal-
ities in Equations 5.5 through 5.8, we can conclude that dy/dx > 0 so that the M1
profile always must have an increasing depth in the downstream direction. As y
approaches y, in the upstream direction, dy/dx approaches zero asymptotically,
while in the downstream direction dy/dx approaches 8, so that a horizontal asymp-
tote exists. The M1 profile sometimes is called the backwater profile and exists
where a reservoir “backs up water” in the tributary stream flowing into it. In region
2 on a mild slope, where v, << y < ¥,, S, > 85, and F < 1 so that dy/dx < 0. As y
approaches y, in the upstream direction, dy/dx approaches zera, so we have an
asymptotic approach to normal depth from below. In the downstream direction, the
M2 profile approaches critical depth where F = 1, but the manner in which it does
so is not immediately obvious. However, if we consider a mild slope followed by a
steep slope, S, > 5, upstream of the slope break, where critical depth occurs, while
downstream of the siope break, §, < §, because ¥ > v, on the steep slope. It can be
reasoned then that S; = §, at the slope break and both the numerator and denomi-
nator of (5.4) approach zero, so that dy/dx is finite as the water surface passes
through critical depth. In region 3 on a mild slope, where vy < y_ <y, §, > §, and
F =1, so that dy/dx > 0. As y approaches y, in the downstream direction, F
approaches 1, and dy/dx approaches infinity, although a hydraulic jump would
occur before that happens. In the upstream direction, both the numerator and
denominator of (5.4} approach infinity as the depth approaches zero, and dy/dx
approaches some positive finite limit that is of no practical interest, since there
would be no flow for no depth.

It is of interest to note that both M1 and M2 profiles, which are subcritical,
approach normal depth in the upstream direction, as controlled by the value of the
downstream depth. The other profiles in Figure 5.2 can be deduced in the same way
as for the mild slope. In contrast to the M1 and M2 profiles, the two supercritical
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profiles, 82 and $3. approach normal depth in the downstream direction, as deter-
mined by the value of the upstream depth.

Composite flow profiles for a variety of flow situations can be sketched as
shown in Figure 5.3. In Figure 5.3a, a mild slope is followed by a milder slope.
If the downstream slope i3 very long, with uniform flow established as the con-
trol, then the depth must remain at normal depth all the way to the upstream

Milder
{very iong)

Reservoir

FIGURE 5.3
Composite flow profiles with various controls.



CHAPTER 5: Gradually Varied Flow 165

slope. This is because the mild slope profiles cannot approach normal depth in
the downstream direction but onty diverge from it (1.e., M} and M2). As a result,
the upstream M1 profile does not begin until the upstream slope is reached. Fol-
lowing the same reasoning, the steep slope followed by a steeper slope in Figure
5.3b must have an 82 or S2 profile on the upstream slope that reaches normal
depth and remains there, it the slope is very long, until the break in slope is
reached.

The occurrence of critical depth is a very important control, shown at the break
between a mild and steep slope in Figure 53.3¢. Based on the preceding reasoning,
the water surface must approach some finite slope as it passes through acritical
depth. Critical depth also occurs at the entrance from a reservoir into a steep slope
and at a free overfall, where there is a similar release or acceleration of the flow, as
shown in Figures 5.3d and 5.3e.

The entrance from a reservoir into a mild slope is shown in Figures 5.3e and
5.3f. For the long mild channel in Figure 5.3e, the control is normal depth at the
entrance, if the channel is very long (hydraulically). but switches to the tailwater
depth if the channel is short as in Figure 5.3f.

Flow profiles on a mild or a steep slope with a sluice gate installed midway along
the channel are shown in Figures 5.3g and 5.3h, respectively. In Figure 5.3g, the
sluice gate forces an M1 profile to occur upstream and an M3 profile to emerge from
under the gate downstream. The M3 profile has an increasing depth until the momen-
tum equation is satisfied for the sequent depth occurring in the downstream M2 pro-
file. The result is a hydraulic jump (HJ). A similar situation is shown in Figure 5.3h,
except that the slope is steep and there is an 53 profile upstream of the jump and an
S1 profile downstream of the jump controlled by the position of the tailwater.

54
LAKE DISCHARGE PROBLEM

The flow situations illustrated in Figures 5.3d, 5.3e, and 5.3f lead to an importzint
problem if the discharge is unknown, because it is unclear whether the given slope
in fact is mild or steep. If the head H at the channel entrance is given, we can write
the energy equation for the steep slope in Figure 5.3d between the upstream lake
water surface and the channel entrance where the depth is critical {neglecting
losses) io give

H=yv + Q 3
T 2gA;

(5.9)

For depth equal to the critical depth. the Froude number must have a value of 1
so that

‘B..
aQ’8. (5.10)
gA,

¢
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On the other hand, if the slope is mild and the channel is very long as in Figure 5.3e,
the entrance depth is normal depth and the relevant equations for solving for Q and the
entrance depth are

-

H=y, + (5.11)

28A3
K, ...
Q =~ ARG S)? (5.12)

in which yj, s the normal depth. Which of the two conditions prevails can be deter-
mined by assuming that the slope is steep and solving Equations 5.9 and 5.10 for the
critical depth and critical discharge, y_and Q.. These values of y. and Q, then are
substituted into Manning’s equation to calculate the critical slope. If the bed slope
§y = §,. then the slope indeed is steep and the discharge is Q. On the other hand, if
Sy < §,, then the slope is mild and Equations 5.11 and 5.12 must be solved to deter-
mine the actual @, which will be less than Q.. In case the slope is not very long, the
normal depth, y, in Equations 5.11 and 5.12, must be replaced by an entrance depth,
¥. # ¥¢ which can be determined only from water surface profile computation. In
that case, Equation 5.12 is replaced by the equation of gradually varied flow, which
must be solved numerically as shown in the following section.

EXAMPLE 5.1. A very long rectangular channel connects two reservoirs and has a
slope of 0.005. The channel has a width of 10 m (32.8 ft) and a Manning’s n of 0.030.
If the upstream reservoir surface is 3.30 m (11.5 ft) above the channel inlet invert and
the downstream reservoir is 2.50 m (8.20 ft) above the outlet invert, determine the dis-
charge in the channel.

Solution. Initially assume that the slope is steep. In this case, Equations 5.9 and 5.10
are particularly simple for a rectangular channel. They become

o= —H=7x(35)=233m(7.66 ft)

g= Vgyi = V981 x 233 = 11.1 m¥s (120 ft¥/s)

in which /f = upstream head of the reservoir surface relative to the channel invert and
g = discharge per unit of channel width. The critical slope can be computed from

~ongt 0.032 % (10 x 11.14)?
- K,EA?R:B - (10 X 2.33) :|4'
(i0 + 2 X 233)

9%
[RY

i

= = 0011

L

1.0% X (10 x 2.33)* x {

Now, since 5, << §,, the slope must be mild. In that case, Equations 5.11 and 5.12 must
be solved simultaneously:

Q2 3 Q'.’ QZ
T = Yot PR B E—
20A2 19.62 % (10 X vo) 1962 X y2

35 =y, +

/3
)’o/

(10 + 2 X y,)*?

1.0 (10 X yp)*
0.03 (10 + 2 X y)**

K, Migl)2 1:2
Q =" AR SY? = X (0.005)"% = 109.4
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By trial and error, assume a value of v, (</3.5) and substituie it into the second equa-
tion to solve for Q. Then, substitute Q and v, into the first equation and iterate until the
result is 3.5 m {1 1.5 ft) for the head. Alternatively, the second equation can be substi-
tuted into the first and a norlinear algebraic equation solver can be applied. Solving by
tria} and error. the first trial gives ¥, = 3.0 m (9.8 fi), Q@ = 108 m¥s (3810 cfs). and H —
3.66 m (12.0 ft). For the second trial, Yo =25m(B.2ft). O = 82.8 m¥s (2920 cfs). and
H = 3.06 m (10.0 ft}. For the third and final trial, Yo =287 m1(942 1), O = 10t m¥s
{3565 cfs), and H = 3.50 m (11.5 fu), which gives the final answer. The critical depth
can be caleulated to be y, = tg7/g)' = 2.18 m (7.15 ft), so the slope indeed is mild.
The Froude number of the uniform flow is 0.66. The M2 profile starts from a depth of
2.5 m (8.2 f1) at the downstream end of the channel and approaches normal depth before
it reaches the upstream lake. since the channel is very long. This also can be referred to
as a hvdraulically long channel. We explore how long this really is in the next section.
This example neglected the approach velocity head and the channel entrance loss, but
these can be added easily without changing the solution procedure.

5.5
WATER SURFACE PROFILE COMPUTATION

The computation of water surface profiles has many important applications in engi-
neering practice. A prismatic drainage channel, storm sewer, or culvert designed for
uniform flow may be checked for its performance under gradually varied flow con-
ditions. Floodplain mapping, which is the determination of the extent of flooding
for a flood of specified frequency, requires water surface profile computations in a
natural channel of irregular and variable geometry, slope. and roughness.

The problem formulation in water surface profile computations usually speci-
fies a design discharge set by frequency considerations and requires the selection
of channel roughness, slope, and geometry. In the case of a natural channel. the
channel roughness, slope, and geometry are measured for a series of reaches within
which these parameters are relatively constant. With this information given, the
mathematical problem is to solve the equation of gradually varied flow to obtain the
depth as a function of distance along the channel, v = F(x), subject to a boundary
condition established by the channel control. The control can be a measured stage-
discharge refation. normal depth, critical depth, or a depth set by a hydraulic con-
trel structure.,

Two types of methods can be used to solve the equation of gradually varied flow
in the form of either Equation 5.3 or Equation 5.4. In the first type, the distance is
determined for a specified depth change. This approach can be classified explicit and
sometimes is called the direct step method, because the solution is direct, requiring
no iteration. Equation 5.4, for example, can be represented symbolically as dv/dx =
fiy). where fly) is the nonlinear function of vy specified by the right hand side of
Equation 5.4, in which both §, and F depend on the local depth y. This is an ordi-
nary differential equation for which the variables can be separated as

dy

dy = — 5.13
TS &3
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This equation ¢an be selved by numerical integration or finite-difterence approxi-
mation; in either case, a change in depth v is specified and the corresponding
change in x is computed explicitly. This means no control exists over the positions
x, or channel stations. where the solutions for depth are obtained. which is no prob-
lem in a prismatic channel, because the cross-sectional properties do not change
with distance x. In a natural channel. on the other hand. cross-sectional properties
are determined beforechand at particular locations, so that a different approach is
required, in which depth is computed as a function of specified changes in distance.
In this case, the variables are separated as

dy = f(v) dx (5.14)

and it appears that the numerical solution procedure has to be iterative to compute
the value of Ay for a specified Ax, because the unknown appears on both sides of
the equation. If iteration 1s required, the approach is considered imphcit. On the
other hand, a class of techniques, called predictor-corrector methods. that essen-
tially are explicit also can be applied 1o the problem posed in this way. with the
depth unknown at specified locations along the channel.

Regardless of the numerical solution technique chosen for solution of the equa-
tion of gradually varied flow, we will assume that the slope of the energy grade line,
S.. can be evaluated from Manning’s or Chezy’s equation using the local value of
depth. Essentially, the flow is assumed to behave as though it were locally uniform
for the purposes of evaluating the slope of the energy grade line. Effects of nonuni-
formity can be lumped into the resistance coefticient, but the condition of gradually
varied flow still must be satistied.

5.6
DISTANCE DETERMINED FROM DEPTH CHANGES

Direct Step Method

In principle, the direct step method couid be applied to either Equation 5.3 or 5.4
but usually is associated with the former. Equation 5.3 is placed in finite difference
form by approximating the derivative d£/dy with a forward difference. as described
in Appendix A, and by taking the mean value of the slope of the energy grade line
over the step size Av = (x,,, — x,) in which distance x and the subscript { increase
in the downstream direction. The result is

£ — K

Xiw) =X = T (5.15)

Se— 5.
where §, is the arithmetic mean slope of the energy grade line between sections §
and / + |, with the slope evaluated individually from Manning’s equation at euch
cross section. The variables £._,, E,, and §, on the right hand side of Equation 5.15
all are functions of the depth v. The solution proceeds in a stepwise fashion in Ax

-
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by assuming values of depth y and therefore values of specific energy. E. As Equa-
tion 5.15 1s written, x increases in the downstream direction. In general, upstream
computations utilize Equation 5.15 multiplied by —1, so that the current value of
spectfic energy is subtracted from the assumed value in the upstream direction and
Ax becomes (x; — x,_,). which is negative. Therefore, if the equation is solved in
the upstream direction for an M2 profile, for example, the computed values of Ax
should be negative for increasing values of y. Decreasing values of v should result
also in negative values of Ax for an M1 profile. For an M3 profile, which is super-
critical. increasing values of depth in the downstream direction correspond to
decreasing values of specific energy. and Equation 5.15 indicates positive values of
Avsince §, > §,.

Although the direct step method is the easiest approach. it requires interpola-
tion to find the final depth at the end of the profile in a channel of specified length.
Some care must be taken in specifying starting depths and checking for depth lim-
its in a computer program. In an M2 profile, for example. the starting depth should
be taken slightly greater than the computed critical depth. if it is the control.
because of the slight inaccuracy inherent in the numerical evaluation of critical
depth. In addition, the M2 profile approaches normal depth asymptotically in the
upstream direction, so that some arbitrary stopping limit must be set, such as 99
percent of normal depth.

EXAMPLE 5.2. A trapezoidal channel has a bottom width. b, of 8.0 m (26.2 ft) and
a sideslope ratio of 2:1. The Manning's n of the channe! is 0.025. and it is laid on a
slope of 0.001. If the channcl ends in a free overfall, compute the water surface profile
for a discharge of 30 m's.

Solution.  First. normal depth and critical depth must be determined. From Manning’s
equation,

DWBO + 2v)P*  0.025 x 30
[8.0 + 22, V1 + 277" 1.0 x 0.001

from which v, = 1.754 m (5.755 f1). Set the Froude number {QB7}/(VgA?) = | and
solve for critical depth:

[ (8.0 + 2x ) 30
S = ——— = 9.58
80+ 4] Vol

from which y, = 1.03 m (3.38 ft). Therefore, this is a mild slope and we are comput-
ing an M2 profile that has critical depth at the free overfall as the boundary condition.

The direct step method can be programimed as shown in Appendix B or solved in
a spreadsheet. as shown in Table 5-1. The values of v are selected in the first column:
and the formulas for determining the specific energy. E. and slope of the energy grade
line, §,, for a given depth are shown at the bottom of the spreadsheet. The arithmetic
mean of §, (Sebar) is computed in column 7. and the change in specific energy AE (Det
L) in the upstream direction is shown in column 8. Then, the equation of gradually var-
ied flow in finite difference form is solved for the distance step. Ax, as

AE 1.62E-04

Ax = —5 ~0.028 m { ~0.092 ft
F TS 5, (0001 - 6.69E-03; m (- )

= 2372
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FIGURE 5.4

M2 water surface profile computed by the direct step methed.

in the first step. Note that at least three significant figures should be retained in AE to
avoid large roundoff errors when the differences are small in comparison 10 the values
of E. In the last column, the cumulative values of Ax are given, and these represent the
distance from the starting peint to the point where the specified depth v is reached. After
the first step, uniform increments in depth v, with v increasing in the upstream direc-
tion, are utilized. The values of y are stopped at the finite limit of 1.745 m (5.725 ft),
which is 99.5 percent of normal depth. The length required to reach this point is 1271
m (4170 fu3, which is the length required for this channet to be considered hydraulically
long, but that length varies, in general. The depth increments can be halved until the
change in profile length becomes acceptably small. Alternatively, smaller increments in
depth can be used in regions of rapidly changing depth, and larger increments may be
appropriate in regions of very gradual depth changes. A portion of the computed M2
profile is shown in Figure 5.4.

Direct Numerical Integration

The direct numerical integration method is applied to Equation 5.4, which also can
be solved by the direct step method, but in this case numerical integration is
employed. In the integrated form, Equation 5.4 becomes

X ¥ 1 _Fl Yoo

J dy = x;, — x; = J —— dv = J glv) dy (5.16)
X, ¥ So = 3. i

The integrand on the right hand side of Equation 5.16 is a function of y, g(y). which

can be integrated numerically to obtain a solution for Ax, as shown in Figure 5.5.
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Area = x;, ¢ — x;

_\_\:LXXX\_— ]
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FIGURE 5.5
Water surface profile computation by direct numerical integration.

A vartety of numerlcal integration techniques are available, such as the trapezoidal
rule and Simpson’s | rule, which are commenly used 1o find the cross-sectional area
of a natural Lh'mncl for example. Simpson’s rule is of higher order in accuracy than
the trapezoidal rule. which simply means that the same numerical accuracy can be
achieved with fewer integration steps. Application of the trapezoidal rule to the
right hand side of (5.16) for a single step produces

t:&:])+g( )

Xy <X 5 vier — %) (5.17)

To determine the full length of a flow profile. (x, — x,), multiple application of the
trapezoidal rule results in

n—1

glvo) = 2(v) + 2 o3
L=x,~x,= Ay . L (5.18)

where L = profile length and Ay = (y,_, — y,) = uniform depth increment. Because
the global truncation error in the mulup]e application of the trapezmdal rule is of
order (Ay)?, halving the depth increment will reduce the error in the profile length
by a factor of 1/4. By successively halving the depth interval, the relative change in
the profile length can be calculated with the process continuing until the relative
error is less than some acceptable value.

-
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5.7
DEPTH COMPUTED FROM DISTANCE CHANGES

The second approach to the solution of the equation of gradually vaned flow is
exactly opposite to the first. In this class of methods, depth changes are determined
for specified changes in distance. This solution strategy i1s more appropriate for nat-
ural channels in which cross-sectional properties are determined by surveys al spe-
cific locations along the channel. but it can be used for artificial channels as well.
If Equation 5.4 is integrated to obtain a solution for depth as a function of distance,
it becomes

FUL SO _ S,g T
Ve T ¥, = TR de = f(y) dx {519

T

The difficulty with (5.19) is readily apparent when we recognize that the integrand
itself is a function of the unknown depth, v. An alternative is to use the Taylor series
expansion for v,_, and drop all terms beyond the first derivative term:

vior = ¥+ f(n)Ax (5.20)

where f(v) = dy/dx, which can be evaluated at point v, from Equation 5.4. This
method, known as Euler’s method, simply extends the slope of the solution curve
for depth v forward from x, as a straight line to obtain the next estimate of y at x|
The terms dropped from the Taylor series expansion make the local truncation error
O(Ax?) as discussed in Appendix A, while the global truncation error (local plus
propagated) for multiple steps is O(Ax) (Chapra and Canale 1988}, This is referred
1o as a first-order method. In general, it requires very small step sizes, and there-
fore considerable computational effort, to achieve acceptable accuracy.

An improved Euler’s method can be formulated by evaluating the slope of the
function at both x, and x;_ . then applying the arithmetic mean of the two slope esti-
mates o move the solution forward. However, because the slope cannot be evalu-
ated at i + 1, since v is unknown there, the value of .., is first predicted by the
Euler method to evaluate the slope f(y,, ). The value of y,. | then is corrected using
this estimate of the slope in the determination of the mean of the beginning and
ending slopes over the interval. The resulting predictor-corrector equations, known
as the Heun method, or corrected Euler method, are

o= v flv)Ax (5.21)

g 0
Yool = Vs + [-f(ll) +2.f(.\'l*l)] A.K (522)

in which the superscript zero is used to identify the predicted value of ¥, in (5.21),
which then is substituted into the corrector formula given by (5.22). This, referred
10 as a one-step predictor-corrector method, is part of a larger class of solution
techniques known as Runge-Kuita methods. Also apparent is that Equations 5.21
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and 5.22 can be iteraled back and forth to improve the <lution. However, the iter-
ative approach must be used with caution because the error actually may grow
rather than shrink (Beckett and Hurt 1967). If Equations 3.21 and 5.22 are not ier-
ated. they can be shown to be a second-order Runge-Kutta method (Chapra and
Canale 1988) with a global error that is O(AxD),

EXAMPLE 5.3, Compute the M2 protile of Example 3.2 using the corrected Euler
method without iteration and compare the results.

Solution.  The solution is accomplished in the spreadsheet shown in Table 5-2. using
Equations 5.21 and 5.22. First, the values of area (A1), hs draulic radius (R1), and top-
width (B1) are computed for the initial value of depth (v 1. because they are needed 10
calculate the function f(y)
S() B Sw

f(‘r) | — F?
The value of f(y1) is given in column 6. The predicted value of v, (y2:pred) at the end
of the spatial interval is given in column 7, computed from Equation 5.21 using the
value of f(y,) in column 6. Columns 8. 9, and 10 are needed 1o compute the value of
f(y2:pred) in column 11. The corrected value of ¥; is computed from Equation 5.22 in
column 2 of the next row for a given step size in x, and the process begins agatn. Al a
distance of 127} m (4170 fu). the corrected Fuler method gives a depth of 1.744 m
(5.722 ft), while the direct step method yields a depth of 1.745 m (5.725 ft) at the same
location. This is a relative difference in depth of less than 0.1 percent. If the interval
size in depth y is halved in the direct step method, the resulting depth rounds to 1.744 m
(5.722 ft) in agreement with the corrected Euler method. At the beginning of the com-
putation in Table 5-2, the steps in the spatial coordinate x have been taken to be very
small because of the steep, rapidly changing slope of the M2 water surface profile near
critical depth,

The most popular Runge-Kutta method is the fourth-order method, which
requires four equations or steps to proceed from point i to point { + 1. The equa-
tions are recursive, in that each uses a value computed from the previous one. The
method can be summarized by

1
Y1 =wt [g {(ky + 2ky + 2k; + L})}Ax (5.23)
in which

ki = flx,v,) (5.23a)

A A
k2=f(xi+‘x:y.‘+_xk;) (5.23b)

2 2

A A
ks =f(x, + —x, y;, + ik:) (5.23¢c)

2 2
ko= flx; + Ax, ¥, + Axk,) (5.23d)
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The fourth-order Runge-Kutta method can be applied with adaptive step size con-
trol such that, at each step, the step size is first taken as a full step and then taken
as two half steps. The difference between the two estimates of depth is used to
adjust the step size so that some specified relative error criterion is met on a step-
by-step basis (Chapra and Canale, 1988). In general, the direct step method often
is sufficient for water surface profile computation. but the fourth-order Runge-
Kutta method may be useful where a high degree of accuracy is required.

An iteration procedure for the second-order predictor-corrector method of
(5.21) and (5.22) has been proposed by Prasad (1970) for water surface profile
computation in rivers. His procedure is summarized by the following:

1. Calculate fiv) for v = y;

SO - S(’(}l)
) = : 5.24
f() | = FO) (5.24)
2. Setf(v,.,) = f(v,) as an initial guess.
3. Calculate ¥, _, for a given Ax from
iy flvie
=y L) 2f( DI (5.25)
since dy/dx = f(y).
4. Calculate f{y, ) from
Sy = S,0vi1)
‘ = —yn 5,26
f(."l+}) I _ F-(}'i+1) ( )

5. Check f(y,. ) from step 4 against the previous value and repeat steps 3 through
5 until they agree within a certain error criterion.

While this method does converge, numerical problems can arise when critical
depth is approached as in an M2 or M3 profile. When this happens, the denomina-
tor in f(y,) approaches zero as F* approaches 1. These problems can be handled by
using smaller step sizes near the critical depth and starting and stopping the profile
computation within some finite interval away from critical depth. It also should be
apparenl that, for overbank flow, the compound channel Froude number should be
used in the equation of gradually varied flow. Otherwise, incorrect values of criti-
cal depth are accepted, and the resulting profile is incorrect as well.

EXAMPLE $5.4. Consider the lake discharge problem of Example 5.1, except that
the mild slope (§ = 0.005) has a length of 500 m (1640 f1}, followed by a slope with a
value of 0.02 and a length of 200 m (656 ft), as shown in Figure 5.6. The Manning’s n
of the downstream channel is 0.030 and its width is 10.0 m (32.8 ft), which are the same
values as for the upstream channel. Sketch the possible water surface profiles and com-
pute one of them for a downstream lake level of 5.0 m (16.4 ft) above the outlet invert.
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FIGURE 5.6

Water surface profiles and momentum function for the location of a hydraulic jump in
Example 5.4.

Solution. We assume at first that the mild slope length of 500 m (1640 ft) qualifies it
to be hydraulically long, so the discharge is controlied by normal depth on the mild
slope and it is 101 m/s (3565 cfs), as determined in Example 5.1. This means that the
critical slope of 0.011 in Example 5.1 still is valid, and therefore the downstream slope
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‘YX M1 5

Reservoir
- ;‘_HJ
Mild : CoL
{very long) NDL
FIGURE 5.7
Possible water surface profiles for increasing tailwater with normal depth control on a mild
slope.

of 0.02 15 steep. The critical depth of 2.18 m (7.15 f1) is the same for the steep slope,
but its normal depth needs to be calculated from Manning's equation:

[10 + 2% %7 1.0 x 0.02'°

[0y 0.030 x 101

= 2142

from which v, = 1.78 m (5.84 ft). The downstream lake level is above both normal and
critical depth on the steep slope, which means an S1 profile, as shown in Figure 5.6a.
At the upstream end of the slope, critical depth will occur at the break in slope. One
possibility for the composite water surface profile is an M2 on the mild slope followed
by an 52 on the steep slope and a hydraulic jump to the S§1 profile. Other possibilities
are shown n Figure 5.7 as the downstream lake level rises. At some level. the hydraulic
jump and the critical depth will be drowned out, and the S1 profite will occur along the
entire steep slope and join the M1 profile on the mild slope. Which of these possibili-
ties actually will occur can be determined only by a water surface profile computation.

The computer program WSP in Appendix B. which uses the direct step method,
was applied to this problem with a downstream lake level of 5.0 m (16.4 ft). as the tail-
water condition. First, the M2 profile was computed upstream from critical depth at the
break in slope, then the S2 profile was computed downstream from the same point.
Finally, the S1 profile was computed upstream from the downstream lake level. The
results are shown in Figure 5.6a, The location of the hydraulic jump is determined in
Figure 5.6b from the intersection of the momentum function curves computed at each
step of the water surface profile computation. The length of the jump is neglected so
the location is at the unique point where both the momentum ¢quation and the equation
of gradually varied flow for the S2 and S1 profiles are satisfied simultaneously.

As a check on whether the mild slope is hydraulically long, 99.9 percent of nor-
mal depth is reached at x = 65 m (213 ft) downstream of the channel entrance, so the
slope in fact is long enough that the control remains at the entrance to the mild slope.
The 52 profile reaches normal depth within 0.1 percent at x = 595 m (1950 ft), which
is upstream of the channel exit, so it can be considered hydraulically long as well. The
hydraulic jump also occurs at x = 595 m (1950 f1).

-

Tailwater
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5.8
NATURAL CHANNELS

The method of depth determined from distance is used in natural channels by solv-
ing the equation of gradually varied flow in the form of the energy equation writ-
ten from one station to the next:

Vi v;
S:"’QZ ’)g —WSI +a|£+h, (527)

in which the terms are defined in Figure 5.8. This, in effect. is the integrated form
of Equation 5.3, except that minor losses are added to the boundary losses in k,;

s .
aVs oV

2¢ 2g

h,=SL+K, (5.28)

in which S, = mean slope of the energy grade line; L = reach length; X, = minor
head loss coefficient; and « is evaluated by Equation 2.31. The form of Equation
5.27 is written for cross-section numbers increasing in the upstream direction. The
solution s obtained by iterating on the difference between the assumed and calcu-
lated water surface elevations, using a method such as interval halving or the secant
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FIGURE 5.8

Definition sketch for the standard step method (U.S. Army Corps of Engineers 1998).
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method. The programs HEC-2 and HEC-RAS (U.S. Army Corps of Engineers
1998) use the secant method for solution. When applied to natural channels, this
overall solution procedure is referred to as the standard step method and also is
used by WSPRO (Shearman 1990). Rhodes (1995) applied the Newton-Raphson
technique to the iteration required in the standard step method and illustrated the
method for the particular cases of prismatic rectangular and trapezoidal channels.

The default value of the minor head loss coefficient, K,.in(5.28) is taken 1o be
0.0 for contractions and 0.5 for expansions by WSPRO (Shearman 1990), In HEC-2
or HEC-RAS. the recommended values of K, are 0.1 and 0.3 for gradual contrac-
vons and cxpansions, respectively, and 0.6 and 0.8 for abrupt contractions and
expansions.

The computation of the mean slope of the energy grade line can be accom-
phished by several optional equations. In general, S, = (Q/K)*. in which K is the
conveyance for any particular cross section. To obtain the mean value of 3, for two
cross sections, the following options are available:

1. Average conveyance

- o
S, = - .29
¢ {K1+KBJ* 5:29)
2
2. Average EGL slope
o S(‘I + S‘r]
T Ty {5.30)
3. Geometric mean slope
- Q0-
‘T KK (5.3
4. Harmonic mean slope
TS+ S, 02

Method | is used as a default by HEC-2 and HEC-RAS, while method 3 is the
default used by WSPRO. Method 2 has been found to be most accurate for M1 pro-
files, while method 4 is best for M2 profiles (U S. Army Corps of Engineers [998).

The computation of water surface profiles in natural channels must proceed in
the upstream direction for subcritical profiles and in the downstream direction for
supercritical profiles because the control is located downstream for subcritical and
upstream for supercritical profiles. Whether a profile on a given slope is suberitical
or supercritical depends on whether the depth is greater or less than critical depth,
which is determined by the discharge and the boundary condition.
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In a natural channel divided into subreaches, the normal depth changes for each
subreach as the slope, roughness. and geometry change, Therefore, water surface
profiles in natural channels can be viewed as transition profiles between normal
depths; that is. a collection of M1 and M2 protiles on mild slopes. If the normal
depth at a specific location is desired as a downstream boundary condition, several
water surface profiles can be started from further downstream until asymptotic con-
vergence to normal depth is achieved (see the M1 and M2 profiles in Figure 5.2).
In reality, when the depth reached by two backwater profiles is within a specified
tolerance, convergence is assumed. Davidian (1984) suggests the use of two M2
profiles to determine convergence.

Cross sections for water surface profile computation are selected to be repre-
sentative of the subreaches between them. as shown in Figure 5.9. Such lecations
as major breaks in bed profile, minimum and maximum cross-sectional area, abrupt
changes in roughness or shape. and control sections such as free overfalls always
are selected for cross sections. Cross sections need to be taken at shorter intervals
in bends, expansions, low-gradient streams, and where there is rapid change in con-
veyance (Davidian 1984).

Some cross sections may require subdivision where there are abrupt transverse
changes in geometry or roughness. as in the case of overbank flows. This must be
done with care, however, or unexpected results are obtained. In general, if the ratio
of overbank width to depth is greater than 5 or if the ratio of main channel depth to
overbank depth exceeds 2, subdivision is recommended (Davidian 1984).

The occurrence of both supercritical and suberitical depths in a river reach,
referred to as a mixed-flow regime. requires special attention in natural channels. In
a prismatic channel in which a hydraulic jump is expected, as for example in a
reach with an upstream supercritical and downstream subcritical profile, the
momentum function is computed for each profile and the intersection of the two
momentum function profiles determines the location of a hydraulic jump, as shown
in Example 5.4. In a natural channel with a slope near the critical slope, however,
finding the exact location of the jump is not possible because of the continuous
variation in geometnc properties of the cross sections. Instead, the HEC-RAS pro-
gram computes a subcritical profile in the upstream direction, starting from the
downstream boundary condition. then computes a supercritical profile in the down-
stream direction. usually beginning from critical depth. At each cross section where
both a supercritical and a subcritical solution exist, the value of the momentum
function is computed and the depth with the higher value accepted. If, for example,
the subcritical depth has the higher value of the momentum function, this means the
jump would be submerged at this location and move upstream, so the subcritical
depth would be accepted. At any cross section where the HEC-RAS program or
WSPRO cannot “balance” the energy equation, the critical depth is taken as the
solution and computations proceed. If the depth is critical for both supercritical and
subcritical profiles at a given cross section, then it is likely to be a critical control
section.

Waler surface profiles computed using the Prasad method and the compound
channel Froude number (Sturm., Skolds, and Blalock 1985) are illustrated in Figure
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FIGURE 5.9
Hypothetical cross section showing reaches, segments, and subsections used in assigning »

values (Arcement and Schneider 1984).

5.10 for a laboratory model study. The channel is a 21.3 m (70 ft) long movable-
bed model of an alluvial river. A total of eight river cross sections were used in the
computations for a constant discharge of 0.0341 m¥/s (1.20 cfs). Water surface pro-
files were measured after the sediment bed had approached equilibrium. The sedi-
ment size was uniform with dg;, = 3.3 mm (0.0108 ft) and Manning’s n = 0.016.
The compound channel Froude number was used to calculate the critical depth for
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Measured and computed water surface profiles in a river maodel (Sturm, Skolds, and Blalock
1985). (Source: T. W Sturm, D. M. Skolds, and M. E. Blalock. “Water Surface Profiles in
Compound Channels.” Proc. of the ASCE Hyd. Div. Specialty Conference, Hyvdraulics and
Hvdrology in the Small Computer Age, © 1985, ASCE. Reproduced by permission of ASCE.)

each cross section and to identify a particular solution of the energy equation as
supercritical or subcritical. Both subcritical and supercritical profiles were com-
puted. as shown in Figure 5.10. At cross sections 10 and 13, critical depth was
returned as the solution for both profiles because neither a subcritical nor a super-
critical solution could be found. The measured depths also are in close agreement
with the computed values of critical depth at these two cross sections, indicating
that they indeed are critical. At cross sections 12 and 9, just downstream of cross
sections 13 and 10, respectively, both a supercritical and a subcritical solution exist
but the measured values are subcritical. This would indicate a weak hydraulic jump
or perhaps simply standing waves between cross sections 13 and 12 and between
10 and 9. Computationally, the depth with the higher value of the momentum func-
tion is chosen between the supercritical and subcritical depths at cross sections 12
and 9 (U.S. Army Corps of Engineers 1998). If, for example. the subcritical solu-
tion has the higher value of the momentum function. then the jump would be
drowned out at that section and moved upstream. The importance of correctly pre-
dicting the critical depth in this example should be apparent; otherwise, an incor-
rect interpretation of the profile and selection of the wrong regime can occur.

EXAMPLE 5.5. (ADAPTED FROM L.S5. ARMY CORPS OF ENGINEERS
1998). Apply the HEC-RAS program to Skillet Creek, as shown in Figure 3.11, and
compute the water surface profile for a discharge of 2000 ¢fs (36.6 m?/s) in the upper
reach, 500 cfs {14.2 m%/s) in Possum Creek, and a total of 2500 cfs (70.8 m?/s) in the

.
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FIGURE 5.11
Stream layout schematic for HEC-RAS, Example 5.5.

entire lower reach of Skillet Creek. Assume a subcritical profile and use a downstream
boundary condition of the slope of the energy grade line equal to (.0004 at Station
2500. The difference between stations indicates reach lengths in feet in Figure 5.11.
Manning’s r values are 0.06 in the left flocdplain, 0.035 in the main channel, and vary
from 0.05 to 0.06 in the right floodplain. {All cross-section data are not shown.)

Solution. The schematic layout of the river system shown in Figure 5.11 is emtered
graphically by the user, and the cross-section geometry data are entered and edited
interactively. The user must then enter discharge data and boundary conditions before
camputing the profile. The computed water surface profile, along with the critical depth
line. are shown in Figure 5.12 for the main stem, with the distance scale indicating dis-
tance upstream of Station 2500. The water surface profile is computed up to Station
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Computed water surface profile for HEC-RAS, Example 5.5.

3450 at the Crosstown junction. Then, the energy equation is applied across the junc-
tion, first from Station 3450 to Station 0 on the tnbutary and then from Station 3450 to
Station 3500 on the main stem. A length of 50 ft was specified across the junction. Both
friction losses and minor losses (contraction and expansion) are included in the energy
calculation. Once the junction has been crossed, the separate profiles in the main stem
and tributary can proceed. For a subcntical flow split in the downstream direction, the
program requires a trial-and-error distribution of flow until the energies calculated from
the two branches just downstream of the junction are equal. For supercritical and mixed
flow cases, see the HEC-RAS manual (U.S. Army Corps of Engineers 1998).

Figure 5.13 illustrates the most upstream cross section at Station 5000 on the main
stem. The computation determines only one cnitical depth, which occurs in the main
channel, and the water surface elevation (WS) indicates overbank flooding. The output
data for this cross section are given in Table 5-3. The water surface elevation is 81.44
f1(24.82 m) and the velocity is 2.67 ft/s (0.8t m/s). The flow is split into main channel
and overbank contributions by taking the ratio of the conveyances of each subsection to
the total conveyance and multiplying tirnes the total discharge. The main channel veloc-
ity is approximately four times greater than the overbank velocities. The geometric
properties of each subsection are given in the table, leading to a value of the kinetic
energy correction coefficient & = 2.10.
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FIGURE 5.13
Upstream cross section and computed water surface elevation from HEC-RAS. Example 5.5.

TABLE 5-3
HEC-RAS cross-section output table for the upstream end of Skillet Creek

Mo s L e g d e S L

Plan: Exist River: Skillet Creek Reach: Upper Riv Sta: 3000 Profile: 50 yr

E.G. Elev (ft) 81.67 Element left OB Channel Right OB
Vel Head (ft) 0.23 Wi, n-Vai. .060 0.035 0.053
W.S. Elev (D) R1.44 Reach Len. (f1) 450.00 S060.00 550.00
Crit W.S. (ft) 76.27 Flow Area (sq f1) 205.98 36248 180.65
E.G. Slope (fUft) 0.000656 Area (sq fU) 205.98 36248 180.65
Q Total {cfs) 200000 Flow {cfs) 24128 1568.14 190).58
Top Width (ft) 231.87 Top Width (ft) 8144 40.00 110.44
Vel Total (f.s) 267 Avg. Vel. (fus) 1.17 4.33 1.05
Max Chl Dptb (tt) 11.44 Hydr. Depth (ft) 253 9.06 1.64
Conv. Towa! (cfs) 78102.3 Conv. (cfs) 94222 612379 TH23
Length Wid. (ft) 498 .47 Wetted Per. (ft) 82.06 13.66 110.64
Min Ch El (ft) 70.00 Shear (ib/sq 1) 0.10 0.32 0.7
Alpha 210 Strezm Power (Ib/ft &) 0.12 .41 0.07

Fretn Loss (ft) 0.32 Cum Volume {acre-fu} 6.58 14.20 6.84

C & E Loss (ft) 0.00 Cum SA (acres} 2.3 1.48 358
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FIGURE 5.14
Floodway encroachment analysis.

5.9
FLOODWAY ENCROACHMENT ANALYSIS

Floodway boundaries are established for land-use planning and in flood insurance
studies based on the amount of encroachment on the floodplain that can be allowed
without exceeding some specified regulatory increase in water surface elevation.
Floodway boundaries and floodway encroachment are illustrated in Figure 5.14. In
the encroached areas, all floodway conveyance is assumed to be lost. In the United
States, the 100-year peak flood discharge is established as the base flood for flood-
way analysis, and the increase in the natural water surface elevation caused by
floodway encroachment cannot exceed 1 ft.

Floodway analysis proceeds by first running a water surface profile for the base
flood under naturat conditions. Then, encroachments of varying amounts are added,
according to certain criteria, so as not to exceed the target water surface elevation
increase. The resulting boundaries from the floodway analysis usually are the result
of several iterations and may have to be adjusted for undulations from cross section
to cross section and for unreasonable locations when compared to existing land use
and topography.

Five separate methods can be selected in HEC-RAS to determine floodway
boundaries. These are summarized here (Hoggan 1997, U.S. Army Corps of Engi-
neers 1998):

1. In encroachment method 1, the exact locations and elevations of the encroach-
ments are specified in each floodplain, as shown in Figure 5.14.

2. Encroachment method 2 specifies a fixed top width of the floodway that can be
specified separately for each cross section. Each encroachment station is set at
half the specified width, left and right of the channel centerline.

3. Method 3 calculates encroachment stations for a specified percent of reduction
in conveyance of the natural profile for each cross section. The conveyance
reduction is applied equally on each side of the cross section, but the computed
encroachments are not allowed to infringe on the main channel.
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4. The intent of method 4 is to specify a target for the allowable increase in the nat-
ural water surface elevation. The resulting gain in conveyunce in the floodway
is taken up equally on the left and right floodplains. As shown in Figure S.14,
the increase in conveyance AK = K, + K,. where K, and K, are the blocked
conveyances on the left and right floodplains and K, = K, = AK/2.

5. Method 5 is an optimization techaique that automatically iterates up to 20 times
to achieve the target water surface elevations for all cross sections. Both a target
water surface elevation increase and a target energy grade line elevation are
specified. In each iteration, the entire water surface profile is computed for a set
of encroachments, and then the encroachments are adjusted where the target was
violated for the next iteration.

Methods 4 and 5 are most useful 1o establish an initial solution for the flood-
way boundarics. In fact, they can be run with several different target increases in
waler surface elevations. The final determination of the floodway boundary usually
is made with method 1. which defines the specific encroachments at each cross sec-
tion and allows engineering judgment to be applied to the final adjustments.

5.10
BRESSE SOLUTION

Only under very special assumptions is an analytical solution to the equation of
graduaily varied flow possible. This solution was first obtained by Bresse for very
wide rectangular channels. The solution approach was extended by Bakhmeteff and
finally fully developed by Chow (1959) into a method called the hyvdraulic expo-
nent method. It is a numerical method in the form developed by Chow, but a very
tedious one that no longer is in use.

To obtain the Bresse solution, the equation of gradually varied flow is written

. ] o
SD( ] - )

. = MQZB (5.33)
I - 3
gA

Now if Manning’s equation is written in terms of conveyance, K = (/S§'?, the ratio
of 5,/Sy in Equation 5.33 becomes (K,/K), in which Ky 1s the uniform flow con-
veyance and X is the conveyance corresponding to the local depth y. Furthermore
(/g in Equation 5.33 can be replaced by AY/B_ for the critical condition of Froude
number squared equal to 1. With these substitutions, Equation 5.33 becomes

dy s (%)

= 34
dx A%/B. (3.34)

A*/B
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The hydraulic exponent assumptions are made at this point. We assume that the two
ratio terms in the numerator and denominator on the right hand side of Equation
5.34 can be set equal to the ratio of either the normal or the critical depth to the
local depth taken to a power designated M or N:

o 5G]

5 .Y (5.35)
()
¥

For a rectangular channel, it is easily shown that M = 3. However, the value of N
is a constant integer only for a wide. reciangular channel vsing the Chezy equation
with constant C; and il. too, has the value of 3. Under these assumpiions, the equa-
tion of gradually varied flow can be integrated exactly to give the solution

s (M) o

in which & is a function of vy, = w, given by

1 Wit ot 1 31
dlu) = gln[ﬁ} T3 arctan[2M " l} + A (5.37)

in which A is an arbitrary constant. The value of the constant is immaterial because
the function is evaluated between two points located a distance (x, — x,) apart, and
so the constant A cancels. The Bresse varied flow function ¢ is shown graphically
in Figure 5.15 for subcritical and supercritical profiles. In the cases of M1, M2, S2,
and S3 profiles, the approach to normal depth is asymptotic as shown.

The determination of the downstream boundary condition for a suberitical pro-
file in a natural channel with no critical control section requires an asymptotic
method, as discussed previously. The computation is started further downstream
than the reach of interest and several depths are tried successively to find an asymp-
totic depth as the downstream boundary condition for the reach of interest. The
Bresse method for a very wide channel can be used to answer the question of how
far downstream to start the process, at least in an approximate manner. The length
of an M2 profile from 75 percent of normal depth downstream to 97 percent of nor-
mal depth upstream can be shown from the Bresse solution to be given by (David-
ian 1984)

LS, ,

“E = (.57 — (1L.79F- (M2 curve) (5.38)
in which L is the required total computation length; 5, is the bed slope; v, is the nor-
mal depth; and F is the Froude number of the uniform flow. In a similar fashion.
the length of an M1 profile from 125 percent of normal depth downstream to 103
percent of normal depth upstream is given by

LSO 2
— = (.86 — 0.64F" (M1 curve) (5.39)
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FIGURE 5.15
Bresse varied flow function ¢ for very wide channels with constant Chezy C.

For example, a channel with an average stope of 0.001, normal depth of 3.0 m (9.8
ft3, and a Froude number of 0.25 would have an M2 profile length of approximately
1560 m (5120 ft) while the M1 profile length would be greater, with a value of 2460
m {8070 ft).

5.11
SPATIALLY VARIED FLOW

Spatially varied flow is a gradually varied flow in which the discharge varies in the
flow direction due to either a lateral inflow or a lateral outflow. The governing
equation in these two cases is different, and considerable confusion can center
around which equation is appropriate for a given case.

For the case of lateral inflow, such as a side channel spillway, the momentum
equation is more appropriate because the energy losses are not well known, while
the lateral inflow momentum flux can be specified. If it is assumed that the momen-
tum correction factor 8 is approximately unity and that the inflow enters in a direc-
tion perpendicular to the main channel flow, the general unsteady momentum equa-
tion (derived in Chapter 7) can be simplified to

2q,V
S0 — 8~
dy gA

=S 4
dx 1 - F (5:40)
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in which §, = friction slope = 7/yR and g, = lateral inflow rate per unit of chan-
nel length. In the case of the side channel spillway, g, is a constant, such that the
channel discharge ((x) = g,x, where x = ( at the upstream end of the channel.
Because Q varies with x, Equation 5.40 has to be solved numerically by specifying
a value of x and iterating on v in a stepwise fashion along the channel.

The vartation of O with x also complicates the determination of the critical sec-
tion. Critical depth can occur at any point along the channel, with suberitical flow
upstream and supercritical flow downstream of the cntical section. If it is assumed
that critical depth occurs when the Froude number F = | and the numerator of
(5.40) is zero, so that dy/dy # 0, then the location of the critical section can be
shown to be given by (Henderson, 1966)

8 2
x, = 9L (5.41)

[ . gP 3
B— S - 5.0
£ [ 0 C*BJ

in which «x_ = location of critical section; g, = lateral inflow per unit channel
tength; B = channel top width; 5, = bed slope; P = wetted perimeter; and C =
Chezy resistance coefficient. Equation 5.41 1s solved simultaneously with the cri-
terion that the Froude number is equal to unity at the critical section:

Fe== g =) (5.42)

where Q(x) = q,x. [f x, > L, the channel length, the control is at the downstream
end of the channel with subcritical flow in the entire channel. Otherwise, the flow
1s subcritical upstream of x, and supercritical downstream, as shown in Figure 5.16.

q, = d@¥dx

— x)

Subgcritical Supercritical

-
X

FIGURE 5.16
Spatially varied flow with lateral inflow.
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FIGURE 5.17
Spatially varied flow with lateral outflow from a side discharge weir.

In the case of lateral outflow, such as in the side discharge weir shown in Fig-
ure 5.17, the direction of the lateral momentum flux is unknowin. Furthermore,
because the weir is a local disturbance, energy losses along the weir are relatively
small. For these reasons, the energy approach is used more often than the momen-
tum equation. Therefore, if we assume that dE/dx = 0, on differentiation of the spe-
cific energy, E, with respect to x, we have

o awy( - 2)

= e 5.43
dx  gby’ - Q° G4

for a rectangular channel of width b. Equation 5.43 can be placed in the form

A4
dy gA
& 1-F (5.44)
and it only remains to specify g, = ~dQ/dx from the discharge equation for a
sharp-crested weir as
dQ 2
qr = - dr = Cl\/ZE()' - P)¥? (5.45)

in which €, = weir discharge coefficient, = (2/3)C, from Chapter 2. Because we
assume the energy grade line to be horizontal, the energy equation gives the dis-
charge at any section as

Q = byV2(E ~ ¥) (5.46)
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in which # = width of the channel and £ = known constant specific energy. Sub-
stituting (5.45) and (5.46) inte (5.44) and integrating, the result as obtained by De
Marchi (Benefield, Judkins, and Parr 1984) is

XC, 2HE-3P [E-v ., [E-y
= - — 3sin -—— + constant (5.47)
b E—P y— P E—-F

in which C, = weir discharge coefficient; £ = specific energy of the flow; P =
height of weir crest above channel bottom; and & = channel width. The subcritical
case is shown in Figure 5.17, but it also is possible to have a supercritical profile
either alone or with a hydraulic jump (see the Exercises).

Hager (1987) showed that the outflow equation used by de Marchi is exact only
for small Froude numbers. He developed a generalized outflow equation for side
discharge weir flow that includes the effects of lateral outflow angle and longitudi-
nat channel width contraction. Hager (1999) gives gencral solutions of the free sur-
face profile for the enhanced outflow equation.

REFERENCES

Arcement, G. J.. Ir., and V. R. Schneider. Guide for Selecting Manning’s Roughness Coeffi-
cients for Natural Chanrels and Flood Plains. Report No, FHWA-TS-84-204. Federal
Highway Admin., U.S. Department of Transportation, National Technical Infarmation
Service, Springfield, VA: 1984,

Bakhmeteff, B. A, Hvdraulics of Open Channel Flow. New York: McGraw-Hill, 1932,

Beckett, R.. and J. Hurt. Numerical Calculations and Algorithms. New York: McGraw-
Hill, 1967.

Benefield, L. D., 1. F. Judkins, Ir., and A. D, Parr. Trearment Plant Hvdraulics for Environ-
mental Engineers. Englewood Cliffs, NJ: Prentice-Hall, Inc., 1984.

Chapra, S. C., and R. P. Canale. Numerical Methods for Engineers with Personal Computer
Applications. New York: McGraw-Hill, 1988,

Chow, V. T. Open Channel Hydraulics. New York: McGraw-Hill, 1959,

Davidian, J. “Computation of Water Surface Profiles in Open Channels.” In Technigues of
Wazer-Resources Investigations of the U.S. Geological Survey, Book 3, Applications of
Hydraulics. Washington. DC: Government Printing Office, 1984,

Hager, W. H. “Lateral Outflow Over Side Weirs” J. Hvdr. Engrg., ASCE 113, no. 4 (1587),
pp- 491-504,

Hager, W. H. Wastewater Hydraulics. Bertin Heidelberg: Springer-Verlag, 1999.

Henderson. F. M. Open Channel Flow. New York: Macmillan, 1966.

Hoggan. D. H. Computer-Assisted Floodplain Hydrology and Hvdraulics, 2nd ed. New
York: McGraw-Hill, 1997.

Martin, C. 8., and D. C. Wiggent. Discussion of “Simulation Accuracies of Gradually-Varied
Fiow.” by J. P. Jolly and V. Yevjevich. /. Hyd. Div., ASCE 101, no. HY7 (1975},
pp. 1021-24,

Prasad, R. “Numerical Method of Computing Flow Profiles”” J. Hyd. Div., ASCE 96,
no. HY1 (1970), pp. 75-86.



196

CHAPTER 5: Gradually Varied Flow

Rhodes, . F “Newton-Raphson Solution for Gradually-Varied Flow.” J. Hydr. Res. 33,

Shea

no. 2 (1995), pp. 213-18.

mmarn. J. O. User's Manual for WSPRO—A Computer Model for Warer Surface Profile
Computations. Report FHWA-1P-89-027. Federal Highway Administeation. U.S.
Departmemnt of Transportation, 1990,

Sturm, T. W D. M. Skolds, and M, E. Blalock. “Water Surface Profiles in Compound Chan-

U.s.

nels.” Proc. of the ASCE Hyd, Div. Speeialy Conf,, Hyvdraulics and Hydrology in the
Small Computer Age, Lake Buena Vista, Florida. pp. 569-74, 1985.
Army Corps of Engineers. HEC-RAS Hydraulic Reference Manual, version 2.2, Davis,

CA: U.S. Army Corps of Engineers, Hydrologic Engineering Center, 1998.

Yen,

B. C. “Open Channel Flow Equations Revisited.” J. Engrg. Mech. Div., ASCE 99,
no. EM35 (1973), pp. 979-1009.

EXERCISES

5.1.

5.2

53

54.

55

5.6.

57,

5.8.

Prove from the equation of gradually varied flow that S2 and $3 profiles asymptoti-
cally approach normal depth in the downstream direction.

A reservoir discharges into a long trapezoidal channel that has a bottom width of 20
ft, side slopes of 3:1, a Manning’s n of 0.025, and a bed slope of 0.001. The reservoir
water surface is 10 ft above the invert of the channel entrance, Determine the channel
discharge.

A reservolr discharges into a long, steep channel followed by a long channel with a
mild slope. Sketch and label the possible flow profiles as the tailwater rises. Explain
how you could determine if the hydraulic jump occurs on the steep or mild slope.

Compute the water surface profile of Table 5-1 in the text using the method of numer-
ical integration with the trapezoidal rule. Use the same step sizes as in the table and
determine the distance required to reach a depth of 1.74 m. Discuss the results.

A rectangular channel 6.1 m wide with n = 0.014 is laid on a slope of 0.001 and termi-
nates in a free overfall. Upstream 300 m from the overfall is a sluice gate that produces
a depth of 0.47 m immediately downstream. For a discharge of 17.0 m¥s, with a spread-
sheet, compute the water surface profiles and the location of the hydraulic jump using
the direct step method. Verify with the program WSP, or with a program that you write,

A very wide rectangular channel carries a discharge of 10.0 m*s/m on a slope of
0.001 with an # value of 0.026. The channel ends in a free overfall. Compute the dis-
tance required for the depth to reach 0.9y, using the direct step method and compare
the reselt with that from the Bresse function.

Denve Equations 5.38 and 5.39 using the Bresse function.
For a very wide channel on a steep slope, derive a formula for the length of an S2 profile

from critical depth to 1.01 y, using the Bresse function. What is this length in meters if
the slope is 0.01, the discharge per unit of width is 2.0 m*s/m, and Manning’s n is 0.0257
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A trapezoidal channel of bottom width 20 ft with side slopes of 2:1 is laid on a slope
of 0.0005 and has an n value of 0.045. It drains a lake with a constant water surface
level of 10 ft above the invert of the channel entrance. If the channel ends in a free
overfall, calculate the discharge in the channel for channel lengths of 100 and 10,000
ft using the WSP program.

A 3 ft by 3 ft box culvert that is 100 f1 long is laid on a stope of 0.001 and has a Man-
ning’s n of 0.013. The downstream end of the culvert is a free overfall. For a discharge
of 20 cfs, calculate the entrance depth using the WSP program, and the head upstream
of the culvert using the energy equation with an entrance loss coeflicient of 0.5 for a
square-edged entrance. Compare the result with the head calculated from an assump-
tion of a hydraulically long culvert with an entrance depth equal to normal depth.

Using HECRAS. compute the water surface profile in Some Creek for a discharge of
10,000 ¢fs. Begin with a subcritical profile and a downstream water surface slope of
0.0087 as a boundary condition. Then do a mixed flow analysis with an upstream
boundary condition of critical depth. The cross-section geometry, reach lengths,
roughness values, and subsection breakpoints are shown in the following table. Ana-
lyze the results indicating where any hydraulic jumps may occur.

The upstream cross section for Some Creek at River Station 6000 (ft) is given by

X (fty Elevation (ft) n
0 465 0.055
0 461
23 438.8
36 458
45 457.8
55 458.3
99 458.4 0.065
110 4559
119 455.8
133 455.5
143 4553
150 4554 0.040
154 454
155 452
160 450.3
168 450.2
188 450.5
193 451.5
200 4527
205 454.5
210 4553 (.065
229 455.6
253 4553
266 456.3
276 458 0.055
305 457.8
344 458
380 461
380 465
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The lefi and right banks are at X = 150 ft and 210 ft, respectively. At subsequent sta-
tions downstream, the cross section shouid be adjusted with a uniform decrease in ele-
vation from the previous section as follows:
River station (ft) Decrease in elevation (ft)
4000 2.0
3000 6.0
1500 2.8
1000 6.0
5.12. Compute the water surface profile in the Red Fox River for ¢ = 1000 cfs, for which
the downstream water surface elevation WS = 5703.80, and for 0 = 10,000 cfs with
WS = 5715.05. The stations for the four cross sections are shown here, and the ele-
vations (Z) and » values are given in the following table (Hoggan 1997).
Cross section Station (ft)
1 0
? 500
3 900
4 130G
Cross section 1 Cross section 2 Cross section 3 Cross section 4
X Zdn I X{m Zi n X{fty Z n Xft)y Zi(ft) n
20 15 0 25 0 25 30 26
30 24 40 24 90 24 .10 75 25 0.10
45 22 0.100 50 22 0.10 260 22 @ 30 24 @
60 20 1t 20 330 20 0.05 0.05
110 18 200 20 370 18.7 @ 330 23 @
415 17 @ 295 18 420 i5 360 14
630 16 0.050 415 17 @ 460 11.2 370 8.5
650 14 @ 455 16 500 7.1 400 9.8 0036
655 13 505 13 0.05 530 7.5 0.03 410 13
660 13 575 9.5 @ 55¢ 12 460 22 @
670 2 585 5 560 17.8 0.05
675 1 0.030 596 4.2 580 19 610 22 @
690 0 615 4.5 003 600 20 @ 650 24
697 0.1 635 16 850 22 675 25 0.10
700 0.8 640 1B @ 865 24 0.05 700 26
710 1 940 185 875 25
710 13 @ 1180 18
940 135 0.050 1195 18
1020 14 & 1205 20 0.10
1215 14 1225 22
1235 12 1245 24
1575 12 1250 25
1590 i4 0.10
1615 16
1630 20
1635 25

@ = Subsection breakpoint.
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The cross-section geometry for Roaring Creek follows:

X (ft) Elevation (ft) n
4 10.0 050
10 9.5
20 9.3
3¢ 9.4
40 9.2
42 7.0 035
46 6.2
50 6.0
54 6.1
58 6.2
62 6.0
66 7.1
70 6.3
72 83
76 89
80 9.0 060
90 9.5
100 9.3 030
110 9.6
e 10.6

The measured water surface elevation is 9.8 ft.

(@) Manually ¢alculate the normal discharge for a slope of 0.0008.
(&) Manually calculate the value of « and the specific energy.

{c) Is the flow subcritical or supercritical?

(d) Verify your manual calculations with the HEC-RAS program.

Write a computer program in the language of your choice that computes the water
surface profile in a circular culbvert using the method of integration by the trape-
zoidal rule,

Write a computer program in the language of your choice that computes a water sur-
face profile in a trapezoidal channel using the fourth-order Runge-Kutta method. Test
it with the M2 profile of Table 5-1.

. For the flow over a horizontal bed with constant specific energy and discharge

decreasing in the direction of flow, derive the shapes of the subcritical and supercrit-
ical profiles for a side discharge weir as shown in Figure 5.17.

Derive the energy equation for spatially varied flow in the form of Equation 5.44, but
do not assume that S, and S, the bed slope and slope of the energy grade line, are
equai to zero. Compare the result with Equation 5.40 and discuss,

A rectangular side discharge weir has a height of 0.35 m. It is located in a rectangu-
lar channel having a width of 0.7 m. If the downstream depth is 0.52 m for a discharge
of 0.27 m%s. how long should the weir be for a lateral discharge of 0.21 m?s?
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5.19. A concrete (n = 0.013) cooling tower collection channel is rectangular with a length
of 45 ft in the flow direction and a width of 31 f1. The addition of flow from above in
the form of a continuous stream of droplets is at the rate of 0.63 cfs/ft of length. Find
the focation of the critical section and compute the water surface profile. How deep
should the collection channel be?

-y



CHAPTER &

Hydraulic Structures

6.1
INTRODUCTION

In this chapter. we consider a limited set of hydraulic structures (spillways. cul-
verts. and bridges) that provide water conveyance to protect some other engineer-
ing structure. Spillways are used on both large and small dams to pass flood flows,
thereby preventing overtopping and failure of the dam. Culverts are designed to
carry peak flood discharges under roadways or other embankments to prevent
embankment overflows. Finally, bridges convey vehicles over waterways, but they
must accommodate through-flows of floodwaters without failure due to overtop-
ping or foundation failure by scour.

Of primary importance for the hydraulic structures considered in this chapter
is the magnitude of backwater they cause upstream of the structure for a given
design discharge; that is, the head-discharge relationship for the structure. In gen-
eral, this relationship can assume the form of weir flow. orifice flow. and in the case
of culverts, full-pipe flow. Each type of flow has its own characteristic dependence
between head and discharge. For spillways, the pressure distribution on the face of
the spillway also is important, because of the possibility of cavitation and failure of
the spillway surface.

Bath gradually varied and rapidly varied flows are possible through these struc-
tures, but one-dimensional methods of analysis usually are sufficient and well-
developed in this branch of hydraulics. Essential (o the “hydraulic approach™ is the
specification of empirical discharge coefficients that have been well established by
laboratory experiments and verified in the field. The determination of controls in
the hydraulic analysis also is important, and critical depth often is the control of
interest. The energy equation and the specific energy diagram are vseful tools in the
hydraulic analyses of this chapter.

201
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6.2
SPILLWAYS

The concrete ogee spillway is used to transfer large flood discharges safely from a
reservoir to the downstream niver, usually with significant elevation changes and
relatively high velocities. The characteristic ogee shape shown in Figure 6.1 1s
based on the shape of the underside of the nappe coming off a ventilated, sharp-
crested weir. The purpose of this shape is to maintain pressure on the face of the
spillway near atmospheric and well above the cavitation pressure.

As an initial departure on the task of developing the head-discharge relation-
ship for ogee spillways, it is useful to use the Rehbock relationship for the dis-
charge coefficient of a sharp-crested weir given previously in Chapter 2 as Equa-
tion 2.42. For a very high spillway, the contribution of the term involving H/P
becomes small and the discharge coefficient, C,, approaches a value of 0.611; how-
ever, this value of C, is defined for a head of H’ on a sharp-crested weir as shown
in Figure 6.1. If it is converted to a value defined in terms of the head, 4, which is
measured relative to the ogee spillway crest, then C,; = 0.728 because H = 0.89H",
as shown in Figure 6.1 (Henderson 1966). As a result, C = Q/(LH**) has an equiv-
alent value of approximately 3.9 in English units for a very high spillway.

For lower spillways, the effect of the approach velocity and the vertical con-
traction of the water surface introduce an additional geometric parameter given by
HIP or its inverse, in which P is the height of the spillway crest relative to the
approach channel. Furthermore, the design value of the discharge coefficient is
valid for one specific value of head, called the design head, H,. because the pres-
sure distribution changes from the ideal atmospheric pressure associated with the
ogee shape whenever the head changes. As the head becomes larger than the design
head, the pressures on the face of the spillway become less than atmospheric and
can approach cavitation conditions. Pressures are larger than atmospheric for heads
less than the design head. On the other hand. the risk of cavitation at heads higher
than design head is counterbalanced by higher discharge coefficients because of the

v

H

L:T_

01K

Concrete spillway crest
conforming to the underside of
nappe of sharp-crested weir

FIGURE 6.1
The ogee spillway and equivalent sharp-crested weir.
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Discharge coefficient for the WES standard spillway shape (Chow 1959, (Source; [Used
with permission of Chow estate.)

lower pressures on the face of the spillway. In other words, the spillway becomes
more efficient because it passes a higher discharge for the same head with a larger
value of the discharge coefficient. The spillway discharge coefficient is given in
Figure 6.2 for the standard WES (Waterways Experiment Station) overflow spill-
way in terms of the influence of the spillway height relative to the design head,
PIH,, and the effect of heads other than the design head as indicated by H /H , in
which H, is the design total head and H, is the actuat total head on the spillway
crest, including the approach velocity head, The discharge coefficient, C, with Q in
cubic feet per second and both £. and H, in feet is defined by

Q
LHl 5
in which L is the net effective crest tength. The inset in Figure 6.2 shows that a slop-

ing upstream face, which can be used to prevent a separation eddy that might occur
on the vertical face of a low spillway, causes an increase in the discharge coefficient

C= (6.1)
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for PIH, = 1.0. The lateral contraction caused by piers and abutments tends to
reduce the actual crest length, L', to its etfective value, L:

L =L — 2NK, + K)H, (6.2)

in which N = number of piers; K, = pier contraction coefficient: and K, = abut-
ment contraction coefficient. For square-nosed piers, K, = 0.02, while for round-
nosed piers. K, = 0.01, and for pointed-nose piers. K, = 0.0. For square abutments
with headwalls at 90° to the flow direction. X, = 0.20, while for rounded abut-
ments with the radius of curvature rin the range, 0.15 H, = r =05 H, K, = 0.10.
Well-rounded abutments with r > .54, have a value of K, = 0.0 (U.S. Bureau of
Reclamation 1987).

A well-established design procedure. which has been developed by the USBR
(U.S. Bureau of Reclamation) and the COE (Corps of Engineers). takes advantage
of the higher spillway efficiency achieved for heads greater than the design head.
Essentially, the design procedure involves selecting a design head that is less than
the maximum head to compute the spillway crest shape: this is called underdesign-
ing the spillway crest. Tests have shown that subatmospheric pressures on the face
of the spiltway do not exceed about one half the design head when H_ /H, does
not exceed 1.33. This is shown in Figure 6.3, in which the actual pressure distribu-
tion on a high spillway with no piers is given for A/H, varying from 0.5 10 1.5
where H = H,. At H/H, = 1.0, the pressures indeed are very close 1o atmospheric.
The minimum pressure for A/H, = 1.33 is —0.43 Hyat X = —0.2H, where X =
0.0 at the centerline of the spillway crest.

Instead of arbitrarily setting H_/H, = 1.33 at the maximum head, Cassidy
(1970) suggests that a better design procedure is 1o establish a minimum allowable
pressure on the spillway face and then determine the design head. The pressures on
spillway faces are not constant but fluctuate around a mean value. so the COE now
recommends a more conservative design procedure of not allowing the average
pressure head to fall below — 15 ft to — 20 fi, even though cavitation may not be
incipient until a pressure head of —25 ft is reached (Reese and Maynord 1987). In
this design approach, the minimum allowable pressure head becomes the control-
ling feature of the design of the spillway crest, rather than a fixed value of H /H .

Once the design head is determined. the actual shape of the spillway crest
downstream of the apex. in what is called the downstream quadrant. is given by:

X =K HY 'Y (6.3)

in which K = 20 and a = 1.85 for negligible approach velocity: H, = design
head; and X. ¥ are measured from the crest axis as shown in Figure 6.4. The
upstream quadrant of the spillway crest is constructed from a compound circular
curve, as shown in Figure 6.4, to form the standard WES ogee spillway shape. The
0.04 H, radius curve was added in the 1970s resulting in a slight increase in the
spillway coefficient in Figure 6.2 for H /H, > 1.0 and P/H, = 1.33.

Reese and Maynord (1987) proposed. instead, a quarter of an ellipse, which 1s
tangent to the upstream face. for the shape of the upstream quadrant as shown in
Figure 6.5a. The discharge coefficients for this shape are given in Figure 6.5b for a
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FIGURE 6.4

Standard WES ogee spillway shape (U.S. Army Corps of Engineers, 1970, Hydraulic
Design Chart 111-16),
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vertical upstream face. Reese and Maynord also developed a set of cavitation safety
curves in which the design head is determined by the allowable cavitation head.
These are given in Figure 6.6 for elliptical crest spillways with and without piers.
Instead of selecting H /H, as 1.33, a trial design head can be chosen for a minimum
pressure head of —15 ft. Then from Figure 6.6, the value of #,/H, and the maxi-
mum head H, can be obtained to compare with the given value.

-y
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EXAMPLE 6.1. Fora maximum discharge of 200,000 cfs (5666 m*/s) and a maxi-
mum total head on the spillway crest of 64 f1 (19.5 m). determine the crest length with
no piers, the minimum pressure on the crest, and the discharge at the design head for the
standard WES ogee spillway. The height of the spillway crest, P.is 60 ft (18 m).

Solution. For this example, use the design procedure of setting the ratio of the maxi-

mum head to design head to the value [.33. so the design head H; = 64/1.33 = 48 i

(14.6 m). Also calculate the ratio P/H, = 60/48 = 1.25. Then, from Figure 6.2 for the

standard WIS high-overflow spillway (compeund circutar curve for upstream crest), the

value of C/C, = 1.02 and € = 1.02 X 4.03 = 4.11. Now, the required crest length is
G 200.000

= = o - = 95 f1(29 m)
CHI? 411 X (64)*7

From Figure 6.3 for H /H, = 1.33, the nunimum pressure head is —0.43H . so p_, /vy
= —20.6 ft (—6.3 m}. which is an acceptable value. However, if a less negative pres-
sure head is desired, the value of H,/H; can be adjusted, Now the shape of the spillway
crest is designed for the design head, H, of 48 ft (14.6 m). For example. the shape of
the downstream portion of the crest with X and ¥ in feet is given by

X185 = 2 0H%%Y = (2.0 X 48°)Y = 53.71Y

The discharge at the design head will have a different discharge coefficient as obtained
from Figure 6.2. For H/H,; = 1.0, C = 40! and the design discharge, (J,, is given by

0, =401 X 95 x 48%% = 127,000 cfs {3,600 m?/s)

To design this spillway for an clliptical crest, the discharge coefficient is taken from
Figure 6.5, and the minimum pressure is determined, or specified, using Figure 6.6,

6.3
SPILLWAY AERATION

Even though the shape of ogee spillways can be designed to minimize the risk of
damage due to cavitation, small imperfections in the spillway surface sometimes
can lead to localized acceleration and corresponding pressure drops that may be
unacceptable. The cost of providing a spillway surface that is smooth enough or is
strengthened by surface reinforcement may become prohibitive. This has given rise
to the use of artificial aeration on very high spillways to introduce air at pressures
close to atmospheric pressure near the smilway face, thus preventing cavitation.
The concept of artificial aeration has stimulated interest in self-aeration, in
which the natural entrainment of air at the interface with the atmosphere leads to
bulking of the flow with the commonly observed white-water appearance on the face
of high spillways. Early work on natural surface aeration of spillways was done by
Straub and Andersen (1960) in a 50 ft (15 m) long by 1.5 ft (0.46 m) wide flume
with slope angles, 6, varying from 7.5° to 75°. A sluice gate was located at the flume
entrance and adjusted to achieve uniform flow and aeration conditions. The air con-
centration distribution was measured and shown to have two distinct regions: a
lower, bubbly mixture layer and an upper layer consisting primarily of spray.
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Because the depth becomes ill defined in aerated flow, Straub and Anderson used a
reference depth, v, which was the uniform flow depth of nonaerated flow. It corre-
sponded to a measurcd Chezy C value of 90.5 in English units for their expeniments.
The effective depth of water, v, which was defined by [ (1 — C,)dy, in which C,
represents the point air concentration in volume of air per unit total volume, was
related to the reference depth and mean air concentration, C,,., by the relation

—:; = 1.0 - 13(C, - 0.25) (6.4)
The effective depth of water also could be defined in terms of continuity as g/V, in
which ¢ = flow rate per unit of width and V = mean velocity. The mean air con-
centration was determined from a best fit of the experimental data in terms of the
slope of the spillway, § (= sin 8}, and the flow rate per unit of width, g:
C,=0743 Iogm(%) + 0.876 (6.5)
Equation 6.5 applies for a range of air concentrations from 0.25 to (.73, and g has
units of cubic feet per second per foot. For example, for a spillway slope of 75° and
a flow rate per unit of width of 600 cfs/ft (56 m*/s/m), the mean air concentration
would be 0.45 {or 45 percent), defined as the ratio of volume of air to total volume.
The corresponding effective depth of water from Equation 6.4 would be 95 percent
of the reference depth. The effective depth of water should be used in the momen-
tum flux term in the momentum function for the design of a stilling basin at the
base of the spillway (Henderson 1966). The hydrostatic force term in the momen-
tum function for the aerated flow becomes (y,)*/[2(1 — C,)].

Whether the air concentration predicted by Equation 6.5 can be achieved
depends on the the length of the spillway face. In general, the point of inception of
surface air entrainment would not be expected to occur until the boundary layer had
grown to the point of intersection with the free surface. Keller and Rastogi (1977)
solved the boundary layer equations numerically on a standard Waterways Experi-
ment Station spillway with a vertical upstream face to obtain values of the critical
distance, x,, for the length of the boundary layer measured from the crest. Wood,
Ackers, and Loveless (1983) developed an empirical formula for x, from a multiple
regression analysis of Keller and Rastogi’s results:

q :|07|3 1

(6.6)
\/g_k_f gom

in which § = spillway slope = sinf; g = flow rate per unit of width; and k, =
roughness height for the spillway surface. From this equation, we can conclude that
the distance required for inception of surface air entrainment depends primarily on
the slope of the spillway and the flow rate per unit of width. For a concrete surface
roughness height of 0.005 ft (0.0015 m), and for a spillway having g = 600 cfs/ft
(56 m*s/m) and @ = 75°, as in the previous example, the length of spillway
required for self-aeration to commence would be approximately 550 ft (168 m),
which corresponds to a spillway height of 531 ft (162 m).

e 1’56{
SRR
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FIGURE 6.7
Definition sketch of a spillway air ramp.

For some spillways, even though they are high enough for sctf-aeration, surface
air entrainment may be insufficient to prevent cavitation on the face of the spillway,
especially near the crest. where it may not occur at all. Under these circumstances,
aeration ramps have been used to induce an air cavity that allows entrainment of air
near atmospheric pressure on the underside of the jet coming off the aeration ramp.
A sketch of a typical air ramp is shown in Figure 6.7, in which the air is supplied
to the air cavity from the atmosphere through lateral wedges at the edge of the spill-
way chute or through recesses or ducts underneath the ramp that are fed by chim-
neys. Turbulence causes disruption of the water surface on the underside of the
nappe and air is dragged and entrained into the jet, which then is mixed with the
flow downstream. The pressure in the cavity below the nappe will be slightly less
than atmospheric because of head losses in the air delivery system. so that the tra-
jectory and length of the jet will be different from that of a free jet.

With reference to Figure 6.7, a dimensional analysis of the problem leads to the
following expression for the length of the jet, L, coming off the ramp:

L Ap,
1%

i = f|F, v Re, We, ramp geometry (6.7}
in which & and V = approach flow depth and velocity, respectively. on the spillway
chute: F = approach Froude number = V/(gh)°*; Ap, = pressure drop in the air
cavity relative to atmospheric pressure; Re = Reynolds number = Va/v: and We =
Vi{a/pL)**. The Reynolds number and Weber number effects tend to be small in the
prototype spillway, so that for a fixed ramp geometry, the primary variables of
interest are the Froude number and the subatmospheric pressure difference. It has
been suggested from tests of prototype spillways that the air flow per unit of width
of spillway g, = kVL, where k is a constant of proportionality {de S. Pinto 1588).
It follows then that

9a L
—=C, =k (6.8)
q h
The discharge ratio on the left-hand side of Equation 6.8 is equivalent 1o the air con-
centration, C,, as shown, which should be 5-10 percent to prevent cavitation dam-

age, based on past experience (de S. Pinto 1988). Thus, provided the constant k is
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known from prototype experience, the required value of L/h can be determined
from Equation 6.8 for the desired air coneentration. Then, from the relationship
given by Equation 6.7 from physical model studies or numerical analysis of the jet
trajectory for a given ramp geometry, the required underpressure 4p, can be deter-
mined for the specified value of L/h and the known value of the Froude number.
Finally, the air delivery system can be designed to provide the air flow rate with the
specified pressure drop.

The value of & in Equation 6.8 has been determined to be 0.033 from the Foz
do Areia prototype spillway tests (de S. Pinto 1988}, but it can vary for different
flow conditions and different ramp geeometrics. What is required 15 a model study
with a relatively large scale (1:10 to 1:15) to eliminate Reynolds number and Weber
number effects and so determine specific design values of k.

6.4
STEPPED SPILLWAYS

Siepped spillways have been used extensively around the world since antiguity, but
they became very popular in the past few decades with the advent of roller-
compacted concrete (RCC) and gabion construction of dams (Chanson 1994a).
They provide good surface aeration but also increase the energy dissipation in the
flow down the spillway in comparison to a smooth spillway. This latter feature of
stepped spillways may reduce the cost of the downstream stilling basin.

Stepped spillways can operate ¢ither in a nappe flow regime or a skimming
flow regime. In nappe fiow, which tends to occur at tower discharges on flatter
spillways, the flow consists of a series of jets that strike the floor of the succeeding
steps. Each jet usually is followed by a partial hydraulic jump. In skimming flow,
the jets move smoothly without breakup across the steps, which act as a series of
roughness elements. A recirculating vortex forms on each step in which energy dis-
sipates. The skimming flow regime is shown in Figure 6.8, Rajaratnam (1990} sug-
gested that the onset of skimming flow occurs for values of y./h exceeding 0.8,

FIGURE 6.8
Definition sketch of a stepped spillway.

-
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FIGURE 6.9

Model study results for head loss on a stepped spillway in skimming flow with N steps (Rice
and Kadavy 1996). (Source: C. E. Rice and K. C. Kadavy. “Model Study of a Roller Com-
pacted Concrete Siepped Spitlwav,” J. Hydr. Engrg., © 1996, ASCE. Reproduced by per-
mission of ASCE.)

where y_ is the critical depth for the flow on the spillway and /4 is the height of an
individual step.

The amount of energy dissipation that occurs on a stepped spillway for skim-
ming flow is one of the primary design variables. Chrnistodoulou (1993) suggested
that the energy head dissipated. AH, in ratio to the total head. H,, upstream of the
dam relative to the toe is related to y /NA, in which ¥ = critical depth; N = number
of steps; and # = the height of each step, as shown in Figure 6.9. Rice and Kadavy
{1996) have confirmed the validity of Figure 6.9 for a physical model of the Salado
Creek spillway in Texas. Based on their data points, the Christodoulou curve in Fig-
ure 6.9 is valid for I/h values in the range of 0.7 10 2.5, v /h = 4.5, and v /Nl = 0.5,

Chanson (1994b) analyzed experimental data for stepped spillways from a
large number of investigators and compared the results for relative energy loss with
an analytical formulation for uniform flow conditions given by

-2:3

A Ceosd - 05G,

HO I '5 + Hdum
Ye

(6.9)

in which C; = f/(8 sin @). f = friction factor; 8 = tan™' (A/D): H,,,, = dam crest
height above the toe; and y, = critical flow depth. He found reasonable agreement
with the experimental results, considering the degree of scatter. using f = 1.0 {non-
aerated flow) and # = 52° aver a very wide range of H,, /v, from approximately 2
to 90. Usually, H, = Nh, so Equation 6.9 corresponds with the variables of Fig-

dum



CHaPTER 6: Hydraulic Structures 215

ure 6.9 except that it covers a wider range in v./Nh. Equation 6.9 must be used with
care because of the uncertainty in the friction factor due to the effects of aeration.

Stepped spiliways offer the advantage of enhanced air entrainment as well as
energy dissipation. Chanson (1994b) shows that the inception of air entrainment
oceurs in a shorter distance on a stepped spillway than on a smooth spillway
because of the more rapid rate of beundary-layer growth. However. the equilibrium
air concentration is similar on stepped and smooth spillways and primarily is a
function of slope. For more details on the design of stepped spillways, refer to the
comprehensive treatment of the subject by Chanson {1994b}.

6.5
CULVERTS

Culverts seem to be simple hydraulic structures but in fact are among the most
complicated because of the wide variety of flow conditions that can occur in them.
Flow can be gradually varied or rapidly varied and also a function of time. A cul-
vert can flow full, in which case it operates under pressure-flow conditions as in
pipe flow. or it can flow partly full, as an open channel. The open channel flow can
be supercritical or subcritical, and its analysis may include computation of a grad-
ually varied flow profile or a hydraulic jump. Culverts flow full when the outlet is
submerged due to high tailwater but also may fiow full for a very high headwater
with the outlet unsubmerged. In both full and partly full flow, the submergence of
the inlet or outlet is an important criterion in determining the type of flow that
occurs. Perhaps the most important distinguishing characteristic of a culvert flow is
whether it is under inlet or outlet control. Tn the case of inlet control, the hcad-
discharge relation is determined entirely by the inlet geometry, including the inlet
area, edge rounding, and shape. Tailwater conditions are immaterial for inlet con-
trol. In outlet control, on the other hand, the head-discharge relation is affected not
only by the inlet but also by the barrel roughness, length, slope, shape, and area as
well as the tailwater elevation. These influences on inlet and outlet control are sum-
marized in Table 6-1. Inlet control generally occurs for short, steep culverts with a
free outlet, while outlet control prevails for long, rough-barreled culverts with high
tailwater conditions.

Culvert design usuaily is based on the selection of a design discharge deter-
mined from frequency analysis. Interstate highway culverts, for example, may be
designed to carry the 100 year peak discharge. The culvert is sized to limit the
headwater resulting from the design discharge to a specified value to prevent over-
topping the highway embankment. Once the design culvert size is determined, its
performance may be analyzed over a wide range of discharges, including dis-
charges that overtop the embankment. This analysis can be summarized by a plot
of the complete head-discharge relation, called the performance curve. This step is
important to accurately determine whether the culvert operates under inlet or out-
let control for the design discharge. The design process is based on a selected peak
discharge in steady flow, and a conservative approach is taken in which both inlet
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TABLE 6-1

Factors influencing culvert performance

w25 AN T AENE 1 b TR 2,1

Inlet Outlet
Factor Control Control

Headwater elevation
Inlet area

Inlet edge configuration
Inlet shape

Barret roughness

Barrel area

Barrel shape

Barrel length

Barrel] slope

Tailwater elevation

oo M

I I A I

Source: Data from Federal Highway Administration (1985).
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FIGURE 6.10

Culvert performance curves for the determination of inlet or outiet control (Federal High-
way Administration 1985).

and outlet control head-discharge relationships are checked to determine the limit-
ing control. The higher head resulting either from inlet or outlet control is com-
pared with the allowable headwater elevation. If, at the design headwater as shown
in Figure 6.10, for example, the inlet-control discharge, Q.. is less than the outlet-
control discharge, Q. then the inlet capacity is less than the barrel capacity, and
the inlet controls the head-discharge relation at the design condition. This is the
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same as choosing the higher head for a given discharge, as can be seen in Figure
6.10. As the head increases in Figure 6.10. the culvert remains in inlet control until
the intersection between the inlet-control and outlet-control curves, beyond which
it is assumed to be in outlet control.

The head-discharge relationship of a culvert follows well-known hydraulic
behavior. The culvert may act as a weir, an orifice, or a pipe 1n pressure flow. For
an unsubmerged inlet, the culvert operates as a welr at the inlet and the discharge
is proportional to the head to the 1 power. If the inlet is submerged and the culvert
is in inlet control, orifice flow occurs and the discharge is proportional to the head
to the 1 power. This means that the head increases more rapidly with an increase in
discharge than for weir flow. In pressure flow, the head-discharge relation is deter-
mined by the effective head, which is the difference in total head between the head-
water and tajlwater.

The U.S. Geological Survey (Bodhaine 1976) classifies culvert flow into six
types, depending primarily on the headwater and tailwater levels and whether the
slope is mild or steep. These types of flow also have been given by French (1985),
but Chow (1959) used a different numbering system for the same six types of flow.
Additional types of culvert flow can be identified; however, a simpler classification
depends only on the type of hydraulic head-discharge relationship. In this classifi-
cation, the most important criteria are whether the culvert is in inlet or outlet con-
trol and whether the inlet is submerged or unsubmerged. Submergence of the inlet
occurs when the ratio of inlet head to height of the culvert, HW/d, is in the range of
1.2 to 1.5, with the latter value usually taken as the submergence criterion. Inlet
head, HW, is defined as the height of the headwater above the invert of the culvert
inlet, as shown in Figure 6.11.

Inlet Control

Several types of inlet control are illustrated in Figure 6.11. In Figure 6.1 la, both the
inlet and outlet are unsubmerged on a steep slope. Flow passes through the critical
depth at the inlet and the downstream flow is supercritical (52 curve) as it
approaches normal depth. This is U.S. Geological Survey (USGS) Type 1 flow. The
outlet is submerged in Figure 6.11b. which forces a hydraulic jump in the barrel.
As long as the tailwater is not high enough to move the jump upstream to the inlet,
the culvert remains in inlet control, that is. the head-discharge relationship does not
change. In Figure 6.11c¢, the inlet is submerged and the outlet is unsubmerged. Crit-
ical depth occurs just downstream of the infet, but the culvert is in orifice flow
(USGS Type 5). Both the inlet and outlet are submerged in Figure 6.11d. and a vent
must be provided to prevent an unstable flow situation, which oscillates between
full flow and partly full flow. With the vent in place and the hydraulic jump remain-
ing downstream of the culvert entrance, this remains inlet control with orifice tflow
at the entrance.

The head-discharge relationships for inlet control are based on either weir flow for
an unsubmerged inlet or orifice flow for a submerged inlet. In other words, only two
types of flow occur in inlet control in terms of the type of head-discharge relationship
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{a) Outlet Unsubmerged

Water surface

hidd EQ

(b) Qutlet Submerged,
Inlet Unsubmerged

Water surface
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—
{c) Inlet Submerged
/— Median drain
HW
—
Walter surface
{d) Outlet Submerged

FIGURE 6.11

Types of intet control (Federal Highway Administration 1985).

that governs: (1) inlet submerged and orifice flow, which we refer to here as Type
IC-1; and inlet unsubmerged on a steep slope with weir flow, which is called Type
IC-2. The head-discharge relation for weir flow (IC-2) is derived from the energy
equation written from the headwater to the critical depth section, negiecting the
approach velocity head:

-

Q
2gA;

HW =1y, + (1 +K,) (6.10a)

in which HW = head above the invert of the culvert inlet; v, = critical depth; A, =
flow area corresponding to critical depth; and K, = entrance loss coefficient. An addi-
tional equation is needed to eliminate the critical depth. and it comes from the condi-

-
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tion of setting the Froude number equal to unity. Equation 6.10a can be rearranged to
solve for the discharge, Q:

Q = C,A N 2(HW — 1) (6.10b)

or it can be placed in the form of a weir equation. Note that the coefficient of dis-
charge C; = 141 + K,)'?. The USGS (Bodhaine 1976) developed values for the
coefficient C; as a function of the head to diameter ratio, HW/d, for circular cul-
verts. For pipe culverts with a square edge in a vertical headwall, Cy, =093 for
HW/d < 0.4, and it decreases 10 0.80 at HW/d = 1.5, where the entrance becomes
submerged. The coefficient C, can be corrected for bevels and rounding of the
entrance edge. For a standard 45° bevel with the ratio of bevel height to culvert
diameter w/d = (0.042, the correction to the coefficient C,is approximately 1.1, For
machine tongue-and-groove reinforced concrete pipe from 18 to 36 in. in diameter,
the value of C; = 0.95 with no systematic variation found between C,and HW/d.
For box culverts set flush in a vertical headwall, the value of C,; = 0.95 for USGS
Type 1 flow (IC-2),

Once the inlet is submerged (Type IC-1), the governing hydraulic equation is
the orifice-flow equation given as

0 = C,A,\V 2g(HW) 6.11)

in which C,; = coefficient of discharge: A, = cross-sectional area of inlet; and HW
= head on the inlet invert of the culvert. Some values of C, for orifice flow are
given in Table 6-2 for various degrees of rounding with radius r and for bevels of
height w as a function of HW/d. The purpose of bevels or rounding is to reduce the
flow contraction at the inlet of the culvert to obtain a higher discharge coefficient,
The FHWA (Federal Highway Administration) developed head-discharge relation-
ships for inlet control using bevels of 45° or 33.7° with w/b or wid = 0.042 and

TABLE 6-2

Orifice discharge coefficients for culverts {Q = CiA (28 HW)?]

A S e G T R et e S 4w DB Ao MER LN o L aaw oh o rhOTT  rr ae TR P et R B o M TR TN 8

rib, rid;  wib, wid
HW/id 0.0 6.02 0.04 0.06 0.08 0.10 0.14

1.4 0.44 0.46 0.49 0.50 0.50 0.51 0.51
1.5 0.46 049 0.52 0.53 0.53 0.54 0.54
1.6 0.47 0.51 0.54 .55 0.55 0.56 0.56
L7 (.48 0.52 0.55 0.57 0.57 0.57 0.57
1.8 0.49 0.54 .57 0.58 0.58 0.58 0.58
1.9 0.50 0.35 0.58 0.59 0.60 0.60 0.60
2.0 0.51 (.56 0.59 0.60 0.61 0.61 (.62
25 0.54 0.59 0.62 (.64 (.64 .65 0.66
3.0 (.55 .61 0.64 0.66 0.67 0.69 0.70
35 0.57 0.62 0.65 0.67 0.69 .70 0.71
4.0 0.58 0.63 0.66 0.68 370 0.71 0.72
5.0 0.59 0.64 0.67 (.69 0.71 0 0.73

Sevrce: Data from Bodhaine (1976).
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0.083, respectively, where w is the height of the bevel: b is the height of a box cul-
vert; and f is the diameter of a circular culvert. The 45° bevel is recommended for
ease of construction (Federal Highway Administration 1985). From Table 6-7, we
see that these two standard bevels increase the discharge coefficient by approxi-
mately 10 to 20 percent in comparison with a square-cdge inlet {r = 0; w = 0). For
a grooved-end concrete pipe culvert, bevels are unnecessary, because the groove
gives about the same improvement in the discharge coefficient.

Between the unsubmerged and submerged portions of the inlet control head-
discharge equations, a smooth transition curve connects the two. Based on exten-
sive experimental results obtained by the National Bureau of Standarde. best-fit
power relationships have been obtained for both the unsubmerged and submerged
portions of the inlet control head-discharge relationship. For the inlet unsubmerged,
two forms of the equation are recommended:

HW E. o ™

= " + K i 0.55 6.12a)
HW Q ¥

= {Ad“s} (6.12h)

in which HW = head above invert of culvert inlet in feet; £, = minimum specific
energy in feet: d = height of culvert inlet in feet; Q = design discharge in cubic
feet per second; A = full cross-sectional area of barrel in square feet; S = culvert
barrel slope in feet per foot; and K, M = constants for different types of inlets from
Table 6-3. Equation 6.12a is Form | and preferred; Equation 6.12b is Form 2.
which is used more easily. For the inlet submerged, the best-fit power refationship
is of the form

HW g i _
e C{Ad”-iJ + Y - 058 (6.13)
in which ¢ and ¥ are constants obtained from Table 6-3 for 0. A, and d in English
units as for Equations 6.12. Equations 6.12 apply up to values of Q/(Ad%%) = 3.5,
while Equation 6.13 is valid for Q/(Ad®®) = 4.0. Inlet control nomographs based on
Equations 6.12 and 6.13 have been developed for manual culvert design and can be
found in HDS-5 (Federal Highway Administration 1985). A full inlet control curve
can be developed graphically by connecting Equations 6.12 and 6.13 with smooth
curves in the transition region. For computer applications, polynomial regression has
been applied to obtain best-fit relationships for the inlet control curve of the form

HwW 2 3 4 5
T =A+BX+CX-+ DX +EX*+FX° - CS (6.14)

[4

in which &, = slope correction coefficient; § = culvert slope; and X = Q/Bd™?),
where 0 = discharge in one barrel; B = culvert span of one barrel; and 4 = cul-
vert height. The polynomial and slope correction coefficients are available in Fed-
eral Highway Administration {1982 and 1979).
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FIGURE 6.12
Types of outlet control (Federal Highway Administration 1985).

Outlet Control

Types of outlet control are shown in Figure 6.12. Flow condition (a) is the classic
full-pipe flow, in which pressure flow occurs throughout the barrel. In flow condi-
tion (b), the outlet is submerged but the inlet is unsubmerged for low values of
headwater because of the flow contraction at the inlet. The outlet is unsubmerged
in flow condition (¢), but the culvert still flows full due to a high headwater. In flow
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condition {d), the outlet not only is unsubmerged, the barrel flows partly full near
the outlet and passes through cnitical depth there. Finally, in flow condition {¢), both
the inlet and outlet are unsubmerged and we have open channel flow that is sub-
critical on a mild slope. Flow conditions (a) and {b) are USGS flow Type 4. while
conditions (¢) and (d) can be considered USGS flow Type 6. Flow condition (e} for
open channel flow is cither USGS flow Type 2 or 3, depending on whether the
downstream control is critical depth (M2 profile) or a tailwater greater than critical
depth (M1 or M2 profile), respectively. As shown next, flow conditions (a). (b), {c),
and (d) alt can be treated as full flow with some adjustment for condition (d).
Hence, we refer to these flow types here as OC-1 for outlet control with submerged
inlet. Flow condition (), on the other hand, has an unsubmerged inlet, so it is clas-
sified OC-2.

Flow conditions (a), (b), and {c¢) (Type OC-1) all arc governed by the energy
equation written from the headwater to the tailwater:

0*
2gA°

L
HW = TW — 5L + (1 +Ke+fﬁ) (6.15)

in which TW = tailwater depth relative to the outlet invert; Sy = culvert slope; L =
culvert length; K, = entrance loss coefficient; f = Darcy-Weisbach friction factor,
R = full-flow hydraulic radius; A = culvert cross-sectional area; and Q = culvert
discharge. This equation can be rearranged and written in the form

20(HW — TW + S,L
0=A a ¥ Sol) {6.16)

L
L+ Ko+ o

The term in parentheses in the numerator on the right hand side of Equation 6.16 is
called the effective head, H g, because it is the difference in elevations of the head-
water and tailwater. Outlet control nomographs based on H_ g (H in Figure 6.12) can
be found in HDS-5 (Federal Highway Administration 1985). it should be empha-
sized that the only reason why the culvert slope appears in Equations 6.15 and 6.16
is because of the definition of the head, HW, relative to the invert of the culvert
inlet. As long as the effective head is the same, the full-flow discharge through a
culvert of specified length will be the same regardiess of the barrel slope.

The head-loss term in Equation 6.16 sometimes is written in terms of Man-
ning’s equation instead of the Darcy-Weisbach equation, in which fL/4R is replaced
as follows:

2en*L
KiR*?

Lo 6.17)
IR (6.
in which n = Manning’s n value for full flow, and K, = 1.0 for SI units and 1.49

for English units, as in Chapter 4. Typical values of Manning's n for culverts are
shown in Table 6-4.
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TABLE 6-4
Recommended Manning’s # values for selected conduits

S L T Lt SR B R wenT T L N

Tyvpe of conduit Wall and joint description Manning’s »
Concrete pipe Good joints, smooth walls 0.011-0.013
Good joints, rough walls (0.014-0.016
Poor joints, rough wails 0.016-0.017
Concrete box Good joints. smooth finished walls 00120015
Poor joints. rough. unfinished walls 0.014-0.018
Corrugated metal pipes and boxes, 23 by ! in. cormugations 0.027-0.022
annular corrugations 6 by ! in. corrugations 0.025-0.022
5 by 1 in. corragauans 0.026-0.025
3 by | in. corrugations 0.028-0.027
6 by 2 in. structural plate 0.035--0.033
9 by 2} in. structural plate 0.037--0.033
Corrugated meta) pipes. helical 21 by} in. corrugations. 24 in. 0.012-0.024
corrugations, full circular flow plate width
Spiral nb metal pipe by § in. recesses at 12 in. spacing, 0.012-0.013
good joints

Saurce: Data from Federal Highway Administration {1985).

Values of the entrance loss coefficient for outlet control are given in Table 6-5.
The value of K, for a square edge in a headwall is 0.5, while for beveled edges and
the groove end of conerete pipe culverts, K, = 0.2. On box culverts with a square
edge. a small reduction in K, to a value of 0.4 is obtained for wingwalls at an angle
of 30°-75° from the centerline of the barrel; otherwise, wingwalls have either no
effect for concrete pipes or a detrimental effect if constructed parallel to the sides
of a box culvent.

The flow condition (d) in Figure 6.12 actually requires computation of the sub-
critical flow profile from the outlet to the point where it intersects the crown of the
culvert. Numerous backwater calculations by the FHWA, however, led to a simpler
procedure for manual calculations. A full-flow hydraulic grade line is assumed to
end at the outlet at a point halfway between the critical depth and the crown of the
culvent, (¥, + 4)/2, and is extended to the inlet as though full flow prevailed through
the entire length of the culvert. Then the full-flow equation, Equation 6.15, can be
used to calculate the head-discharge relation with TW replaced by (y, + d)/2. If the
tailwater is higher than (y_ + d)/2, then the actual tailwater depth is taken as the
value of TW. In computer programs such as HY8 (Federal Highway Administration
1996). the water surface profile for condition (d) is computed until it reaches the
crown of the pipe, after which full-flow calculations are made. Thus, it is given a
special Type 7 in addition to USGS Types | through 6, which are used in the pro-
gram. Since it is a mixture of OC-1 and OC-2, as defined here, it should be given
its own designation of OC-3 in HYS.
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TABLE 6-5
Entrance loss coefficients: Qutlet control, full or partly full entrance head loss, where

VZ
H =K, | —
L f(zg)

Type of structure and design of entrance Coefficient K,

o AnTaw

Pipe, concrete

Projecting from fill, socket end (groove end) 0.2
Projecting from: fill, square cut end 0.5
Headwall or headwalt and wingwalls

Socket end of pipe (groove end) 0.2

Square edge 0.5

Rounded (radius = 5 &) 0.2
Mitered 1o conform to filt siope 0.7
End scction conforming to fill slope 0.5
Beveled edges, 33.7° or 45° bevels 0.2
Side- or slope-tapered inlet 0.2

Pipe, or pipe arch, corrugated metal

Projecting from fill (no headwall) 0.9
Headwall or headwall and wingwalls, square edge 0.5
Mitered to conform to fill slope, paved or unpaved slope 0.7
End section conferming to fill slope 0.5
Beveled edges, 33.7° or 45° bevels 0.2
Side- or slope-tapered inlet 0.2

Box, reinforced concrete
Headwall paralle] to embankment (no wingwatls)

Square edged on three edges 0.5
Rounded on three adges o radius of = barrel dimension, or beveled
edges on three sides 0.2
Wingwalls at 30°-75° to barrel
Square edged at crown 0.4
Crown edge rounded 1o tadius of 75 barrel dimension, or beveled
top edge 0.2
Wingwall at 10°-25° to barrel
Square edged at crown 0.5
Wingwalls parallel (extension of sides)
Square edged at crown 07
Side- or slope-tapered inlet 0.2

Source: Data from Federal Highway Administration {1985},

Outlet control condition {(e) (Type OC-2) in Figure 6.12 requires the computa-
tion of a gradually varied flow profile from the outlet proceeding upstream to the
culvert inlet. This will be either an M2 or an M1 profile. At the inlet, the velocity
head and entrance losses from Table 6-5 are added to the inlet flow depth to obtain
the upstream headwater, HW. The flow profile is computed in HY$ using the direct
step method.
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FIGURE 6.13
Discharge coefficients for roadway overtopping (Federal Highway Administration 1985).

Road Overtopping

When the roadway overtops, the roadway embankment behaves like a broad-
crested weir, as shown in Figure 6.13. The equation for a broad-crested weir is writ-
ten for this case as

Q= C,L(HW,)*"? (6.18)

in which Q = overtopping discharge in cubic feet per second; C,, = weir discharge
coefficient; L = length of roadway crest in feet; and HW, = head on the roadway
crest in feet. Figure 6.13a gives the discharge coefficient for deep overtopping, and
Figure 6.13b shows its value for shallow overtopping. The correction factor k, in
Figure 6.13c is for submergence of the weir by the tailwater. An iterative procedure
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has 10 be employed to determine the division of flow between the culvert and
embankment overflow. Different headwater elevations are assumed uatil the sum of
the culvert flow and embankment overflow equals the specified discharge.

Improved Inlets

When a culvert is in outlet control, only minimal improvements can be made to
increase the discharge for a given headwater elevation. Beveling of the entrance
reduces the entrance head loss, but the barrel friction loss is likely to be the domi-
nant head [oss. The barrel friction loss can be reduced by using culverts fabricated
from materials having lower values of Manning’s 1. but this becomes an economic
issue. On the other hand. a culvert that is in inlet control is amenable to consider-
able improvement in performance by design changes to the infet itseif.

The purpose of improved inlets is first to reduce the flow contraction, which
increases the effective flow arca as well as decreases the head loss that occurs in
severe contractions. In addition, tmproved inlets can include a fall, or depression,
that increases the head on the throat of the barrel. where the conirol section is
located, for the same headwater elevation.

At the first level of inlet improvement, the inlet edges can be beveled. The
degree of improvement can be seen in Figure 6.14, which is a set of inlet control

A/

/
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Z,

Thin edge pro;ectmg?/r
. 2.0 /!
T/® /
=

i
o %% ™ Beveled eldge

/

/

Square edge

0 |
10 20 30 40 50 60 70 80 90

Q/AdOS

FIGURE 6.14
Inlet control curves—<Circular or elliptical structural plate corrugated metal conduits ¢(Fed-
eral Highway Administration 1985).
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curves for different entrance conditions constructed from Equations 6.12 and 6.13
for a circular or elliptical structural plate corrugated metal conduit. The maximum
increase in discharge at HW/d = 3.0 due to beveling is about 20 percent in com-
parison to a thin edge projecting inlet.

The next level of improvement is the side-tapered inlet shown in Figure 6.15.
The side-tapered inlet has an enlarged face section with a 4:1 to 6:1 side taper as a
transition to the entrance to the barrel of the culvert, called the throat. The floor of
the tapered section has the same slope as the barrel of the culvert, and the height of
the face should not exceed 1.1 times the height of the barrel. The headwater height
on the throat is greater than on the face due to the slope of the tapered infet. How-
ever, an increased head on the throat can be achieved by rotating the culvert about
its downstream end such that there is a fall from the natural streambed to the invert
of the face. The side-tapered inlet is designed by first calculating the head on the

Face section

§ \ <<<\«6&«::;\/91 {optional)

b4
HW; Throat section
Hw,
_.---——"‘.‘—--
¥ T
L1 S LW
Elevation
Symmetrical e
wingwall flare
angles from B
15° to 90°
Taper (4:1 to 6:1)
Plan
FIGURE 6.15

Side-tapered inlet, no fall (Federal Highway Administration 1985).

-
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throat, HW,, for a given design discharge, culvert size, and allowable headwater ele-
vation using inlet control nomographs or cquations developed for this case. The ele-
vation of the throat then is set as the headwater elevation minus the head on the
throat. This may require the inclusion of some fall in the throat below the normal
streambed elevation. Then inlet control equations or nomographs for face control
are used to obtain the minimum width of the face for the given head on the face,
assuming a maximum increase in ¢levation of 1 ft from the throat to the face invert.
The face width is rounded up slightly to be conservative, so that control will be at
the throat and not the face. Once the face width is fixed, the length of the side taper
is calculated from a chosen taper ratio between 4:1 and 6:1 (longitudinal:lateral),
and the actual etevation of the face can be determined from the slope of the barrel.
If it is more than 1 ft higher than the throat, the calculation must be repeated with
a new face elevation.

The final level of inlet improvement is shown in Figure 6.16, which depicts the
slope-tapered inlet. In this inlet improvement, the entire {all is concentrated from
the face invert clevation at the natural streambed elevation to the throat invert ele-

Bevel

Face (optional)

section /
A% A M
= 1 ‘% Bend
HW,

section
So wa
-l
] { ]

Fall

Throat

Symmetrical
wingwall flare Taper
angles from (4:1106:1) 8
15° t0 90°

FIGURE 6.16
Slope-tapered inlet (Federal Highway Administration 1985).
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vation determined for throat control. Separate face conirol nomographs or equa-
tions for the slope-tapered inlet are used to find the minimum face width. The fall
slope is selected to be in the range between 2:1 and 3:1 (horizontal to vertical), and
the side taper remains in the range of 4:1 to 6:1 to determine the length of the
tapered section. The amount of fall should be in the range between 0.254 and 1.54.

EXAMPLE 6.2, Design a concrete box culvert to carry a design discharge of 500
cfs (14.2 m¥/s) with an allowable headwater of 10.0 ft {3.05 m) above the inlet invert.
The culvert ts 300 ft (91.4 m) long and has a slope of 0.02. The downstream channel is
trapezoidal with a bottem width of 20 ft (6.1 m), side slopes of 2:1, n = 0.020, and
slope § = 0.001 fuft.

Solution.  Start by choosing a 6 ft (1.8 m) by 6 ft {1.8 m) box culvert with a square
edge in a headwall. Assume inlet control with the inlet submerged (1C-1), so that, from
(6.11), the head for the design discharge is

4

Q- 5007 .00

HW = = =
28(CyA,) 644 X 36- X C3

Then, from Table 6-3, for w/b = 0, assume a value of HW/d = 2.0 for which C, = 0.51
and HW = 3/0.51° = 115 fi (3.51 m). Repeat with HWid = 11.7/6 = 195, and C, =
0.505, so that HW = 11.8 ft (3.60 m). This is acceptable agreement, so for inlet con-
trol, the head, HW, of 11.8 ft (3.60 m} exceeds the allowable headwater. The next step
could be 1o increase the size of the culvert, but it would be cheaper to bevel the edges,
With w/b = (0.042, the iteration on C, from Table 6-2 produces C; = 0.55 and HW =
9.9 ft (3.0 m). which is just less than the allowable headwater. On the other hand, Equa-
tions 6.12 and 6.13 are somewhat more accurate for inlet control. The value of
QHAd™) = 500/(36 X 6"%) = 5.67, so Equation 6.13 is applicable. Table 6-3 gives ¢
= (.0314 and ¥ = 0.82 for a 45° bevel and a 90° headwall. Substituting into Equation
6.13 results in HW = 10.9 ft (3.32 m). This is slightly greater than the allowable head-
water. For a greater factor of safety, increase the culvert sizeto 7ft (2.1 myby 6 ft (1.8
m) high but still use beveled edges. In this case, Equation 6.13 remains applicable and
HW =93 ft (2.8 m). This might be an acceptable design, but we should also check for
outlet control. In fact, from Manning's equation, the normal depth in the culvert for
=500cfs (14.2 m¥s), n = 0.012, 5 = 0.02, and b = 7.0 ft (2.1 m} is 2.97 ft (0.905 m),
and critical depth v, = [(500/7)%32.2]'"® = 541 ft (1.65 m). Consequently, this is a
steep slope and inlet control is likely te govern unless there is a high tatlwater.

The tailwater for @ = 500 cfs (14.2 m¥/s} can be calculated from Manning’s equa-
tion with n = (.02 and § = 0.001 for the given dimensions of the downstream trape-
zoidal channel. The resultis a tailwater depth of 3.83 ft (1.17 m) above the outlet invert.
Calculate (v, + d)/2 = (541 + 6)/2 = 5.7 fi {1.7 m), which is greater than the tailwa-
ter depth of 3.83 ft (1.17 m), so use 5.7 ft (1.7 m) in the full-flow equation. Substitut-
ing into Equation 6.15 with the friction loss term evaluated by Equation 6.17 and X, =
0.2 for beveled edges from Table 6-5, we have

m4x0mfx3m)(hjﬁi_)
1497 X (42/26)"" J\64.4 X 42°

HW:5.7*0.02X300+(1+0.2+

= 38ft{1.2m)

Clearly the inlet control head of 9.3 ft (2.8 m) is higher, and it will control.
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While this is a perfectly acceptable design, it is worthwhile to explore the effect of
utitizing side-tapered and slope-tapered inlets on the original 6 ft by 6 ft box culvert
design using the FHWA program HYS8 (Federal Highway Administration 1996). The
program HY8 ailows interactive entry of culvert and iniet data and downstrearn chan-
nel characteristics. It then calculates the tailwater rating curve and develops a full per-
formance curve for the selected culvert. It calculates complete water surface profiles
when required and provides graphical screen results and printed cutput tables and files.

To design a side-tapered inlet, assume a lateral expansion of 4:1 and specify
beveled edges. Then choose a face width larger than the culvert width, and the program
computes the face control curve as well as the throar control performance curve. Adjust
the face width until the face control curve is below the throal contsof curve so that the
throat is the control, at least for ( greater than or equal 1o the design discharge. The
performance curve for the 6 ft by 6 ft culvert with side-tapered inlet having a face
width, B, of 9 ft (2.7 m) is shown in Figure 6.17 in comparison with the performance
curves for a square edge and beveled edge on the 6 ft by 6 ft culvert. At the design dis-
charge of 500 cfs (14.2 m¥s) , the head for the side-tapered inlet (SDT) is 9.11 ft (2.78
m), which is a 26 percent reduction from the head of 12.39 f1 (3.78 m} for a square-
edge inlet. Also shown in Figure 6.17 is the performance curve for a slope-tapered inlet
(SLT) with a fall of 2 ft (0.61 m), a fall slope of 2:1. and a face width of 12.0 ft (3.66
m). The head at 500 cfs (14.2 m¥s) is 7.23 ft (2.20 m), ora 42 percent reduction from
the head for a square-edge inlet. It is apparent that the culvert harrel could be reduced
in size further if a side-tapered or slope-tapered inlet were used.

Just below the performance curve for the slope-tapered inlet in Figure 6.17 is the
outlet control performance curve for the slope-tapered inlet design, We sce that the out-

Concrete Box Culvert
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FIGURE 6.17
HY& results showing effect of improved inlets on culvert performance curves.
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let control curve intersects the slope-tapered inlet curve at a discharge slightly greater
than 600 cfs (17 m"/s). For all discharges greater than the intersection point. the culvert
is in outlet control. and the head rises at a greater rate than for intet control. One design
philosophy is to use a tapered inlet with a fall such that the intersection with the outlet
control curve oceurs exactly at the allowable head of 10 ft (3.05 m) where ( is greater
than the design value. This fully utilizes the inlet capacity of the culvert at the design
head and provides a factor of safety in culvent capacity. Allernatively. the culvert with
improved inlet can be designed with a fall such that the inlet control curve intersects
exactly the point corresponding to the design discharge and allowable headwater. This
often is acceptable, if some additional headwater can be tolerated or if road overtopping
is allowed. The final possible design point is the intersection of the inlet control curve
with the design discharge at the lowest possible head, which is limited by the natural
water surface elevation in the stream upstream of the culvert. The final choice of design
point must be made by the engineer based on local cenditions and judgment.

6.6
BRIDGES

The flow constriction caused by bridge openings and bridge piers gives rise to both
contraction and expansion energy losses, with a resulting rise in water surface ele-
vation upstream of the bridge in compartson to that which would occur without the
bridge. This excess water surface elevation in the bridge approach cross section,
referred to as backwater, is shown in Figure 6.18 as 4%, Type I flow shown in Fig-
ure 6.18 is defined for subcritical flow throughout the approach, bridge, and exit
cross sections. In Type II flow, the constriction is so severe as to produce choking
and the occurrence of critical depth in the bridge opening. In Type 1TA flow. the
flow depth does not pass through the downstream critical depth, so a hydraulic
Jump does not occur. However, in the case of Type IIB flow, the flow downstream
of the bridge becomes supercritical and a hydraulic jump forms immediately down-
streami of the bridge. Finally, Type III flow. which is not shown in Figure 6.18.
occurs when an approach supercritical flow remains supercritical through the
bridge opening. In Type | flow, the bridge backwater is the result of head losses,
including the approach friction loss, contraction loss. and expansion loss. In the
case of Type II flow, the choked condition, additional backwater is caused by the
upstream depth necessary to increase the available specific energy to the minimum
value in the bridge opening.

Several different methods are available for determining the bridge backwater,
especially for Type I flow, which is the most common. These methods are discussed
individually here and include empirical, momentum. and energy approaches to the
problem.

HEC-2 and HEC-RAS

In the normal bridge routine in HEC-2 (U.S. Army Corps of Engineers 1991) or the
energy method in HEC-RAS (U.S. Army Corps of Engineers 1998), the gradually

-



234 CHapTER 6: Hydraulic Structures
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FIGURE 6.18
Flow through a bridge opening (Bradley 1978).

varied flow profile calculations are continued through the bridge using the standard
step method, as though the bridge opening were just another river cross section.
This method usually is used when there are no piers or the head loss caused by the
piers is very small. The cross sections are located as shown in Figure 6.19, num-
bered for consistency with other methods presented here. Cross sections 3 and 2 are
located immediately downstream and upstream of the bridge opening. respectively,
at a distance of only a few feet from the face of the bridge. The approach section |
in Figure 6.19 is in the region of parallel flow before flow contraction occurs, while
the exit section 4 is located at a point where the flow has reexpanded. Traditionally,
the Corps of Engineers has recommended that the length of the contraction reach
from cross section 1 to 2 be taken as 1 times the average length of the side obstruc-
tion caused by the embankments (CR = 1). In addition, the expansion reach length
from cross section 3 to 4 has been recommended in the past to be 4 times the aver-
age length of the side obstruction (ER = 4). However. the Corps of Engineers con-
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FIGURE 6.19
Cross-section locations at a bridge (U.S. Army Corps of Engineers 1998),

ducted a numerical study of the contraction and expansion reach lengths using a
two-dimensional numerical model (U.S. Army Corps of Engineers 1998). The
results showed that the lengths required for expansion of the flow depend on the
geometric contraction ratio, the channel slope, and the ratio of overbank to main
channel values of Manning’s n, while contraction reach lengths depend only on the
latter two variables. In general, contraction reach lengths were in the range of | to
2 times the average obstruction length, and expansion reach lengths fell in the range
of | to 2.5 times the average obstruction length. Best fits of the numerical results
were obtained. but they are specific to the values of the independent variables tested
in the numerical model, which included bridge opening lengths from 100 to 500 fi
(30.5 to 152 m), a floodplain width of 1000 ft (305 m), overbank Manning's n val-
ues from 0.04 to 0.16, main channel Manning's n of 0.04, discharges from 5,000 to
30,000 cfs (142 to 850 m¥s), and bed slopes from 0.00019 to 0.0019 (see U.S.
Army Corps of Engineers 1998).

Two additional cross sections are created by HEC-RAS inside the bridge open-
ing. Only the effective flow area from B to C is used in the cross-section properties
of cross section 3 as well as cross section 2. Standard step flow profiles are com-
puted through this total of six cross sections with {riction losses and expansion and
contraction losses computed in the usual way.

e
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In the special bridge method in HEC-2, the program computes a momentum
balance between an upstream cross section and a section just inside the bridge sec-
tion and between the bridge section and a downstream section. to determine if the
flow is Type I or Type 1. If the flow is Type L then the empincal Yarnell equation
(Henderson 1966) is used to determine the change in water surface elevation,
AH, ,. through the bridge opening

AH, .,
¥a

= K FI(Kp + SF3 — 0.6)(A, + 1547} (6.19)

in which y, = downstrcam depth: Fy = downstream Froude number; K, = pier
coefficient varying from 0.9 for a pier with semicircular nose and tail to 1.25 fora
pier with square nose and tail; and A, = area ratio = obstructed area due to
piers/total unobstructed area. If the flow is Type 11, then HEC-2 sets the depth equal
{0 criticat depth in the bridge and determines the upstream and downstream depths
from a momentum balance (Eichert and Peters 1970).

In HEC-RAS, the Yarnell methed or the momentumn method can be chosen as
the desired bridge hydraulics analysis method for Type I flow. In the momentum
method, the momentum equation is written in three steps: (1) from just upstream of
the bridge to a point just inside the bridge. (2) through the bridge opening itself, and
(3) from just inside the bridge exit to a point just downstream of the bridge. This
provides a solution for the depth at the two cross sections inside the bridge and the
cross-section immediately upstream of the bridge. The pier drag force is included
in step (1).

Detection of Type 11 flow and cajculation of the approach depth can also be
accomplished using a combination of the momentum and energy approaches. First,
the momentum equation is written hetween the bridge section and downstream sec-
tion 4. with critical depth assumed in the bridge section. The result, which is given
in terms of the width ratio r = b./b, that causes choking, is (Henderson 1966}

(2 + ]f;r)lF.J‘

ARENTRNETES (620
in which b, = width of bridge opening: b, = exit channet width: and Fy = down-
stream value of the Froude number. The approach depth is obtained by writing the
energy equation between the approach section | and the critical section inside the
bridge with an appropriate head loss coefficient.

HDS-1

The Federal Highway Administration developed an energy method of bridge analy-
sis published in the Hydraulic Design Series (HDS-1; Bradley 1978). It was used
prior to the development of WSPRO. Referring to Figure 6.20, the energy equation
is applicd between sections | and 4 to obtain

al\/f 04\/3

S()L! 1 + M + = ¥y + — + h'[ (621)
28 28
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in which A is the total energy loss between sections 1 and 4. With respect to the

normal water surface. the uniform-flow resistance portion of /g is just halanced by

the vertical fall in the channel bottom so that from Equation 6.21, we have

a,Vi a Vi

— - —— t h (6.22)
2g 28

in which A, is the additional head loss due to the bridge constriction and can be

expressed in terms of a minor loss coefficient, K*, defined by

& 2
h, = K* —; (6.23)
28
where V,, = the mean velocity in the contracted section based on the flow area
below the normal water surface inclusive of the area occupied by bridge piers. Now
if (y; — ¥,) is replaced by A% and Equation 6.23 1s used to substitute for k,, Equa-
tion 6.22, with the aid of continuity, hecomes

J K* alv;er + {(ArQ)z (Anl)z}vil (6 ,)4)
= a |V — | — — 2
" 28 "\ 4, A ) 2

The second term on the right hand side of Equation 6.24 represents the difference
in velocity heads between sections | and 4. This term generatly is much smaller
than the first term, and Equation 6.24 is solved by iteration with the second term
equal to zero in the first trial. It is important to note that A , is the gross water area
in the contracted section measured below normal stage, and V,, is a reference
velocity equal to Q/A ;. The value of a; = 1.0, and it is assumed that &, = a,.

To calculate the backwater, the value of the minor head loss coefficient, K~,
must be determined. Values of K* have been developed from laboratory and field
studies, and K~ is considered to consist of additive components

K* = K, + AK, + AK, + AK, (6.25)

AT

in which K, = contraction coefficient; AK, = pier coefficient; AK, = eccentricity
coefficient; and AK, = skewness coefficient. For simplicity, we consider only a
normal bridge crossing with no eccentricity or skewness effects. The values of K,
and AK, can be obtained from Figures 6.21 and 6.22, respectively. The contraction
coefficient K, in Figure 6.21 depends on M,, the bridge opening discharge ratio
given as Q,/Q and defined in Figure 6.20 for the normal water surface elevation in
the approach section. For abutments exceeding 200 ft in length, the lower curve in
Figure 6.21 is recommended regardless of abutment type. In Figure 6.22, the pier
coefficient is given as a function of J, the ratio of area obstructed by the piers to the
gross area of the bridge waterway below the normal water surface at section 2. The
value of AK is determined first as a function of J, and then it is corrected for the value
of M, to give AK, = AKo.

USGS Width Contraction Method

The USGS has an interest in bridges from the viewpoint of using them as flow
measuring devices by measuring upstream and downstream stages. As a result, it



CHaPTER 60! Hydraulic Structures 239

3.2 ; T | T
> 45°
2.8 A [T m 1
2.4 A s S (NI A AR TR 2
N 90T WW oW a A
00l For lengths up>§x;\‘ 90° Wingwall  45° Wingwall
to 200 ft \\\\\\‘ 30° WW
° 18 R
x Y
x\
12—~ Allspill through o !
or 45° and 60° WW &\ Spill through
08 abttments over ‘-:-\\ ]
' 200 # in Jength NN
0.4 - AN
' ST
0 |
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1.0
My
FIGURE 6.21

Backwater coefficient base curves—subcritical flow (Bradiey 1978).

developed an energy approach (Kindsvater and Carter 1955; Kindsvater, Carter, and
Tracy 1958; Matthai 1976) that utilizes a bridge discharge coefficient, C. First, with
reference to the cross section locations in Figure 6.20, the energy equation is writ-
ten between cross sections 1 and 3, but with section 3 inside the bridge, to obtain
L'V%JF/ ——a3V§+h + h, + h (6.26
r p— .
2g ! 28 3 ¢ f )
in which h; = stage (water surface elevation) in the approach section I; i, = stage
in the bridge section 3; s, = entrance head loss; and 4, = friction head loss from
sections | to 3. If the entrance loss is expressed in terms of a minor loss coefficient
as h, = K ,(V;)*/2g and if continuity for the bridge section is written as

g = C.bv,V, (6.27)

in which b = bridge opening length, and C, = the contraction coefficient, then
Equation 6.26 can be solved for V, and expressed in terms of  using Equation 6.27
to give

v2
0= CA3\/2g(Ah -k + a, 2—‘) (6.28)
£
In Equation 6.28, the bridge discharge coefficient, C, is defined by
C.
C=—F——— (6.29)

Va; + K,



Flow Wp = Width of pier normal to

fiow, #t

W~ | o = Wo trz = Height of pier exposed

{Anz Based on 1o flow, ft
f Length b N = Number of piers
[ G N
Ap = X" Wphne = Total projected

Normal Crossing area of piers normal to

flow, f12
Flow

e {Anz Based on Apz = Gr_oss water cross seclion

Wp /\ Length b cos &) in conslriclion based on
normal water surface
{use projected bndge
length normal to flow

HS for skew crossings)

J:,ﬁL

Skewed ;
/ An2

Crossing

0.4 it
A
‘. /
/
7
7 v
L
0.3 7
X /
< 02
' MO
. 20 40 60 B0 1.0
l//// /// /1,0
0.1 # > P 0.9 |
{ /i / 08 <
/, . 77
/. / 0.7 A
L/ 5 4
/V — 0.6 U‘l.::.:,
/// AK,=AKg 05 -
0 | I ! 1 1
02 04 06 .08 A0 i2 14 16 18
J
(a)
FIGURE 6.22

Incremental backwater coefficient for piers (Bradley 1978).

240



CHAPTER 6: Hydrautic Structures 24

and Ah = h; — hy while A, = by,. As an example, values of the bridge discharge
cocfficient are given in Figure 6.23 for a Type I bridge consisting of rectangular
abutments with or without wingwatls, The base coefficient ' is determined from
the upper graph and corrected for the Froude number and corner rounding by mul-
tiplying C* by k, and k, to get C. Curves of this type have becn developed for three
additional bridge types, discussed in the section on WSPRO. (For the complete set
of curves, see Matthai 1976: French 1985; or U.S. Army Corps of Engineers 1998,
The purpose here is only to show the connection between the USGS method and
WSPRO.) Each bridge type has its own set of correction factors. In addition, some
correction factors are common 10 all four bridge types, such as the correction for
piers or piles as shown in Figure 6.24, and these are multiplied times the base coef-
ficient. The pile and pier adjustment factors depend on the ratio j = A /A;, where
A 15 the submerged area of the piers projected onto the plane of cross section 3 and
Ay is the gross arca of cross section 3, L/b = ratio of abutment width in the flow
direction to bridge opening length, and m = channel contraction ratio. The value of
the base discharge coefficient C” is a function of the channel contraction ratio, m,
which is defined as the obstructed discharge in the approach channel cross section
divided by the total discharge, and L/b. In terms of HDS-1, m = (1 — M} where
M, is the unobstructed discharge ratio, defined as in HDS-1 except that it is evalu-
ated at the approach water surface elevation, 4,, instead of at the normal water sur-
face elevation. To determine the backwater, Equation 6.28 can be solved for Ak, but
this is only the drop in water surface from the approach to the bridge section.
WSPRO, to be described next, utilizes this portion of the energy balance involving
C but also the energy equation written from sections 3 to 4.

WSPRO Model

The USGS in cooperation with FHWA developed a computer program that com-
bines step backwater analysis with bridge backwater calculations. The program,
named WSPRO (Shearman et al. 1986), is recommended by FHWA. [t is contained
in the HYDRAIN suite of programs (Federal Highway Administration 1996).
WSPRO allows for pressure flow through the bridge, embankment overtopping,
and flow through multiple bridge openings including culverts, The bridge
hydraulies rely on the energy principle but have an improved technique for deter-
mining approach flow lengths and an explicit consideration of an expansion loss
coefficient. The flow length improvement was found necessary when the approach
flow occurs on very wide, heavily vegetated floodpiains.

The cross sections necessary for the WSPRO energy analysis are shown in Fig-
ure 6.25 for a single-opening bridge with or without spur dikes having a bridge
opening length of b, Cross sections 1, 3, and 4 are required for a Type 1 flow analy-
sis, and they are referred to as the approach section, bridge section, and exit sec-
tion, respectively. In addition, cross section 3F, called the full valley section, is
needed for the waler surface profile computation without the presence of the bridge
contraction. Cross section 2 is used as a control point in Type II flow but requires
no input data. Two more cross sections must be defined if spur dikes and a roadway
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FIGURE 6.25
WSPRO cross-section locations for stream crossing with a single waterway opening (Shear-
man et al. 1986).

profile are specified. The approach section is located a distance of / upstream of the
upstream face of the bridge, while the exit section is a distance of b downstream of
the downstream face.

The basic methodology for a single-opening bridge with no spur dikes and
free-surface flow consists of writing the energy equation, first between cross sec-
tions 1 and 3 and then between cross sections 3 and 4, as defined in Figure 6.25:

hl = h3 + hU] + hf(]*]) + hf(2—3) - hL‘l (630)
h3 = h4f1 + hU4n + hf(3~4) + he ‘_' huj (631)

in which h; = the water surface elevation at cross section i; b, = velocity head at
section i; hy, , = the friction head loss between cross sections i and j: h,, = normal.
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TABLE 6-6

Energy loss expressions in WSPRO. K = conveyance and C = bridge discharge
coefficient

P TGN E L i E are « D s RS e e T TR w Lt A i . . e e e ke e it g e
Loss between Type of

section numbers loss Energy loss equation

1-2 (no spur dikes} Friction Biya, = L OPNK KD

-3 Friction Biay = L QYKG

3~ Friction Rig, = BOMK K,

34 Expansion h, = QUI2gADI2B, — a, — 2BJ(AJA + a, (A/A)7]

where ay = 1/C7and B, = 1/C

Source: Data from Shearman et al. (1986).

waler surface elevation at cross section j; and A, = exit head loss between cross sec-
tions 3 and 4. Equations 6.30 and 6.31 are solved by assuming initial trial elevations
for k2, and £, which are used to compute the right hand sides of the two equations
to obtain updated values on the left. [teration is continued until the changes in &, and
k- are smail.

Energy loss expressions necded in Equations 6.30 and 6.31 are summarized in
Table 6-6. Friction loss calculations utilize the geometric mean conveyance
between any two cross sections, and the flow length from section 1 to 2 is the aver-
age length, L, , as determined by the method developed by Schneider et al. (1977)
and shown in Figure 6.26. The approach flow is divided into 20 streamtubes of
equal conveyance, and the flow distance of each streamtube from the approach sec-
tion to the bridge 15 averaged for the calculation of the approach friction loss. The
length L, is the distance from the bridge opening to the approach section where
the flow 1s nearly one dimensional, determined as function of the geometric con-
traction ratio based on potential flow thecory {Schneider et al. 1977). The value of
Lot 15 equal to the bridge opening length, b, at a geometric contraction ratio, /8 =
0.72. If L, is less than b as in Figure 6.26a. then the parallel straight-line lengths
of each streamline from the approach section to the dashed line at Lo Plus the con-
verging straight-line lengths to the bridge opening are averaged to obtain L. In
Figure 6.26b, L, is greater than & for a very severe contraction. In this case, a
parabola approximating an equipotential line is constructed from the edge of the
water at the upstream distance of b. Then, the parallel streamlines are extended to
intersect with the parabola before being turned to the bridge opening, if the inter-
scction point is downstream of the dashed line located a distance of L, from the
bridge opening. The approach head loss also depends on the geometric mean con-
veyance squared from 1 to 2, defined as the product of K| and K, where K| 1s the
conveyance of the approach section, and K is the minimum of the conveyance at
section 3 (K;) or the conveyance Kq, defined as the convevance of the segment of
appreach flow that can flow through the bridge opening with no contraction.

The friction loss through the bridge is based on the conveyance K, as shown in
Table 6-6. The length of the expansion reach used in the friction loss calculation is
one bridge opening length, b, and so the bridge exit cross-section location should

..
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FIGURE 6.26
WSPRO definition sketches of assumed streamlines {Shearman et al. 1986).

not be changed. A separate expansion head loss computation is based on the
approximate solution of the momentum, energy. and continuity equations for an
abrupt expansion given by Henderson (1966) and discussed in Chapter 2. It
depends on the coefficient of discharge for the bridge as developed by Matthai
(1976). By comparing Equations 6.28 and 6.30, it can be shown that ey = 1/C?. The
USGS width contraction method is used to find the bridge discharge coefficient,
which then appears in the expansion head loss expression.

Pressure flow through the bridge opening is assumed to occur when the depth
Jjust upstream of the bridge opening exceeds 1.1 times the opening hydraulic depth.
The flow then is calculated as orifice flow with the discharge proportional to the
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square root of the effective head. Unsubmerged orifice flow is illustrated in Figure

6.27 with the orifice discharge, (., computed by

0, = CoAra V2V, = Z/2 + b))

(6.32)

in which A, . = net open area in the bridge opening, and Z = hydraulic depth =
As,/b. Submerged orifice flow is treated similarly, with the head redefined as

shown in Figure 6.28, and given by

Qo - CdA3nel v ngh

-

(6.33)
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TABLE 6-7
Bridge flow classification accerding to submergence conditions

or. L T e I TEL B L T NP P L Tt S e oy

Flow through hridge opening only Flow through bridge opening and over road
Class 1. Free surface flow Class 4. Free surface flow
Class 2. Onifice flow Class 5. Onfice tflow
Class 3. Submerged orifice flow Class 6. Subimerged orifice flow
TABLE 6-8

Bridge type classification

AN T S ATl 3 Fohy ik A A | T I W T WL s T g E e T e

Type Embankments Abutments Wingwalls

1 Vertical Vertical With or withoeut
2 Sloping Vertical None

3 Sloping Sleping None

4 Sloping Vertical Yes

In unsubmerged orifice flow, the discharge coefficient is 0.5 over a wide range of
Y, /Z, while it is equal to 0.8 for the submerged orifice case.

WSPRO also can consider flow through the bridge opening simultaneously
with embankment overflow, which is computed as a weir discharge with discharge
proportional to head to the 3 power (see Figure 6.13). This leads to classification of
flow classes 1 through 6 (Shearman et al. 1986), as shown in Table 6-7. In free-
surface flow, there is no contact between the water surface and the low steel eleva-
tion of the bridge. In orifice flow. only the upstream girder is submerged, while in
submerged orifice flow both the upstream and downstream girders are submerged.

A total of four different bridge types can be treated by WSPRO as described in
Table 6-8. Further details are given by Shearman et al. (1986).

Comparisons of WSPRO results with several other models and field measure-
ments of water surface profiles through several bridges are given in Figure 6.29
(Shearman et al. 1986). The methods HEC-2(N) and HEC-2(8) are the normal and
special bridge routines, while E431 is an older USGS method. WSPRO compares
very well with the observed water surface profiles. Maximum errors are 0.3 ft for
Buckhorn and Cypress Creek, and 0.4 ft and 0.6 ft for the higher and lower dis-
charges, respectively, on Poley Creek. The results from WSPRO and HEC-2 are
comparable for the entire Cypress Creek profile as well as for the profiles upstream
of the bridge for Buckhorn Creek and the low discharge on Poley Creek. The water
surface profile through the bridge. however, is not reproduced very well by HEC-2.

Kaatz and James (1997) compared backwater values computed by WSPRO,
HEC-2, and the modified Bradley method with measured backwater values for 13

A
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FIGURE 6.29
Comparison of water surface profiles (Shearman et al, 1986),

flood events at nine bridges in Louisiana, Alabama, and Mississippi. The modified
Bradley method used essentially was the HDS-1 method given in this chapter,
except that the contraction reach length was taken to be one bridge opening length,
as in WSPRO. The bridge opening lengths varied from 40 to 130 m (130 to 430 1)
and the discharge contraction ratio, m. defined in the USGS method, varied from 54
to 79 percent of total flow obstructed in the approach section. Both the normal
bridge method and the special bridge method were used in HEC-2, in which the lat-
ter method simply is an application of the Yarnell equation to determine the water
surface drop through the bridge. The downstream expansion reach length for the
HEC-2 methods was taken to be one bridge opening length, as in WSPRO, but the
HEC-2 recommended value (4 times the average obstruction length) also was tried.
When using the expansion reach length of one opening length, the HEC-2 normal
bridge method gave the most consistent results, with computed backwater values

-
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FIGURE 6.29 (continued)

showing an overall average of 2 percent less than measured backwater values, while
WSPRO gave computed values with an overall average of 31 percent greater than
measured backwater values. The HEC-2 special bridge method (Yarnell) and the
modified Bradley method both gave consistently low values of computed back-
water, which is not too surprising, since neither method was developed for bridges
in wide, heavily vegetated floodplains. When the expansion ratio of 4:1 was applied
in the HEC-2 normal bridge method, the overall average of computed backwater
values was 36 percent higher than measured values and the computed water surface
elevarions downstream of the bridge were significantly higher. It was concluded
that, although the WSPRO model gave backwater values that were somewhat high,
it provided an accurate representation of the downstream water surface elevations
and the water surface elevations in the immediate vicinity of the bridge.

In laboratory experiments conducted at Georgia Tech, water surface profiles
were measured in a large compound channel (4.3 m (14 ft) wide by 18.3 m (60 ft)

-
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long} for which the Manning's # values were determined in uniform flow experi-
ments to be 0.0155 and 0.019 in the floodplain and main channel, respectively, for
compound channel flow. The compound channel was asvmmetric with a floodplain
width of 3.66 m (12.0 f1) and a trapezoidal main channel bank-full width of 0.55 m
(1.8 ft). The measured water surface profiles for a bridge abutment in place are
compared with WSPRO results in Figure 6.30, in which the total depths relative to
the bottom of the main channel are given. The bank-full depth is 0.15 m (0.5 ft).
The abutment/embankment length for this case is 44 percent of the floodplain width
(La/Bf = (1.44). Almost exact agreement is found between the WSPRO depth and
the measured depth at the downstream face of the bridge. while WSPRO depths
upstream of the bridge are approximately 2 to 3 percent high. Measured and com-
puted velocity distributions are superimposed on the shape of the compound chan-
nel at the bridge approach section in Figure 6.31. The WSPRO velocities are com-
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Comparison of measured depths and WSPRO computed depths in a laboratory compound
channel (Sturm and Chrisochoides 1998). (Source: Terry W. Sturm and Antonis Chriso-
choides. One-Dimensional and Two-Dimensional Estimates of Abutment Scour Prediction
Variables. In Transportation Research Record [647, Transportation Research Board,
National Research Council, Washington, D.C., 1998. Reproduced by permission of Trans-
portation Research Board.)

puted from the discharges in each of 20 streamtubes having equal conveyance
divided by the flow area of each streamtube. Relatively good agreement between
measured and computed depth-averaged velocities is shown both in the floodplain
and main channel. However, WSPRO velocities computed in this way did not agree
at all with measured resultant velocities near the face of the abutment, where the
flow was not one-dimensional (Sturm and Chrisochoides 1998).

A user’s instruction manual for WSPRO was developed by Shearman (1990},
and it should serve as a source for more detailed information on using the computer
model. The application of the method is described briefly in the following sections
and an example is given.

WSPRO Input Data

All the nput data records for WSPRO are identified by a two-letter code at the
begirning of each record. These codes, summarized in Table 6-9, can be divided
into four groups: titles, job parameters (optional), profile control data, and cross-
section definitions. The record identification codes must appear in the first two
columns of each input record. Data values are entered in free format (F as the first
data record) and can be separated by commas or blanks. Default values of certain

-y
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FIGURE 6.31

Comparisen of measured velocity and WSPRO computed velocity in a laboratory compound
channel (Sturm and Chrisochoides 1998). (Source: Terrvy W Sturm and Antonis Chriso-
choides. One-Dimensional and Two-Dimensional Estimates of Abutment Scour Prediction
Variables. In Transportation Research Record 1647, Transportation Research Board,
National Research Council, Washington, D.C., 1998. Reproduced by permission of Trans-
portation Research Board.)

parameters can be used by entering an asterisk or double commas. The input data
records are created easily using word-processing software that has a text-file cre-
ation feature or within HYDRAIN (Federal Highway Administration 1996). The
input and output data can be in either St or English units.

Profile control data consists primarily of Q, WS, SK, and EX records. The Q
record allows a whole series of discharges to be analyzed in a single computer run.
The starting water surface elevation can be specified directly for each Q with a WS
record, or the critical water surface elevation will be assumed if WS has a value less
than critical, such as the lowest ground elevation. Alternatively, a slope of the
energy grade line can be entered on an SK record to obtain a starting water surface
elevation by the slope-area method. The EX record is used to specify a computa-
tion in the downstream direction (supercritical) with a value of unity or an upstream
(subcritical) computation with a value of zero (default). The ER record ends the
data input file.

Cross-section data constitute the bulk of the input data and include ground ele-
vations and locations, roughness coefficients, and bridge and spur dike geometry.
Header codes for cross-section data are given in Table 6-9. The actual x-v coordi-
nate data for each cross section are entered on GR records and must be referenced

A
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TABLE 6-9
WSPRO input data records

Title information

T1. T2 T3—Alphanumeric title data for identification of output

Job parameters

H—cror tolerances, test values, elc.
J2—input and output cantrol parameters
J3—special tabling parameters

Profile control dara

Q- --dischargeis) for profile computation(s)

WS —starting water surface elevation{s)

SK-—energy gradientis) for slope-conveyance computation
EX-—execution instruction and computation direction(s)
ER--indicates end of input {end of run}

Cruss-section definirion

Headers

XS—-regular valley section ¢including approach section)
BR—bndge-opening section

SD—spur dike section

XR--road grade section

CV—culvert section

XT—template scction

Cross-sectional geometry data
GR—x. ¥ coordinates of ground points in a cross section (some exceptions at bridges, spur dikes,
roads. culvents. and in data propagation)

Roughness data

N—roughness coefficients (Manning’s n values)

SA—x coordinates of subarea breakpoints in a cross section
ND—depth breakpoints for vertical variation of A values

Flow length data
FL—flow lengths and/for friction slope averaging technique

Bridge section data (M = mandatory; O = optional)

Design mode {(no GR data) Fixed geometry mode (requires GR data)
BL—bndge length, location (M) CD—bridge opening type (M)
BC—bridge deck parameters (M) AB—abutment 10e efevation (M, Type 2)
AB--abutment slopes (M, Type 3) PD—pier or pile data (Q)

CD—bridge opening type (M} KD—conveyance breakpoints {O}

PD—pier or pile data (O)
KD—conveyance breakpoints (O)

Approach section data
BP—horizontal datum correction between bridge and approach sections

Template geometry propagation
GT—replaces GR data when propagating template section geometry

Source: Duta from Shearman {1990).
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to a common datum. Roughness data are entered on N records and must correspond
to the subsection definitions given by SA records. The SA record gives the right
hand boundary as an x value for each subsection going from left to right. except for
the last one, which is the limiting right boundary. The Manning’s # values then cor-
respond to each subsection. The # values can vary with elevation within each sub-
scction by using an ND record, which gives the ventical breakpoints for the addi-
tional values of i entered on the N record.

In what is called the design mode, specific bridge parameters can be varied on
the BL, BC. and AB records. as shown in Table 6-9. Other bridge records defining
bridge and embankment configuration (CD), pier or pile data (PD), spur dikes (SD),
and road grades (XR) are discussed in more detail in the user's manual. Four bridge
types are possible in the design mode, as shown previously in Table 6-8. In the fixed
geometry mode, the bridge section is entered as a series of stations and elevations as
for natural channel sections. except that the section must be “closed” by reentering
the first gcometric point at the left abutment as the last geometric point.

Data propagation is a very canvenient feature of WSPRO, which avoids reen-
lering data that do not change from one cross section to the next. Data on N, ND,
and SA records, for example. can be coded only once and propagated from one sec-
tion to the next until they change. A single cross section defined by GR records also
can be propagated by specifving only the slope and longitudinal distance to each
succeeding section or by defining a template section (XT).

WSPRO Output Data

The user can specify certain types of data output, but of more interest is a definition
of the output variables that appear in the computer printouts shown here. These def-
initions are summarized in Table 6-10. In general, the output consists of an echo of
input data and cross-section computations for each succeeding cross section followed
by the water surface profile results. The bridge backwater is the difference between
the constricted and unconstricted water surface elevations at the approach section.

EXAMPLE 6.3. A normal, single-opening bridge is to be constructed at the cross
section shown in Figure 6,32, which shows the subsections and roughnesses. The aver-
age stream slope 1n the vicinity of the bridge is 0.00052 fu/ft. The bridge opening begins
at Station 230 ft (70 m) and ends at Station 430 ft (131 m) for a total bridge opening
length of 200 ft (61 m). It has vertical abutments and embankments (Type 1 bridge) and
a bridge deck elevation of 35.0 ft (10,7 m) with a low chord (or low steel elevation) of
32.0 ft (9.75 m). The bridge has three piers with a spacing of 50.0 ft {15.2 m) and a
width of 3.0 f1 {0.91 m) each. No overtopping is allowed. For a discharge of 20,000 cfs
{567 m%s), calculate the backwater caused by the bridge and the mean velocity at the
bridge section using WSPRO.

Solution.  The input data records are shown in Table 6-11. The specified discharge of
20.900 cfs (567 m¥/s) is entered in the  record, and the corresponding starting water
surface elevation is obtained by the slope-area method using the slope of 0.00032 on
the SK record. The exit cross section is located at station 1000 fi (305 m), and the
ground points shown in Figure 6.32 are entered in the GR records. This single cross
section 1s propagated upstream in this example, The bridge opening is 200 ft (61 m), so

s
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TABLE 6-10
WSPRO definitions of output variables
BT ST A S AR AT Y A A Rl R TR TS AT T L S N A e, L FhaE TR T RN AR R A A AT 8, A S SO T A
ALPH Velocity head correction factor
AREA Cross-section area
BETA Momentum correction facter
BL.EN Bridge opening length
C Coetficient of discharge
CAVG Average weir coefficient
CK Contraction loss coetficient (0.0 default)
CRWS Cntical water-surface elevation
DAVG Average depth of flow over roadway
DMAX Maximum depth of flow over roadway
EGL Energy grade line
EK Expansion loss coefficient (0.5 default)
ERR Error in energy/discharge balance
FLEN Flow distance
FLOW Flow classification code
FR# Froude number
HAVG Average total head
HF Friction head loss
HO Minor head losses (expansion/contraction)
K Cross-section conveyance
KQ Conveyance of Kq section
LEW Left edge of water or left edge of weir
LSEL Low steel (submergence) elevation
M(K} Flow contraction ratio (conveyance)
M(G) Geometric contraction ratio {width)
OTEL Road overtopping elevation
PPCD Pier or pile code
P/A Pier area ratio
Q Discharge
REW Right edge of water or right edge of weir
SKEW Skew of cross section
SLEN Straight-line distance
SPLT Stagnation point, left
SPRT Stagnation point, right
SRD Section reference distance
TYPE Bridge opening type
VAVG Average velocity
YMAX Maximum velocity
VEL Velocity
VHD Velocity head
WLEN Weir length
WSEL Water-surface elevation
XLAB Abutment station, left toe
XRAB Abutment station, right toe
XLKQ Left edge of Kq section
XRKQ Right edge of Kq section
XMAX Maximum station in cross section
XMIN Minimum station in cross section
XSTW Cross-section top width
XSwp Cross-section wetled perimeter
YMAX Maximum elevation in cross section
YMIN Minimum elevation in cross section

Source: Data from Shearman (1990).
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TABLE 6-11
WSPRO input data file for Example 6.3
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*F
S1 G
Ti
T2
T3
*

*

Q

*

*
SK
*

*
XS
GR
GR
GR
GR
GR
GR

*

*

N
SA
*
XS
*

*
BR
*

*

EXIT

Example 6-3.—Normal Bridge Crossing
Bed Slepe = 0.00052; LSEL = 32.0 ft; No Overtopping
Bridge Opening (Type I): X = 230 to 430 f(; 3 piers

Discharge
20000,

Slope for slope-area method

0.00052

EXIT section

Section reference distance, skew (), ek (0.5), ck (0.0)
1000.

0., 35.0 0.28.0 140.,23.5 200.21.5
230.,2L0  250,20.5 280,204 300.,20.0
310.,19.0 330,100 360.3.0 380,8.0
400,18.0 430..21.0 450,200 475,170
500.,17.5  540.,18.0 600,200 730,280
730.,35.0

Subsection n values and subseclion break points

0.045 0.07 0.035 0.045
200, 300. 430.

Propagate geometric data from exit section to full valley

FULV 1200. * * * (.00052

Create bridge section

BRGE 1200,

low chord elevation
320

bridge length, lefi abut. sta., right abut. sta.
200. 230. 430.

pier elev., gross pier width, no. of piers
8.0,3.0,1 10.0,3.0,1 10.0,6.0.2 20.4,6.0,2 20.4,9.0,3

bridge type, bridge width
1 400
Approach section

APPR 1440.

e
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FIGURE 6.32

Example .3, bridge cross section.

both the full valley and bridge section are located at station 1200 ft (366 m) at the
downstream face of the bridge. The approach section is one bridge opening length or
200 f1 (61 m) upstream of the upstream face of the bridge. As a result, the approach sec-
tion is at Station 1440 taking inlo account the width of the bridge of 40.0 ft (12.2 m) as
given in the BL record.

The bridge record (BR) is given in the design mode. in which the program creates
the bridge cross section from the succeeding records. The BC record enters the low
chord elevation of 32 ft (9.75 m), which is needed to determine if the flow is free-
surface flow or orifice flow. The bridge length of 200 ft (61 m) beginning at x = 230 ft
(70 m) and ending at x = 430 fi (131 m) is given in the BL record. The elevations at
the bottom of the piers and their cumulative widths are shown in the PD record. Finally,
the CD record indicates a Type 1 bridge opening and a 40 ft (12.2 m) bridge width. No
roughness data are¢ given, so these are propagated from the downstream station,

Sample output is shown in Table 6-12 for @ = 20,000 cfs (567 m*s). Input data
echo has been suppressed for brevity. First, the water surface etevations for the uncon-
stricted flow are given at the exit, full valley, and approach sections to represent the
water surface profile without the bridge in place. These results are followed by the
water surface elevations at the bridge section and the approach section for constricted
flow, or with the bridge in place. The critical water surface elevations and Froude num-
bers at the bridge and approach sections both indicate subcritical flow at these sections.
The backwater of 1.12 ft (0.34 m) is obtained by subtracting the unconstricted water
surface elevation at the approach section from the corresponding constricted value
(29.37 — 28.25). The bridge opening velocity is 8.34 ft/s (2.54 m/s), and the approach
velocity is 3.16 fu/s (0.96 m/s). The flow is Class 1, or Type | in the output, which is
free surface flow through the bridge opening without embankment overtopping, and the
bridge discharge coefficient is 0.745.
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QOutput data fo
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r Example 6.3
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Section: EXIT
Header Type: XS
SRD: 1000.000

Section: FULV
Header Type: FV
SRD: 1200.000

Section: APPR
Header Type: AS
SRD: 1440.000

Federal Highway Administration—U. S. Geological Survey
Medel for Water-Surface Profilc Computations.
Input Units: English / Output Units: English

EXAMPLE 6-3.--NORMAL BRIDGE CROSSING
BED SLOPE = 0.00052; LSEL = 32.0 I'T; NO OVERTOPPING
BRIDGE OPENING (TYPE I): X = 230 TO 430 FT, 3 PIERS

WSEL VHD Q AREA SRDL

EGEL HF v K FLEN

CRWS HO FR # SF ALPHA
28.008 350 20000000 5512.029 FEEEEAE
28 358 ke 3628 §76862.20 HAEERRE
21.895  AwEwx 304 FAAE R 1.708
28117 349 20000.000 5515.302 200.000
28.466 104 3.626 877547.80 200.000
21.999 000 304 0005 1.708

<<< The Preceding Data Reflect The “Unconstricted” Profile »>>>

28.246 349 20000.600 5518.524 240.000
28.595 125 3624 878223.40 240.000
22124 000 304 0005 1.708

<<< The Preceding Data Reflect The “Unconstricted” Prefile »>>

<<< The Following Data Reflect The “Constricted” Profile >>>
<<< Beginning Bridge/Culvert Hydraulic Computations >>>

WSEL VHD Q AREA SRDL
EGEL HF \Y K FLEN
CRWS HO FR # SF ALPHA
Section: BRGE 27.435 1.947 20000.000 2398.501 200.000
Header Type: BR 29.382 189 8.339 510355.60 200.000
SRD: 1200.000 22.508 .835 424 Ak 1.80:}
Specific Bridge Information C P/A PFELEV BLEN XLAB
Bridge Type 1 Flow Type | ------ meme mmemmmo memeeees cemeem
Pier/Pile Code 0 7453 035 32000 200,000 230.000
WSEL VHD Q AREA SRDL
EGEL HF v K FLEN
CRWS HO FR # SF ALPHA
Section: APPR 29.369 254 20000.060 6338.016 200.000
Header Type: AS 29.623 173 3156  1058543.00 220.202
SRD: 1440.000 22,124 069 242 0005 1.642
Approach Section APPR Flow Contraction Information
M(G) M(K) KQ XLKQ XRKQ OTEL
726 398 636363.5 242723 442.739 29.369

100
730.000

EETTTEY

100
730.000
004

A00
730.000
004

LEW
REW
ERR
230,042
430.058
-001

084
730.016
004

260

-
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EXERCISES

6.1. A high overflow spillway with P/H, > 1.33 has a maximum discharge of 10,000 cfs
with a maximum head of 20 ft. Determine the design head, spillway crest length, and
the minimum pressure on the spillway. Plot the complete spillway crest shape for a
compound circular curve in the upstream quadrant of the crest.

6.2. Repeat Example 6.1 for an elliptical approach crest, using a design procedure that
guarantees & minimum pressure head of —15 f1. Plot the head-discharge curve.

6.3. An ogee spillway has a crest height of 50 ft above the toe and a maximum head of
I5 ft. A minimum pressure of —1.5 psi is allowed. The maximum discharge is
16,000 cfs.

(a) Determine the crest length of the spillway assuming a compound circular curve
for the upstream crest shape. What is the pressure at the crest for the maximum
discharge?

{b) If the spillway is designed as a stepped spitlway, with each step 2 ft high by 1.5 ft
long. what is the energy dissipation in feet of water at the maximum discharge?

-y
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An existing ogee spillway with an elliptical crest has a crest height of 7.0 m and a
crest length of 152 m. A minimum gage pressure of zero (atmospheric pressure)
occurs at a head of 14.0 m. What maximum head and discharge would you recom-
mend for this spillway?

A 0.91 m diameter corrugated metat pipe cutvert (n = 0.024) has a length of 90 m and
aslope of 0.0067. The entrance has a square edge in a headwall. At the design discharge
of 1.2 m¥s, the tailwater is 0.45 m above the outlet invert. Determine the head on the
culvert at the design discharge. Repeat the calculation for head if the culvert is concrete.

Show that Equation 6.10a for a box culvert in inlet control with the entrance unsub-
merged can be placed in a form in which Q is proportional to the head, HW, to the
312 power.

A 3 fuby 3 ft concrete {n = 0.012) box culvert has a slope of 0.006 and a length of 250
ft. The entrance is a square edge in a headwall. Determine the head on the culvert for
a discharge of 50 cfs and a discharge of 150 ¢fs. The downstream 1ailwater elevation is
0.5 ft above the cutlet invert for 50 cfs and 3 fi above the outler imvert at 150 cfs.

Design a box culvert to carry a design discharge of 600 cfs. The culvert invert elevation
is 100 ft and the allowable headwater elevation is 114 ft. The paved roadway is 500 ft
long and overtops at 115 ft, The culvert length is 200 ft with a slope of 1.0 percent. The
following tailwater elevations apply up to the maximum discharge of 1000 cfs:

Q, cfs TW, It

200 101.4
400 102.6
600 103.1
8O0 103.8
1000 1041

Prepare a performance curve for the culvert design by hand and compare with the results
of HY8. Also use HYS to prepare a performance curve if the slope is 0.1 percent.

A circular concrete culvert has a diameter of 5 ft with a square-edged entrance in a
headwall. The culvert is 500 ft long with a slope of 0.005 and an inlet invert elevation
of 100.0 ft. The downstream channel is trapezoidal with a bottom width of 10 ft, side
stopes of 2:1, slope = 0.003. and Manning’s n = 0.025. The paved roadway has a
constant elevation of 130 ft with a length of 100 ft and a width of 50 ft. The design
discharge is 250 cfs and the maximum discharge is 500 ¢fs, Use HY8 to construct and
plot the performance curve for these data. and compare this with the performance
curve for a 5 ft diameter corrugated steel pipe. Also compare this with the perfor-
mance curve for the 5 ft diameter concrete culvert with a side-tapered inlet.

Prove that a, = 1/C? in the WSPRO methodology where @, = kinetic energy flux
correction coefficient at section 3 and € = USGS bridge discharge coefficient.

Apply the HDS-1 method to the data given in Example 6.3, and compare the back-
water to that obtained from WSPRO.

Using the USGS width-contraction curves in Figures 6.23 and 6.24, verify the value
of the bridge discharge coefficient and the discharge ratio m (= M(K)) given in the
WSPRO output for Example 6.3.
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Change the bridge type to Type 3 for the WSPRO example (Example 6.3), and deter-
mine the backwater for {0 values ranging from 3.000 to 25.000 cofs. Plot the results in
a graph comparing the Type | and Type 3 bridees in this range of discharges for a
bridge length of 200 ft.

For a bridge length of 200 ft and a Type 1 bridge. change the low cherd elevation in
the WSPRO example to 28 ft with a constant roadway elevation of 31 ft. Allow over-
topping o occur and determine the backwater for the same range of discharges as in
Exercise 6.13. Plot the results in comparison with Example 6.3. Note: The XR header
record is required to locate the centerline of the roadway followed by GR recoerds to
give the roadway profile for overtopping analysis.

5. For Example 6.3, reduce the bridge length to 150 11 {with two bridge piers), and intro-

duce a relief bridge with a length of 50 ft at a location of your choice in one of the
flocdplains. Plot the results for backwater over the same range of discharges as in
Exercise 6.13 in comparison with the results from Example 6.3.

Analyze the existing bridge over Duck Creek using WSPRO or HEC-RAS (WSPRO
oplion) and the following table of cross-section data. Use the fixed geometry mode for
the bridge section. The bridge is Type 4 with a width of 30 fi. embankment side slopes
of 2:1, embankment elevation of 790 ft, and wingwall angle of 30°. The low chord cle-
vation is 788 ft. The design discharge is 6850 ¢fs with a water surface elevation of
784.606 in the exit cross section. The full valley section should be identical to the bridge
section over the bridge opening width and essentially is the same as the exit section in
both floodplains.

(a) Determine the backwater for the existing bridge.

{b) Design a new bridge 1o replace the old one so that the backwater is <0.25 fi.

Duck Creek cross sections

P RN T NS L M A P ot AT At Ty e o

Exit, Station 1000

Point Distance Elevation
H —150 792
2 - 105 780
3 -70 780
4 —-28 778
5 —24 774
i} -20 773
7 18 772
8 22 772
9 35 780

10 50 780
11 210 779
12 600 779
13 860 T80
14 10035 782
15 1050 784
16 1112 786
17 1260 788
18 1310 798
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Subsection X Subsection Manning’s
1 —28 0.08
2 35 0.04
3 210 0.08
4 600 0.05
5 860 0.08
6 1310 0.05

Bridge, Station 1100

Point Distance Elevation

1 =71 788

2 -7l 778.2

3 —30 776

4 —15 7725

5 16 7725

6 25 775

7 25 788

Subsection X Subsection Manning’s r

1 25 0.04

Approach, Station 1230

Point Distance Elevation
1 ~480 796
2 —440 788
3 —420 786
4 ~-305 784
5 —175 782
6 —95 780
7 -50 178
8 -30 776
9 —-25 774
10 2 T2
1t 17 772
12 20 774
13 28 780
14 50 780
15 670 780
16 990 782
17 1670 784
18 1120 786
19 1260 810
Subsection X Subsection Manning's n
1 =50 0.10
2 28 0.04
3 670 0.08
4 1260 (.05
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6.17. Apply HEC-RAS 1o Example 6.3 using the encrgy. momentum, and Yarne!l methods,
Set up the cross sections in the schematic layout starting al the upstream station of
1450. Use a constant slope of 0.00052 and add the apprepriate amount o all eleva-
tions given for station 1000 in Example 6.3. Then in the geometric data editor, capy
the cross sections downstream adjusting the elevation downward according 1o the
slope and distance between stations. Use values of 0.3 and 0.t for the expansion and
contraction loss coefficients. respectively. Establish statjons at 1250, 1200. and 1000
to correspond with the WSPRO sections. Add a bridge at station 1225 using the geo-
metric data editor. In the bridge/culvert editor, enter the deck and roadway data, pier
data. and check the boxes for all three methods of computation as well as the box
choosing the highest energy answer in the bridge modeling approach window. Also
enter a picr drag coefficient of 2.0 and a Yarnell pier coefficient of 0 9. In the cross
section data editor, add ineffective flow areas at stations 1250 and 1200 to the left and
right of the bridge opening specified at elevations above the low chord elavation but
below the top of the roadway. In the steady flov data meny, enter the d:«charge of
20,000 ¢fs and choose normal depth as the downstream control with a slope of
0.00052. Finally, choose steady flow analysis and click the compute button. Compare
the results with WSPRO. and then make a second run with the exit section al station
800 instead of 1000. Discuss the results.
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Governing Equations of Unsteady Flow

7.1
INTRODUCTION

In unsteady flow. velocities and depths change with time at any fixed spatial posi-
tion in an open channel. Open channel flow in natural channels almost always is
unsteady, although it often is analyzed in a quasi-steady state for channel design or
floodplain mapping. Unsteady flow in open channels by nature is nonuniform as
well as unsteady because of the free surface. Mathematically, this means that the
two dependent flow variables (e.g., velocity and depth or discharge and depth) are
functions of both distance along the channel and time for one-dimensional applica-
tions. Problem formulation requires two partial differential equations representing
the continuity and momentum principles in the two unknown dependent variables,
(The differential form of the energy equation could be used in cases where the flow
variables are continuous, but the momentum equation is required where they are
discontinuous, as in surges or tidal bores.) The full differential forms of the two
governing equations are called the Saint-Venant equations or the dynamic wave
equations. Only in rather severe simplifications of the governing equations are ana-
tytical solutions available for unsteady flow. This situation has led to the extensive
development of appropriate numericat techniques for the solution of the EOVEming
equations. Several of these techniques will be explored in the next chapter.
Unsteady flow problems artse in hydraulic engineering in a variety of settings,
ranging from waves formed in irrigation channels by gate operation or in hydro-
electric plant headraces and tailraces by turbine operation to natural flood waves
and dam-break surges in rivers. The types of waves considered in these situations
are called transiarory waves because of their continuous movement along the chan-
nel as eppesed to periodic or osciltatory ocean waves, which are not considered
here. In addition. only shallow water waves are considered, in which water move-
ment occurs over the full depth and vertical velocity and acceleration can be
neglected to allow the use of one-dimensional forms of the governing equations. In
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FIGURE 7.1

Wave propagation in subcritical and supercritical flow.

alt the wave problems considered, the purpose of obtaining the solution of the gov-
erning equations (referred to as ronting in the context of flood waves) is to describe
the flow velocity and depth as functions of space and time. In other words, the spa-
tial shape and temporal development of the translatory wave are sought,

A more formal definition of the rranslatory wave describes it as a disturbance
moving in the longitudinal direction that gives rise to changes in discharge, velocity,
and depth with time. It propagates with an absolute speed, designated by dx/ds, which
15 the sum of the mean walter velocity, V, and the wave celerity with respect o still
water, ¢, as illustrated in Figure 7.1, with positive V in the positive x direction.
Because the wave can move in both upstream and downstream directions, s absolute
speed is given by V = ¢. The celenty of a long wave of small amplitude 1s given by
(gv)?, in which v is depth, so the values of dv/de depend on the Froude number, F,
defined by V/e. In subcritical flow in which V <C ¢ and F < 1. dv/ds has two possible
values given by ¥V + ¢ in the downstream direction and V - ¢ in the upstream direc-
tion. as shown in Figure 7.1a. On the other hand. the two possible wave propagation
speeds in supercritical flow, given by (V + ¢} and {V — ¢), are both in the down-
stream direction, because V > ¢ and F > 1. as illustrated in Figure 7.1b.

The physical property of two passible wave propagation speeds is particular to
hyperbolic partial differential equations, which have the mathematical property of
two possible characteristic directions or paths along which discontinuities in the
derivatives travel. The connection between the physical and mathematical proper-
ties of the Saint-Venant equations atlows them to assume a simpler form in charac-
teristic coordinates associated with the path of two moving observers traveling at
the speeds of (V = ¢). As a result. we first denive the Saint-Venant equations and
then begin the study of unsteady flow, with a transformation of the equations to
characteristic form to provide a deeper understanding of the physics of wave prop-
agation as well as the iniial and boundary conditions necessary 10 solve the Saint-
Venant equations. The characteristic equations are simplified for the case of a “sim-
ple wave,” with no gravity or friction effects. and applied to sluice-gate operation
problems as a learning tool for understanding the characteristic form. In the next
chapter. which covers numerical solution techniques for the governing equations,
we also apply finite difference techniques to the solutton of the governing equations
in characteristic form. which has come 1o be called the method of characteristics.
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In addition, we consider explicit and poplicit finite difference technigues applied to
the untransformed Samt-Venant equations and discuss the advantages and disad-
vantages of each method, Application’ include the problems of hydroelectiic power
load acceptance and rejection, dam breaks, and flood routing.

7.2
DERIVATION OF SAINT-VENANT EQUATIONS

Although the governing equations of continuity and momentum can be derived in
a number of ways, we apply a control volume of small but finite tength, Ax, that is
reduced (o zero length in the limit to obtain the final differential equation. The der-
ivations make the following assumptions (Yevjevich 1975: Chaudhry 1993):

I. The shallow water approximations apply so that vertical accelerations are negli-
gible, resulting in a vertical pressure distribution that is hydrostatic; and the
depth. v, is small compared to the wavelength so that the wave celerity ¢ =
(g1)172.

2. The channel bottom slope is small. so that cos’ 8 in the hydrostatic pressure
force formulation is approximately unity, and siné = tané = S,.. the channel bed
slope, where # is the angle of the channel bed refative to the horizontal.

3. The channel bed is stable, so that the bed elevations do not change with time.

4. The flow can be represented as one-dimensional with (a) a horizontal water
surface across any cross section such that transverse velocities are negligible
and (b) an average boundary shear stress that can be applied to the whole cross
section.

5. The frictional bed resistance is the same in unsteady flow as in steady flow, so
that the Manning or Chezy cquations can be used to evaluate the mean bound-
ary shear stress.

Additional simplifying assumptions made subscquenily may be true in only certain
instances. The momentum flux correction factor, B, for example, will not be
assumed to be unity at first because it can be significant in river overbank flows,

Continuity Equation

First, consider the continuity equation. which wiil be derived from the control vol-
ume of height equal to the depth. y, and length, Ax, as shown in Figure 7.2. As in
the derivation of continuity in Chapter 1, which used the Reynolds transport theo-
rem, the basic statement of volume conservation for an incompressible fluid flow-
ing through the control volume is Net Volume Out = — Change in Storage in the
time interval, Ar. This can be expressed as

d JA
,—Q AxAr — g, AxAr = —Ax— Ar 7.1
dx dt
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FIGURE 7.2
Control volume for derivation of unsicady continuity cquation.

in which g, = lateral inflow rate per unit length of channel and A = cross-sectional
area of flow. Dividing by AxAr and taking both the control volume length and the
time interval to zero, the continuity equation is
Y
- 7.2
PR (7.2
Substituting dA = Bdy from Figure 7.2, in which B = channel top width at the free
surface, continuity becomes
dvaQ

B—+—= 7.3
Y ax 4 (1.3)

By definition of the discharge as Q = AV, in which V = mean cross-sectional veloc-
ity in the flow direction (x), the 3Q/ax term in (7. 3) can be written as A(8V/ox) +
V(dA/dx), using the product rule. However, the term involving dA/0x must be eval-
uated carefully because A can vary with both depth, y, and distance. x, if the chan-
nel width is changing:

aa_aa
ox  dx |,

Iy

ax {7.4)

where the first term on the right hand side of (7.4) represents the derivative of A
with respect to x while holding y constant, For prismatic channels, this term goes
to zero. Finally, with these substitutions for 4Q/ax and then dA/dx, and dividing
through by the top width, B, the continuity equation reduces to

ay 3V V aA
AL

_a
or dx ax B dx B

B (7.3)
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FIGURE 7.3
Control volume for derivation of unsteady momentum equation.

in which D = A/B = hydraulic depth. For a prismatic channel with no lateral inflow,
the fourth term on the left hand side as well as the right hand side go 1o zero. Fur-
thermore, if a rectangular cross section is considered, the continuity equation becomes

dy 4
49

2w o 0 (7.6

in which ¢ = Vy = flow rate per unit of width. In this form, it is evident that tem-
poral changes in depth at a point must be balanced by a longitudinal gradient in
flow rate per unit of width.

Momentum Equation

The momentum equation is derived with reference to Figure 7.3, in which the forces
acting on the control volume are shown. Pressure, gravity, and shear forces are con-
sidered, and these must balance the time rate of change of momentum inside the
control volume and the net momentum flux out of the control volume. In the x direc-
tion, which is taken to be the flow direction, the momentum equation can be written

d d .
Fot Fp — Fo= —{j pu,‘dA:[Ax + —[j pv;dAJAx — pg  Axv; cosd
ar [ J, ax | Js

(7.

in which F,, = pressure force component in the x direction; F o = gravity force
component in the x direction; F,, = shear force component in the x direction; v, =
point velocity in the x direction; g, = lateral inflow per unit of length in the flow
direction; and v, = velocity of lateral inflow inclined at angle ¢ to the x direction.
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Expressions can be developed for each of the force terms. Assuming a hydro-
static pressure distribution, the pressure force. F,, = £, — F .. and 15 given by

F.=- i (yh,AYAx = —yA — Ax (7.8)
dx ax

in which k, = vertical distance below the free surface to the centrowd of the flow
cross-sectional area; A = cross-sectional area on which the foree acts; and Ah, =
Flv(x) — m)b(n) dn, which represents the first moment of the area about the free
surface with & = local width of the ¢ross section at height n from the bottom of the
channel. Note that the pressure force contribution arising from a change in cross-
sectional area due to an expanding or contracting nonprismatic chinnel is just bal-
anced by the component of pressure force on the channe! banks in the flow direc-
tion (Liggett 1975; Cunge, Holly, and Verwey 1980). Consequently, the evaluation
of the derivative shown on the far right hand side of Equation 7.8 ignores the vari-
ation in channel width with x and comes only from the integral definition of Ak,
and the Leibniz rule. The gravity force component in the x direction is given by

Foo = yAAxS, (7.9)

in which §, = bed slope = tanf. which has becen used to appreximalte siné for
small values of slope. Finally, the boundary shear force in the x direction can be
expressed as

F

3

= 7,PAx (7.10)

in which 7, = mean boundary shear stress: and £ = boundary wetted perimeter.
On the momentum flux side of the momentum equation. the net convective flux
of momentum out of the control volume can be written

ax

d s a ;
B_{j pU;dA:ﬁAI = — [BpV-A]Ax (7.11)
x L,

with 8 = momentum flux correction factor and V = mean cross-sectional velocity.
The time rate of change of momentum inside the control volume for an incom-
pressible fluid becomes

3 S
2 dA |Ax = p—[VA]A: 7.12
aIHAPUr }x pat[ JAx (7.12)

Substituting Equations 7.8 to 7.12 into Equation 7.7, dividing by pAx, and let-
ting Ax go to zero results in

0Q 0
Q9

: d
Py o (BQ—> + a(ghL.A) = gA(Sy — §;) + qv, cosg (7.13)

A

in which Q = AV, S, = friction slope = 7,/(yR); R = hydraulic radius = A/P; and
g; = lateral inflow per unit of length with velocity, v,, and at an angle of ¢ with
respect to the x direction. In order from left to right, the terms on the left-hand side
of Equation 7.13 come from: (1) the time rate of change of momentum inside the
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control volume, (2) the net momentum ftux out of the control volume, and (3) the
net pressure force in the x direction. On the right-hand side. we have the contribu-
tions of: (1) the gravity force. (2) the boundary shear force. and (3) the momentum
flux of the lateral inflow, all in the x direction, Equation 7.13 represents the momen-
tum equation m conservation form for a prismatic channel. This simply means that,
if the terms on the right hand side of (7.13) go to zero, the force plus momentum
flux terms on the left hand side of the equation are conserved; and this may be the
most appropriate form in which to apply some numerical solulion schemes.
Equation 7.13 sometimes is placed in reduced form by applying the product
rule of differentiation. substituting for 3A/dr from continuity, and dividing through
by cross-sectional area, A, to vield
. . . -
Tap- vl oan®,  ®
dr dx ox dx dx
(7.14)

=g(S, — §5) + Ej’f (v, cosd ~ V)

Furthermore, the momentum equation often is given for the case of 8 = 1 and
4B/dx = O for prismatic channels:

av a4V dy

™, + Va{ + gg = g5 —5) + %(U,} coseh — V) (7.15)
[t is interesting to note that the two lateral inflow terms on the right hand side of
{7.15) include contributions from both the convective momentum flux and the local
change in momentum, respectively. The convective term goes to zero if the lateral
inflow is at right angles to the main flow (¢¢ = 0), but the local contribution remains
unless g, = 0.

If the lateral inflow is zero, and (7.15) is rearranged as follows, the contribu-

tion of the various terms in the momentum equation with respect to different types
of flow can be identified:

=85 = -~ _ -
5 dx g dx g at
steady, untform ﬂowT (7.16)
steady, gradually varied flow T
unsteady. gradually vared flow T

The steady, uniform flow case simply means that 7, = YRS,, as derived previously
in Chapter 4. The momentum equation for steady, gradually varied flow can be
derived in a more familiar form by starting with Equations 7.2 and 7.13 with the
time derivative terms set to zero. The result in terms of dy/dx, with dB/dx = 0, is
given by (Yen and Wenzel 1970)

So = S+ Ly, cosd — 28V)
24

dy
=— - (7.17)

al
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in which £ = BVZ(gD) = momentum form of the Froude number; and D =
hydraulic depth = A/B. Equation 7.17 can be used for spatially varicd flow or for
steady. gradually varied flow with no lateral inflow. The differences between (7.17)
and the energy form of the equation for gradually varied flow derived in Chapter 5
lie not only in the difterent definition of the Froude number (with 8 instead of )
but also in the friction slope S, which is defined as 1,/yR and replaces the slope of
the energy grade line S, in the energy equation. As a practical matter, both Spand S,
are evaluated by the Manning or Chezy equations, but they have different defini-
tions (Yen 1973).

The choice of dependent variables may depend on the numerical technique
applied 10 solve the Saint-Venant equations. In the preferred conservation form.
with discharge @ and depth v as the dependent variables, Equations 7.2 and 7.13
would be appropriate for the continuity and momentum equations, respectively.
Another commonly used form is the reduced form of the continuity and momentum
equations with velocity V and depth y as dependent variables. as given by Equations
7.5 and 7.15. Numerical techniques are discussed in the next chapter.

7.3
TRANSFORMATION TO CHARACTERISTIC FORM

The transformation to the characteristic form of the pair of partial differential equa-
tions given by (7.5) and (7.15) allows them to be replaced by four ordinary differ-
ential equations in the x-f plane (x represents the flow direction and 7 is time). Much
simpler, ordinary differential equations must be satisfied along two inherent char-
actenistic directions or paths in the x- plane in the characteristic form. Although
numerical analysis by the method of characteristics has fallen out of favor because
of the difficulties involved in the supercritical case with the formation of surges, it
has the advantage of being more accurate and lending a deeper understanding of the
physics of shallow water wave problems as well as the mathematics of required ini-
tial and boundary conditions. In addition, the method of characteristics is essential
in some explicit finite difference techniques, specifically for the evaluation of
boundary conditions. Finally, the method of characteristics is useful for explaining
kinematic wave routing in Chapter 9.

There are two methods of arriving at a characteristic ferm: (1) taking a linear
combination of the momentum and continuity equations and rearranging the terms
and (2) performing a matrix analysis that relies on the fundamental mathematical
meaning of the characteristic form. We begin with the first approach because of its
simplicity. We assume a prismatic channel without lateral inflow for the same reason.

The momentum equation (Equation 7.15) with the foregoing simplifications is
multiplied alternately by the quantity *(D/g)'”? and added to the continuity equa-
tion {Equation 7.5) to give two new equations, the solution of which is the same as
the original pair. The quantity D is the hydraulic depth given by A/B for a general

*y
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nonrectangular cross section where A is the cross-sectional area and B is the top
width. The resulling two new equations easily are shown to be given by

{i+(v+~)—a]+c[ﬂ-+(v+*) (?—V— (Sy - 8)  (7.18)
at ax ]t T e lar o 0y '

a o ¢ | d d
(V=)= iv+ =+ (V- )=V =¢S5, — §. 7.1
[at ( <) c‘JJ} £ {ar ( ) a.r} (o 9’) (7.19)

in which ¢ = (gD)'* = wave cclerity in a nonrectangular channel, as shown in
Chapter 2. Of particular interest in (7.18) and (7.19) arc the two operators appear-
ing in brackets on the left hand sides of these two equations. First the operators are
applied to depth y and then to velocity V in both equations, and they differ onty in
the multiplier on the x derivative, which is given by (V + ¢) in (7.18) and (V — ¢)
in (7.19). This particular operator can be recognized as the total or material deriv-
ative D/Dr found elsewhere in fluid mechanics operating on the density, p, in the
continuity equation or on the velocity vector to give the acceleration in the equa-
tions of motion. In general, if a function f varies with both position, x, and time, ¢,
the total derivative is given by the chain rule to be

Dr_o, of d

7.20
Dr ar  dx di ¢ )

Equation 7.20 can be interpreted to define the total time rate of change of the func-
tion f as seen by an observer moving through the fluid with speed dx/ds, with the
first term on the right hand side of {7.20) giving the local change in f with time and
the second term representing the convective change in f. Applying this interpreta-
tion to (7.18) and (7.19}, it can be said that Equation 7.18 is an ordinary differen-
tial equation that must be satisfied along a path in the x-1 plane described by an
observer moving with the speed (V + ¢), while Equation 7.19 must be satisfied
along a path described by a second observer with speed (V — ¢). Mathematically,
the pair of governing partial differential equations has been transformed into four
ordinary differential equations that have the same solution as the original system:

Dy c {DV
along C1: (—6;)] + 2 (E)l = {8y — §;) (7.21a)
dx
Cl:  — =(V+c) (7.21b)
dr
Dy c {DV
wnecz (1) < (3), -9 o2
dx
L=V (7.21d)

in which the subscripts 1 and 2 refer to the two total derivative operators defined
in (7.18) and (7.19) with two different speeds of moving observers, (V + ¢) and
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FIGURE 7.4
Characteristics in the v-t plane defining the solution surface for depth v = fix, 1),

(V — ¢), respectively. The family of characteristics defined by (7.21b), along which
(7.21a) must be satished, are designated C1 characteristics, which have also been
referred (o as forward characteristics or positive characteristics. The C2 character-
istics, alse known as backward or negative characteristics, are defined by (7.21d).
along which (7.21c) must be satisfied.

The two families of C1 and C2 characteristics are shown in the x- plane in Fig-
ure 7.4 for a case of subcritical flow. Observer A, beginning at point A, follows the
C1 characteristic path to meet observer B, who followed the C2 path, at point P. At
point P, both observers must see the same values of depth and velocity, even though
they got there by different paths and experienced different rates of change in their
initial values of depth and velocity. which they picked up ai the starting points, A
and B. The solution for the values of depth, vp, and velocity, V,. at point P comes
from the simultaneous solution of (7.21a) and (7.21c) at the position x, and time f,.
determined by (7.21b) and (7.21d). This process can be repeated for each pair of
C1 and C2 characteristics emanating from the x axis, along which initial conditions
are specified, to determine the solutions for velocity and depth as well as positions
of all points P at the first set of intersections or time levels. These solutions become
the initial conditions for the next time levels until the solution is defined at all inte-
rior points in the a-f plane. The boundary conditions complete the sclution for the
entire x-¢ plane. In essence, the characteristic grid is a curvilinear coordinate sys-
tem built as part of the solution process to define points where depth and velocity
can be obtained in a simultaneous solution of all four equations given by (7.21).
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Numerical solution techniques for Equations 7.21 are developed 1n the next
chapter. The assumptions of no lateral inflow and a prismatic channe! need not be
made. The relaxation of these assumptions simply produces additional source terms
on the right hand sides of Equations 7.21a and 7.21¢. At the other end of the com-
plexity spectrum, Equations 7.21 take on a simpler form for the special case of a
rectangular prismatic channel. Because ¢ = (gv)!** for this case. it can be shown
that dv/dr = (2¢/g) de/ds. from which it follows that the characteristic cquations
reduce to

D{V + 2¢)
along CIL: o T eSS — Sy <(7.22a)
Dt .
dv
Cl: == ({V+¢ 7.22b
ds ( 2 ( )
[D(V — ZC'”
along C2: [D!---_Jg = glSy — 5)) (7.22¢)
dx
C2: — =(V-r¢ 7.22d
dr ( <) ( )

From Equations 7.22, it is clear that the function subject to time variations is (V +
2c) along the C1 characteristics and (V — 2¢) along the C2 characteristics. This
suggests the interesting case, although not very practical. of the right hand sides of
(7.22a) and (7.22¢) becoming zero so that (V + 2¢} and (V — 2¢) become constant
along the C1I and C2 characteristics, respectively. Such a simplification forms the
basis of the simple wave problem for which analytical solutions exist, The simple
wave problem is explored in more detail later in this chapter.

The physical connection between characteristic directions and paths of wave
propagation now should be clear. The movement of elementary waves both
upstream and downstream from a disturbance with speeds (V + ¢) and (V — ¢) in
subcritical flow delineates paths along which the characteristic equations are satis-
fied. The complete solution describes a surface above the x-¢ plane that gives the
values of depth and velocity for all x and 1, as illustrated in Figure 7.4 for the depth.

The propagation of waves both upstream and downstream is limited to subcrit-
ical flow, while in supercritical flow the absolute speeds of (V + ¢) and (V = ¢)
result in downstream travel only as shown in Figure 7.5, in which both the charac-
teristics are inclined downstream.

7.4
MATHEMATICAL INTERPRETATION OF CHARACTERISTICS

As mentioned previously, a second approach for transforming the governing equa-
tions into characteristic form is a matrix analysis that arises from the mathematical
interpretation of characteristics. Characteristics are defined mathematically as paths
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FIGURE 7.5
Characteristics in subcritical and supercritical flow.

in the x-r plane, along which discontinuities in the first- and higher-order deriva-
tives of the dependent variables propagate. Physically. such discontinuities corre-
spond to propagation of infinitesimally small wave disturbances in the limit.

To translate the idea of discontinuities in derivatives into characteristic form for
the simplest case. the continuity and momentum equations for a prismatic rectan-
gular channel without lateral inflow are written in matrix form as

1 Vv o v v, 0
0 g I 4 ¥ g(8, - Sf)

= 23
d dv 0 0 v, dv (7.23)

0 0 dr dx V dv

Xz

in which the subseripts in the column vector on the left hand side denote partial
derivatives with respect to time, f, and distance, x. The second two equations in
(7.23} are simply the definitions of the total differentials of depth, v, and velocity,
V. If a unique solution for the derivatives exists, then from Cramer’s rule, the deter-
minant of the coefficient matrix in (7.23) must be nonzero. Therefore. a condition
for the solution to be indeterminant (and for the derivatives to be discontinuous) is
that the determinant of the coefficient matrix is exactly zero. Setting the determi-
nant to zero results in

dx

ToVE Ve =veo (7.24)
which describes the characteristic directions. However. there is no solution of
{7.23) unless the determinant of the coefficient matrix with one column replaced
by the right hand side vector of (7.23) also is zero. in which case, the solution has
the indeterminate form 0/0 based on Cramer’s rule (Lai 1986). Setting this deter-
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minant to zero results in the characteristic equations that must be satisfied along
the charactenistics
LDy e DV e ) (7.25)
- R & — Iy .
Dt g Dr v :
in which the total derivatives D/Dr appear and are defined along the CI character-
istic with the plus sign and along the C2 characteristic with the minus sign, as
before. Now the transformation of variables from v ta ¢ in (7.25) yields the charac-
teristic equations in the form given previously by Equations 7,22,

1.5
INITIAL AND BOUNDARY CONDITIONS

The dependence of the solution to the characteristic equations on initial conditions
is illustrated in Figure 7.6, The selution for depth and velocity at the intersection of
C1I and C2 characternistics at point P depends on knowledge of the initial conditions
at A and B, as well as on all points between A and B. As observer | proceeds from

t
F 3
c2 CHt cz2 C1
» X
A \ B c \ D
Demain of Range of
dependence influence
FIGURE 7.6

Domain of dependence and range of influence defined by characteristics in the x-t plane.
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point A, C2 characteristics emanating {rom the interval AB continuously intersect
the path and alter the depth and velocity. In the same way, observer 2 receives infor-
mation from the Cl characteristics originating from interval AB until mecting
observer I at point P. As a result, the solution at £ depends on the initial cenditions
along the interval AB, which is called the interval of dependence. In reality. an infi-
nite number of characteristics continuously iniersect AP and BP so that the region
ABP is called the domain of dependence for point P. From a different poin: of view,
a single point C on the x axis has initial conditions that influence the region COR
because all the C1 characteristics coming from the left of €Q and all the C2 char-
acteristics intersecting CR from the right are influenced by the initial values at C.
For this reason, the region COR is called the range of influence.

As a consequence of wave propagation in characteristic directions, both initial
conditions and boundary conditions must be specified carefully. The general rule is
that the number of initial and boundary conditions must coincide with the number
of characteristics entering at + = 0 for all x or at boundaries x = 0 and x = L for all
time, as shown in Figure 7.7 (Liggett and Cunge 1975: Cunge. Holly. and Verwey
1980). For the initial conditions, we sce in Figure 7.7a that two conditions must be
specified at point A to determine the initial slopes of the C1 and C2 characteristics
as given by (7.24), With reference to Figure 7.6, the modification of the initial
slopes at A and B comes from pairs of initial data specified on 48 until the two
characteristics intersect at point P. At this point, the charactienistic. or compatibil-
ity, equations (7.25), are solved simultaneously for the dependent variables at P. As
this process marches forward in time, the solutions at subsequent intersection
points depend less on the initial conditions and more on information carried by
characteristics coming from the boundaries and hence on the boundary conditions.

~_
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(a) Subcritical Flow (b} Supercritical Flow
FIGURE 7.7

Specification of boundary conditions and initial conditions in subcritical and supercritica)
flow (after Cunge. Holly, and Verwey 1980). (Source: Figure used courtesy of lowa Institute
of Hydraulic Research.)
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[n suberitical flow, as shown in Figure 7.7a, one characteristic carries information
upstream at the downstream boundary, x = L. and anty one characteristic transmits
information downstream into the solution domain from the upstream boundary at
x = 0. In other words, only one boundary condition should be specified at both the
upstream and downstream boundarics in subcritical flow. By contrast, two bound-
ary conditions must be specified at the upstream boundary given by x = 0 for super-
critical flow as shown in Figure 7.7b, while no boundary conditions are specified at
the downsiream boundary for this case.

The fact that inijtial condittons have less and less influence as time progresses
means that, in some situations such as tidal tlows in estuaries, the initial conditions
need not be known very accuralely, so long as a startup period is used until the solu-
tion becomes dependent only on boundary conditions. In rapid transients, such as
occur in hydroelectric tailraces or headraces. on the other hand. the initial condi-
tions must be known very well, because they will influence the early part of the
solution, which is very important in the analysis of the transients that occur. In addi-
tion, if little or no friction exists, the initial conditions can continue to be reflected
from upstream and downstream boundaries for a very long time, as the transient
oscillates about some steady state.

"The initial and boundary conditions that are specified must be independent of
one another. Specifying both the value of the depth and its derivative with time. for
example. as initial conditions does not satisfy the condition of independence nor
does the specification of both depth, v, and 4Q/dx. because they are related by the
continuity equation. In general, a stage or discharge hydrograph, or some relation
between stage and discharge as given by a rating curve. can be specified as single
boundary conditions in subcritical flow. A rating curve should not be specified as
an upstream boundary condition, however, because of the feedback between depth
and discharge as time progresses (Cunge, Holly, and Verwey 1980).

A final consequence of characteristics to be discussed has tremendous influ-
ence on some of the numerical solution techniques described in the next chapter.
By referring to Figure 7.8, we see that the characteristics define a natural coordi-
nate system which limits the size of the time step that can be taken in a finite dif-
ference approximation. If we attempt to approximate the time derivative over a time
step Af > Ars,, we arc seeking a solution outside the domain of dependence estab-
lished by the characteristics (Liggett and Cunge 1975). The result is instability in
the numerical solution, in which a small perturbation grows without bound until it
swamps the true solution. The Courant condition, which limits the time step such
that the numerical solution stays inside the domain of dependence. can be stated as

A - (7.26)

Ar = -
[V = ¢

Alternatively, the Courant number C, can be defined as the ratio of actual wave
velociiy to numerical wave velocity, with the result that the stability condition, also
called the Courant-Friedrich-Lewy (CFL) condition, becomes {Abbott 1975}

L 7.27
=TT = (7.2
! Ax/A¢ :
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FIGURE 7.8
Limitations on the time step imposed by the Courant condition.

Because the velocity and wave celerity continuously change with time, the time
step must be adjusted constantly during the numerical solution process o avoid
instability.

7.6
SIMPLE WAVE

A simple wave is defined to be a wave for which §, = S, = 0, with an initial con-
dition of constant depth and velocity and with the water extending to infinity in at
least one direction. While neglecting gravity and friction forces may not be very
realistic, the simple wave assumption is useful for illustrating the solution of an
unsteady flow problem in the characteristic plane. Equations 7.22a and 7.22c, the
characteristic equations for a rectangular channel, assume a particularly simple
form when the right hand side goes to zero. The result is

along Cl: V + 2¢ = constant (7.28a)
dx

C1: —=V+ (7.28b)
dr

along C2: V — 2¢ = constant {7.28¢)
dx

C2: — =V - 7.28d

ar c ( }

which states that V + 2¢ is a constant along the C1 characteristics and V — 2cis a
constant along the C2 characieristics. The constant values in general are different

.
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FIGURE 7.9
Straight line Cl characteristics for the simple wave.

for each characteristic and are called the Riemann invariants {Abbott 1975). How-
ever, the simplification is even more powerful because it can be shown that V and
¢ are individually constant along each C1 characteristic, all of which are straight
lines, and that the C2 characteristics degencrate into a constant value of V — 2¢
everywhere in the x-f plane (Stoker 1957; Henderson 1966).

With reference to Figure 7.9 and following the proof by Steker (1957), the ini-
tial C1 characteristic, C§, is shown at the boundary of a constant depth region. bt is
a straight line inasmuch as dx/dr = V; + ¢, where V,, and ¢, are the initial constant
values of velocity and wave celerity, respectively, as required by the conditions of
the simple wave problem. The constant depth region extends to the right of the ini-
tral C1 characteristic, where the initial flow is undisturbed: this region is called the
tone of quier, within which both C1 and C2 characteristics are straight lines, each
with the same constant value of depth and velocity. We extend two C2 characteris-
tics from the initial C1 characteristic to a second C1 characteristic. C!, as shown in
Figure 7.9. By definition of the characteristic equations for the C2 characteristics,
we nust have V — 2¢ = constant. so that

Vo — 2cp = Vo — 204 (7.29)
Vo = 2¢c5 = V5 — 2¢5 (7.30)

but, by definition of the initial condition, we also must have Ve =Vyand ¢, = ¢y,
with the result that (7.29) and (7.30) simplify to

Ve = 205 = V5 — 204 (7.31)
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In addition. along the second Cl characteristic, V + 2¢ = constant or
Ve + 205 = Vo + 204 (7.32)

After adding and subtracting (7.31) and (7.32), we readily can show that V, = V|
and ¢ = ¢, which leads 1o the conclusion that the second C1 characteristic also is
a straight line along which the veloeity and wave celerity, or depth, are constant.
Generalization of (7.293. (7.30) and (7.31) to any C1 and C2 characteristic means
that V -- 2¢ is a constant everywhere in the x-f plane. The C2 characteristics them-
selves are curved instead of straight lines, because where a single C2 characteristic
crosses different Cl charactenistics, there must be different values of \'c]bcily and
depth, as at R and P, for example; so a different slope s given by ¥V — ¢. The C2
characteristics in fact no longer are needed in the simple wave problem if V — 2¢
is constant everywhere ruther than just on individual C2 characteristics.

The region of C1 characteristics adjacent to the initial C1 charactenstic and the
zone of quict in Figure 7.9 is referred to as the simple wave region. Velocitics and
wave celerities are determined completely in this region by the fact that V — 2¢ =
constant everywhere and that the slopes of the C1 characteristics are given by dx/dr
=V + ¢. If Vand e are the velocity and wave celerity at any point in the simple
wave region, and if V,; and ¢, are the constant initial conditions, the complete solu-
tion for V and ¢ at specific locations and times defined by the slopes of the C1 char-
acteristics is given by

V - 2(‘ == VQ - 2(‘0 (733)

do_ V+e=V,— 2¢, + 3¢ (7.34a)

dr
if the wave celenty, ¢ (or depth), is specified as a boundary condition on the nght
hand side of (7.34a). or by

dx 3 Vi

—=V4+e==-V-— =+ (7.34b)

dr 2 2
if the velocity V is specified as a boundary condition. Thus, boundary conditions
expressed at x = 0 in Figure 7.9 for all time determine the slopes of the character-
istics along which both ¢ and V are individually conslant. Observers leaving from
x = 0 carry with them unique values of depth and velocity that can be located at
any subsequent time in the x-f plane.

The simple wave region 15 applicable to negative waves, which are formed by

a smaller depth propagating into a region of larger depth. Because a decreasing
depth results in a smaller value of dv/dr from (7.34a), the simple wave region con-
sists of diverging charactenstics in the x-7 plane. A positive wuve, on the other hand,
results in converging characteristics. which eventually intersect and can form a
surge for which the assumption of infinitesimal wave disturbances is no longer
valid. A different set of characteristics would be required upstream and downstream
of the surge, across which there is an cnergy loss. In this casec. the surge can be
treated by the application of the continuity and momentum equations to a finite
control volume that has heen made stationary, as described in Chapter 3. Numeri-
cal solution techniques for surges are discussed in the next chapter.
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ENAMPLE 7.1, The ininal flow conditions in an estuary are given by a velocity
Vi = 31U (0.91 nvs) and depth v, = $11(2.4 m). as shown in Figure 7.10. The bound-
ary condition at the mouth of the estuary where x = 0) is given by

i

vy =8 -2 cm(-é— - ) {forf = r=73) (7.35)

SR ]

in which ris time in hours and y, is the depth in feet at the Teft hand boundary. Find the
depth profile at r = 3 hr.

Solution.  Both the physical and characteristic planes are shown in Figure 7.10. The x
coordinate has been chosen positive in the direction of the advancing negative wave, The

initial value of dv/dr (= V, + ¢) = —3 +16.05 = 13.05 fi/s (3.98 m/s). shown as the
slope of the first C1 characteristic that separates the zone of quiet from the negative wave

region. Additional C1 characieristics emanate from the 1 axis at 0.5 hr intervals with
slopes given by (7.34a). in which ¢ is specified by the boundary condition expressed by
(7.351. Along each of these characteristics, both the depth and velocity are constant, with
the depth, v. specified by the boundary condition and velocity, V. determined from

10

t hr

i
13.05 ts

1
0 | ! J |
5 10 15 20 25 30
X, miles

FIGURE 7.10
Simple wave solution of estuary problem.

-
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(7.33). The intersection of each C1 characteristic with the time line of {, = 3 hr deter-
mines the x position of the depth and velocity associated with that characteristic, and
thus the depth profile as well as the velocity along the depth profile are determined. For
example. the characteristic that begins at 1 = 1 hr hax a depth of 7.0 ft (2.1 m) with ¢ =
15.0 fi/s (4.58 m/s) from (7.35) and a slope dy/dt = —3 — (2 % 16.05) + (3 = 15.0)
= 9.90 ft/s (3.02 m/s) from (7.34a). [1s velocity V= =3 — {2 % 16.05) + (2 X 15.0)
= =510 fus (—1.55 m/s) from (7.33). The intersection with the time line tp=3hris
located at x = (du/dr) X (1, — 1) = 0.90 » 2 x 3600/5280 = 13.5mi(21.7 km), So at
a location of 13.5 mi (21.7 km) upstream of the estuary mouth, the depth s 7.0 ft¢2.1
m} and the velocity is 5.10 ft/s {1.55 m/s) at r = 3 hr.

Dam-Break Problem

As another application of the method of characteristics applied to the simple wave,
we consider next the sudden removal of a vertical plate behind which a known
depth of water is at rest. The simple-wave solution of this problem, which Stoker
(1957) referred to as the breaking of a dam. is oversimplified in comparison 1o the
solution of a realistic dam break discussed in more detail in the next chapter, How-
ever, it illustrates the application of a velocity boundary condition and the forma-
tion of a surge in a submerged downstream river bed. and provides further insight
into the unsteady development of a negative wave as interpreted by the method of
characteristics. The next two examples are presented following more closely the
practical approach of Henderson (1966), who related the dam-break problem to
sluice gate operation and hydroelectric load acceptance in a headrace, than the
mathematical treatment by Stoker (1957).

EXAMPLE 7.2. A vertical plate is fixed at time r = Q at x = 0 with a constant depth
of water upstream equal to v, while the channel downstream of the gate s dry, as shown
in Figure 7.11. The water upstream of the plate initially is at rest. At r > 0, the plate
suddenly is accelerated to the Jeft to a constant speed V.. Determine the simple wave
profile for this case and also for the case of the plate being removed instantaneously,

Solution.  The physicat and characteristic planes are shown in Figure 7.11. The zone
of quiet, denoted Region 1, is established on the right hand side of the characteristic
plane by a characteristic having an inverse slope of ¢, corresponding to the initial depth
¥, since the initial velocity is zero. On the left boundary, which is moving, the charac-
teristic path is described as a straight line beginning at the origin with an inverse slope
of —V,_. Because the water is in contact with the moving plate, it must have a constant
velocity equal to that of the plate. As a result, & constant depth region is created
upstream of the plate because V — 2¢ must be a constant along the path of the plate,
which forms the left boundary in the characteristic plane. Because both V and ¢ are con-
stant, dx/dr also is a constant, so that the characteristics are paralle] lines in Region II1
in Figure 7.11.

In between the zone of quiet on the right and the constant depth region on the left,
the charactertstics form a fan shape in Region I due to the decreasing values of dx/ds
= 3¢ - 2¢, occasioned by decreasing values of depth, For characteristic AG in Region
II, for example, the inverse stope of the characteristic is fixed. The depth is constant
along the characteristic and determined from (7.34a) to be cy = (1/3) (dx/dr), +
{2/3)c,. The velocity, too, is constant along the characteristic and equal to (2e, — 2¢,)

-
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FIGURE 7.11

Simple wave solution of vertical plate removal at constant speed 1o left with a reservoir
behind it (after Henderson 1966). (Source: OPEN CHANNEL FLOW by Henderson, © 1966.
Reprinted by permission of Prentice-Hall, Inc., Upper Saddie River, N1}

from (7.33). Solving for the depth profile in Region Il is only a matter of fixing a series
of values of dy/d¢ and determining the x positions of the intersections of a fixed time
line, ¢ = 1|, with the characteristics. Then associated with each characteristic is a con-
stant depth and velocity, which can be calculated from (7.34a) and (7.33), respectively.

In Region III, we must be careful 10 avoid an impossible situation when specify-
ing the constant plate velocity, —V, . For example, along characteristic 88, in the con-
stant depth region, the wave celerity from (7.33) 1s 5 = ¢, — V,/2. which cannot be neg-
ative. The limiting case is ¢, = 0, for which V, = 2¢,. Hence, we mast have V, < ¢,
for the constant depth region to exist.

The limiting case of ¢z = 0 is interesting because it can be seen to have a leading
feather edge of the advancing wave, which moves downstream at a speed of 2¢,,. as
shown in Figure 7.12. In fact. for this case, the plate can be eliminated and imagined to
be removed instantaneously because it has no real influence. For this reason, the situa-
tion shown in Figure 7.12 has come to be known as the dam-break preblem but could
also apply to the abrupt raising of a siuice gate. Note that the fan shaped Region IT has
expanded and Region 11T has disappeared in Figure 7.12. Furthermore, the time axis has
itself become a characteristic slong which velocity and depth are constant, It is easily
shown from (7.34a) that, since dx/d: = 0 for this characteristic. we must have ¢ = (2/3)¢,
or y = (4/9)y, = constant at x = 0. Likewise, from (7.34b}. we see that the constant
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FIGURE 7.12

Simple wave solution of the instantaneous dam-break problem with a dry